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To HAMIDA 


Preface 


In this book, I tried to cover those topics on Elementary Number Theory, which are the 
essential ingredients for a beginner. Most of these topics are included in the syllabus of 
Mathematics (major) course for undergraduate students as well as some parts in post 
graduate level in the universities of Northeast as well as other Indian universities. I hope 
the book will find a wide appeal. 


Due to the undeniable historical importance of the subject, the Theory of Numbers 
has always occupied a unique position in the world of Mathematics. Because of the basic 
nature of its problems, number theory has a fascinating appeal for the leading 
mathematicians as well as for thousands of amateurs. There is no denying of the fact that 
the elementary theory of numbers should be considered as one of the best subjects for 
early Mathematical instructions. It requires no long preliminary training; the content is 
well defined and familiar and above all, other than any other part of mathematics — the 
methods of inquiry adhere very much to the scientific approach. 


This book is the outcome or to be more precise, the ramification of lecture notes on 
Nuinber Theory that I once attended in Panjab University, Chandigarh and also the ones 
I taught to the students of Gauhati University at postgraduate level. 


The book is divided into eight chapters. The first chapter dealt with the construction 
of natural numbers and integers on the basis of Peano’s axioms, the fundamental building 
blocks of the Theory of Numbers, keeping in note that in most cases, the importance of 
fundamental hypotheses (axioms) has always been overlooked, the real taste of elementary 
number theory being lost. As such in this chapter I tried to bring into the forefront the 
passage (or the path) of formation of integers from natural numbers (similarly, though 
not included, the rational numbers from the integers), to be more precise how Peano’s 
axioms help one to give almost all the properties of Natural numbers or how axiom of 
induction et a/ lead one to the principle of Mathematical induction and the like leading 
to the equivalence of well ordering property of positive integers. 


Next principal discussion in this chapter is on the theory of divisibility introducing 
different relevant ideas such as greatest common divisor, least common multiple, different 
scales of numeration, and nonetheless on the most important topic, the Prime Numbers. 


The next chapter —Congruences and its Basic Properties includes elementary properties 
of congruences, residue systems, Fermat’s Little theorem, applications of congruences, 
some Tests of Divisibility by primes (including latest Ramanaiah technique) and the 
Solutions of Congruences leading to Chinese Remainder Theorem. 


In the third chapter, I delved into another part of Algebraic Congruences giving the 
technique of Reduction of Congruence into parts together with other two major components 
~the Primitive Roots and the Theory of Indices. The most important and interesting topic 
of elementary number theory viz., different Arithmetic Functions such as Euler’s function, 
Divisor Function, Sum, Product, Mobius Function and their properties together with 
Mobius Inversion Formula find their places in the fourth chapter. 


The fifth chapter encompasses Farey sequences, Continued Fractions and Pell’s 
Equations, which provide much insight into many Mathematical problems, in the nature 
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of numbers. Though C.D.Olds remarks that continued fractions might have been discovered 
accidentally, yet, we should not cease to think the attitude reflected in its creative and 
artistic behaviour. The link of Irrational numbers with Rational numbers has been dealt 
with an inclination mainly towards the application of Farey sequences. Quadratic irrationals 
have also found their proper place in the discussion of the applications of continued 
fractions. Together Pell’s Equations and Fibonacci numbers have been included and thus 
the importance of continued fractions etc have been properly justified. 


The sixth chapter comprises of Quadratic Residues, Legendre’s and Jacobi’s Symbols 
together with the Quadratic Reciprocity Law — which can be marked as one of the 
precious jewels in the crown of ‘The Queen of Mathematics’ ~ The Theory of Numbers 
(As D.M.Burton has remarked). 


Homogeneous Quadratic Diophantine equations, different problems on sum of Squares 
together with two important discussions viz., on Fermat’s Last Theorem and Waring’s 
problem have been included in the seventh chapter. 


The last chapter is just only a collection of solved problems of elementary number 
theory related to different Mathematical Olympiads. Here I would like to express my 
deep sense of gratitude towards the authors of the books, from which the problems have 
been included. 


There are examples and exercises at the end of each chapter to authenticate the 
theory and for drill in calculations. Answers to some of these are provided at the end for 
verification. 


I extend my thanks to Mr. D Bhattacharya of Asian Books Private Ltd., for having 
taken keen interest in the preparation of the manuscript and almost compelling me to 
bring it up within a short time. 


During the preparation of the book I have benefited up to a great extent from the 
works of several authors including K.H.Rogen, J.Hunter, H.Gupta, C.D.Olds, Gundala 
Ramanaiah, different issues of College Journals of Mathematical Association of America, 
etc. A special debt of thanks goes to his student and now his colleague Dr. H.K.Saikia, 
whose generous help at every stage for its development was indispensable. Last but not 
least, I must not fail to mention the names of my two children Kunal and Maitrayee for 
their ever-ready involvement from typing to comparing the manuscript. I would 
acknowledge any suggestion for further improvement of this book and would readily 
accept the responsibility for any error or shortcomings that remains within. 


Author 
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NUMBER SYSTEM 


1.1 FROM NATURAL NUMBERS TO INTEGERS 


1.1.1 Introduction: Structure of Number System 
We start with a few undefined terms and a few axioms or postulates and deduce from 
these all the properties of the number system as a logical consequence. This is the method 
same as that of deductive construction successfully employed by the ancient Greeks in 
creating a theory of knowledge about geometry. It was left to G.Peano (1899), an Italian 
mathematician and logician. He propounded that all the properties of number system 
follow from only a few assumptions (peano’s axioms) regarding natural numbers. 
Peano’s axioms, which involve the association with a given object x, a unique object 
called the Successor of x, are stated as follows: 


Peano’s Axioms 
Suppose N is a nonempty set such that 
l. leN 
Ifn e N then vn’ (= n+ 1) EN (v' is called successor of n) 


2 
3. There is no element in N whose successor is 1. 
4. Ifn'=m'then n= m forn,meéeN 

5 


If K is a set with elements from N such that 


@1eK 
(i) k € K, gives k' & K (k'= k' +1) 
Then K = N 


Definition: This set N called the set of natural numbers 
Remark: (4) ensures that no two natural numbers are same. 
(3) ensures that | is the least number of N 


(5) is known as the axiom of induction. 


Symbolically, if A ¢ N such that 1 € A and n’ © A whenever 1 € A, then A =N. 
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Definition: Peano’s axioms lead us to define ‘+’ (Addition) in N as follows: 
For n € N, we define 
@) n'=n+1 
(i) m+n'=(m+tn)' for all myn eN 


os 


Similarly one may define another operation ‘.’ (Multiplication) in N as follows: 
Forne N 
(i) n.l=n 
(ii) m.n'= mn + m for all m,n Ee N 
These two are sufficient to deduce the associative, commutative and cancellation laws 
for addition, multiplication and also the distributive law viz. (m + n) + p=m+ (n+ p), 
m+n=n+m,m.n=n.m,(m+n).p=m.pt+m., p. 


Note: Reader may note that for the cancellation laws of addition and multiplication, 
negative or reciprocal of a number is nowhere necessary. Peano’s axioms are sufficient 
for these. 


n(n+1) . 
Example 1. Prove that: 1+2+..+n= 5 (using axiom of induction) 
n(n +1) 
Solution: Lt Pa fnlte2e34.ona mer 
Ld+h 
Now 1 = 5 *,sol ep 
Assume k € P. 
k, ] 
wees S 
2 
Now 14+24+..¢(k+)1 =(14+24+..+44+(k4+1) 
kik +1 
= ae + (k+ 1) 


k 
a+ (£41) 


i (k+1)(k +2) 


2 
k+leP 
So, by axiom of induction, P = N 
n(n+}) 
.. forallne NJ 1+2+..4+7 eerie 


Definition: For m, n © N we say m is greater than n, written m > n (orn < m) if for 
some p € N, we have m =n + p. 
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1.1.2 Properties of addition, multiplication and order in the set of natural 
numbers 

If m, n, p are any natura! numbers then, 

l. m+n,m.nare natural numbers (Closure property) 

2 mt (n+ p)=(mt+njt+p 
m.(n.p) =(m.n).p 

3. m+n=ntm 
m.n=n.m 

Ifm+p=n+p,thenm=n (Law of cancellation for addition in an equation) 

(mt+n).p=m.pt+m.p (Distributive law) 

(i) ifm+p<nt+p_ thenm<n } Low of cancellation for addition and 

Gi) if mp < np then in <n multiplication in an inequation 

[7, n, p € NJ 


associative property) 


\(Commutative property) 


Dus 


Example 2. If m, n, p e N then prove that m+ (n+ p)=(m+n)+ p 
Proof: First fix m,n 
Consider the set P = {p € N,| m+ (n+ p)=(m+n)+ p} 
Here, m+{n+1)=mtn'=(m+n)'=(m+n)+1 
ve le P 
Now fork € P, we have m+ (n+ hb =(mt+njyt+k 
and mt+(nt+khJ=mt+(nt+h'=m+ (n+hH+ lL =(m+n+ b! 
=(mtny+k)=(mt+n+k' 
So, k' e P. 
Thus by axiom of induction, P = N 
m+(n+ p) =(m+n)+ p, for all m,n, p € N. 
Example 3. If m,n, pe Nthenm.(n+p)=m.n+m.p 
Solution: Consider the set P={peN|m.(n+p)=m.n+m.p} 


Now, m.(nt+1l)=m.n'=m.nt+m=m.nt+m.1 

ae leP 

Let k EP. 

So, m.(n+kh=m.nt+m.k 

Now m.[ntk] =m.(nt+h'=m(nt+h+m=(mn+mkh)+m 


nin + (mk +m) =m.n+ mk’ 
So, by axiom of induction k’ e N 
“ P=N. 
1.1.3 Law of Trichotomy of Natural Numbers 
Given any two natural numbers m and w, one and only one of the following is true. 
(i) m=n, 
(ii) n>m 
(iil) m>n 
Note: Law of Trichotomy can be proved, using the Peano’s axioms 


4 NUMBER THEORY 


1.1.4 Law of Cancellation 
If m,n, p © N, such that m.p=n.pthenm=n 


Proof: It is sufficient if we show that neither m > n nor n> m is true. 


Suppose m>n., 

Then m=nt+hk for some keN 
m.p=(nt+k).p=n.pt+k.p 
m.p >n.p and this is not possible. 

a m>n, 

Similarly, n>m 

Hence m=n. 


1.1.5 Open Statement: Solution and Inverse Operation 


Although the system of natural numbers developed affords a good model of a deductive 
structure it is incomplete in some respect. It cannot answer all the questions even with 
respect to the binary operation defined on it. This is because with respect to every 
operation we always think of an inverse or an opposite operation. If an operation is to 
be thought of as a command to do some action, the inverse operation is in the nature 
of asking a question to do the opposite effect. Thus in mathematics if we write 9 + 3 it 
means add 3 to 9 (to get 12). But the symbol 9 — 3 means, ‘What is that number which 
when added to 3 gives 9?’ 


In the long course of its development mathematicians have developed a highly 
symbolic language, which uses only statements, which are either true or false but not 
both. Mathematical language does not need to use other forms of sentences. Questions 
have no place in the body of proof. Mathematicians have circumvented this difficulty by 
allowing sentences which have the form of statements but which are open with respect 
to their truth or falsity. They use variables as a device. Thus the equation 9 — 3 is 
converted into an open statement 9 = 3 + x. The number, which makes this open statement 
true, is called our solution of the open statement. In the given case our solution is 6. We 
also say that ‘6’ has been obtained by subtracting 3 from 9. We observe that if we wish 
to restrict ourselves to the set of natural numbers then an open sentence 4 = 13 + x has 
no solution. In other words subtraction, the inverse operation of addition, cannot always 
be carried out in the set of naturals. 

What can we say about multiplication? Consider the question 3.x = 15. 

Obviously its solution is x = 5. 

But an open statement such as 9 . x = 4 has no solution in the set of natural numbers. 
Inverse operation of that of multiplication is called division. We observe that in this sense 
division cannot always be carried out in the set of naturals. 

We therefore need a set of numbers in which these inverse operations can always 
be carried out. We know that the set of integers fulfils this need with respect to 
subtraction. In this sense the set of integers is an extended set of the set of naturals. For 
this purpose we have, at this stage only some limited information about naturals viz., the 
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natural numbers, order relation in natural numbers, the properties of the two binary 
operations defined on natural numbers and use logical reasoning as the only means to 
achieve this end. 


1.1.6 Relations 


Sometimes ordered pairs of A x B (A, B are two sets) may be further classified according 
to a specified rule or according to a relation between elements a of A and elements 5 of 
B; only those elements (ordered pairs) being chosen for which it is true that the said 
relation between a and 3 is satisfied. 

For instance A # B, each a set of positive integers. Let the relation between elements 
a and b be specified by the rule a* = 6. The some of the elements of the ordered pairs 
that must be chosen are (1, 1), (2, 4), (3, 9) ....scesceseceees An ordered pair of the type (4, 2) 
cannot be chosen 

#2 


Definition: A relation between any two elements is called a binary relation. A ‘relation’ 
may be denoted by a letter such as R. Then aR®& stands for the statement 
“a is R — related to 5.” Any subset of A x B is called a relation from A to B. Thus we 
say that every known relation gives rise to a specific subset and every subset can be 
supposed to be formed in accordance to some relation though not specirically known. We 
then identify every subset of A x B with a specific relation. The two statements x R y anu 
(x, y) € R are then equivalent. 

Some class of relations plays a very important role in mathematics. 

Amongst these is a class of equivalence relations. 

In order that a relation R may be an equivalence relation in a given set A it has to 
fulfill the following conditions: 

(a) For every x € A, x Rx holds (reflexive) 

(b) For x, y € A if x Ry holds then y R x holds (symmetric). 

(c) For x, y,z € A ifx Ry, y Rz hold then x R z holds. (Transitive) 

Why are equivalence relations so very important? Because of the three properties of 
the equivalence relation all the elements, which are related to each other, form a class, and 
elements, which are not related to each other, belong to distinct classes. Thus every 
equivalence relation helps further classification of a set on which it is defined. Collection 
ef these disjoint classes is known as a partition of the set. 


If R is an equivalence relation defined on a set A then R partitions the set A. 


1.1.7 We now see that integers are equivalence classes defined in N x N 


Consider the set N x N and define a relation in N < N such that (m, n) R (p, q) if and 
only ifm +q=a + p. 


And it can be seen that R is an equivalence relation in N x N and hence R partitions. 


N =< N into mutually disjoint classes called an integer viz., [(m, n)] 
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The following are some such equivalence classes representing the integers 


di, 5), C1, 4), , 3), 0, 3), dd, , 2 2D. GD, 4, 2D, 6, D> 
(2, 6), (2, 5), (2, 4), (2, 3), (2, 2), (, 2), (4, 2), (5, 2), (6, 2) 
(3, 7), (3, 6), (3, 5), (3, 4), (3, 3), (4, 3), (5, 3), (6, 3), (7, 3) 

4 


1.1.8 Order in the Set of integers 
If (p, g) € [(m, n)] and n < m then q < p for, 

: (p, q) R (m, n) we have p+ n=q + m, 

“n<m,nt+t=m, forsomete N. Sop+n=qt(ut+Aandp=qtt. 
1.1.9 


The set N x N can be arranged into square arrays of rows and columns such as, 


d,t (2,1 (3,1 (4,1 (5,1) 
a, ~ ~ ~ ~ 2) 
a, I. @ IG: a ae 3) 


(1,4) (@,4) G,4) Gis Or?) 


The diagonal of this array is a set of ordered pairs whose components are equal. 


Every ordered pair to the right of this diagonal has the property that its first 
component is greater than the second. Every ordered pair to the left of the diagonal has 
the property that its first component is less than the second. 


If the equivalence classes [(m, n)] is such that m <n then we say [(m, n)] is a positive 
integer and if n < m then the corresponding class denotes a negative integer. 


The class (m, m+ p) for some p € N, is the integer p and the class (m + q, m) for 
some q € N is the integer — q. 


To denote the diagonal integer we use the symbol 0. 
We denote this set of integers by Z. 
1.1.10 Inthe set Z of integers we define addition and multiplication as follows: 
For any two integers a = [(m, n)] and 5 = [(p, 9)], 
a+b = [(m+p,n+ q)], and 
a.b = [(mp + ng, mq + np)] 


and that these are well defined can be seen easily. With these definitions it is easy to 
establish the Ring properties viz., 


Hl 


Closure property: a+ b, a. 6 are integers 
Associative property: a+(b+c)=(at+d)t+e 
a.(b.c) =(a.b).c 
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Property of zero: a+ 0=0+a=a(0 is called the additive identity for the set of integers 
and it is unique) 
Distributive property: a.(b+c)=a.bta.c, 

(b+c).a=b.ct+b.a 


Additive inverse: For every integer a there is an integer 6 such thata+b=b+a=0 
{for the integer a = [(m, )] the integer —a = [(n, m)] has this property] 


For the sake of completeness we just state the following properties of integers; 


(a) Ifa, € Z then the equation a + x = 4 has a unique solution in the set of integers. 
(b) Sum and product of two positive integers is positive. 
(c) Product of two negative integers is positive. 
(d) Product of a positive and a negative integer is negative. 
(e) Given two integers a, 6 one and only one of the following holds. 
(i) a — 5 is positive 
(ii) a — b is negative, 
(il) a- 5 =0 
Wewrite a> 6b if a — bd is positive 
a<bifa-— 6b is negative 
@) WfWatec=b6+cthna=5 
(g) Ifa.c=b.c,c#0thena=5 
(h) Ifate>b+cthena>b 
@) Ifa.c>b.c,c>0thena> bd, 
Gj) Ifa.c>b.c,c<Othen b>a., 


1.1.11 Structure of integers 
The correspondece 
[a x+n)] > n, (n € NJ 
is such that it preserves addition and multiplication, in the following sense: 


@) [@,x+)] + [@ p+ )] =[@ x + m+ )] 


(i) (@,x+)]-[@. p+] =[@,x+ m.ny)) 


Because of these properties positive integers are identified with corresponding 
natural numbers 


Although tke set of integers is much richer in structural properties than the set of 
natural numbers an equation of the type a.x = b; a, b € Z does not have always a 
solution in the set. It therefore requires to be extended into a larger set (of rational). We 
shall not undertake to carry out this extension here. 
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described below: 


(1) {(1, 2), (2, 3), (3, 4), C1, 5), C1, 6), 
(2) {C1, 3), (2, 4), (3, 5), (4, 6), (5, 7), 
G3) {C1 4), (2, 5), (3, 6), (4, 7), (5, 8), 


() {C, 1), @, 2), G, 3), 4, 4), G, 5), 


di) {@, 
iil) {G, 
(iv) {(4, 


1), 3, 2), (4, 3), G, 4), (6, 5), 
1), (5, 2), (6, 3), (7, 4), (8, 5), 


etc. 


1), (4, 2), (S, 3), (6, 4), (7, 5), 
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Geometrical link between the set of natural numbers and that of integers: 
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Sebane } as lattice points on the line y=x+ 1 
aehiee } as lattice points on the line y =x +2 
seeks } as lattice points on the line y=x +3 


... «-} aS lattice points on the line y = x 

ane } as lattice points on the line y = x — 1 
... «.} aS lattice points on the line y= x—2 
Syed } as lattice points on the line y = x —3 


It is seen that these lines meet the vertical infinite line on left at the points shown, 
representing what we have wanted; giving thereby the set of representing-points of the 
equivalence classes denoting the integers. 


Hence these points are in one-one correspondence with the set of integers. 
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In above we have seen that there is a one-one correspondence between the set of 
positive integers and the set of natural numbers which preserves addition and multipli- 
cation; the terms “natural numbers ‘and “‘positive integers ‘will hereafter mean one and 
the same thing. So the axiom of induction can then be restated as: 

If a set of positive integers (i) contains 1 (ii) contains the positive integer n+ 1 
whenever it contains the positive integer »; then this set contains all the positive 
integers.” 


Definition: If a, 5, c are positive integers such that a< b<c orc <b <a we Say that 
b is between a and c 


Theorem 1.1. There is no integers between a anda + 1 


Proof. If possible, let m be an integer such thata<m<at I (1) 
“* a < m, there exists a positive integer p such that a+ p =m 
If p= 1, a+ 1=~m. But from (1), m<a+ 1; so that, p#1.Ifp> 1, letp=g+1 
for some positive integer g. 


Then, a+(g+l)=m 
ie., (a+i)+g=m 
So, a+|<m 


This contradicts m <at+1 

. there is no positive integer p such thata +p =manda<m<av+l 

Hence there is no integer m such thata<m<at 1. 

The axiom of induction gives rise two methods of proof known as the first and the 
second Principle of mathematical induction. 


1.1.13 First Principle of Mathematical Induction 
Theorem 1.2. Let P(m) be a statement defined for any positive integer. 

If (i) PC1) is true, and (ii) P(m + 1) is true whenever P(n) is true, then P(7) is true for 
all positive integral values of 7. 
Proof: Let M be the set of positive integers for which P(n) is true. 

Then I € M, -. P (1) is true. 

Let » € M. It follows that P(m) is true. But then P(m + 1) is also true, so that 
n+1lemM. 

.. by the axiom of induction M contains all the positive integers. 

*, P(n) is true for all positive integers 7. 


1.1.14 Second Principle of Mathematical Induction 


Theorem 1.3. Let P(7) be a statement defined for any positive integer n. 
If (i) PC) is true, and P(w + 1) is true whenever P(A) is true for all k <n, then P(n) 
is true for all positive integral, values of x. : 


Proof: Let M be the set of positive integers » such that P(x) is true for all positive 
integers k <n. 
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Now | e M, " P(1) is true. 
Let n € M. .. P(k) is true for all positive integers k <n. 


But then P(w + 1) is true. It follows that P(k) is true for all positive integers 
kent}, 


So,n+1 EM 
.. M is the set of all positive integers Hence; P(7) is true for all positive integers n. 


re 3 


Definition: Least element of a set of positive integers 


‘ 


An element a of a set A of positive integers is said to.be “a least element” of A if for 
every element 5 of A (6 # a), a < 6 (one can show easily that this element is unique) 


1.1.15 Well Ordering Property of (WOP) of Positive Integers 
Theorem 1.4. Every non-empty subset of N contains a least element. 


Proof: Let S be a non-empty subset of N. 
Suppose S does not contain a least number. Then 1 ¢ S 
Let A = {m|m e&N, m < k} (every k € S) 
Observation: 
@ leA 
Gi) If a € A then a' € A, because a € A givesk >a 
ork2a'(=at}). 
But k = a’ gives that a’ is the least element of S. 
So, k #a' 
And 
“ k)a'or a'<k. Thus, a' € A and by axiom of induction it follows that A = N and 
.. S = which is not true. And hence the theorem is proved. 
The fact that every non-empty subset of positive integers has a least element is 
known as: 
Well Ordering Principle of (WOP) of Positive Integers 


Example 4. Assuming the WOP of positive integers, prove the axiom of induction. 
Solution: Suppose S #N 
“. there exists an s € N, such that s ¢ S. 
Let T= {m|meN,m ¢ S} 
Observation: 7 # ¢ and TS =, T CN and so by WOP, T contains a least element 
(say) ¢. 
By hypothesis, 
- S CN such that 
ij les 
@) ifke S 
then k’' eS. 
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So, 1 € S gives 1¢T 

: t#1 
or t>lort>t-1>0. 

*: ¢ is the least element of 7, -— 1 ¢ T. So, t-—1 € S. And 

.. by (ii) @ — 1) + 1 = ¢ © S and also, ¢ © T which is a contradiction. Hence 
S=N. 


Theorem 1.5. The well ordering principle and the axiom of induction are equivalent (from 
above it follows). 
Example 5. Prove that there is no natural number in between 0 and 1. 
Solution: Let S= {x |x e N,0 <x < 1} 
We show that S = o. Suppose S # 9. 


.. S is a nonempty set of positive integers. So, by WOP of positive integer, S 
contains a least number a (say). 


0<a<lor,0<a@<a<lo,0<a@<lor,@eSanda<a 
And it contradicts the assumption that a is the least element of S. 
Hence S ¥ 9 is wrong. 

S= 9. 


Property 1.6. If 6 is an integer > 1 then for any integer r > 0, 6" > r 


Proof: Proof is by induction. For r = 0 this is trivially true. We therefore assume 
r21 


Let P(r) be the statement: “6” > r for integer r > 1” 
P(1) is true. 
Assume that P(r) is true, so that b” > r 
We show that P(r + 1) is true. 
Now, b’*! =ob".b 
BSI Tee 
ot! >adsel) — 
>b' +" 
> 6" + 1 (1 is the least positive integer) 
2r+] 
It follows that P(r) is true for all r > 0. Otherwise we may proceed as follows: 
‘ b—1 > 0, we have 6-1 2 1 
Multiplying both sides by the positive integer (1 + 6 + ... + 6°), 
We get, (6-1 Q+b6+e+..+b921+b+..4+0" 
ie., t's 1t+b+u.+ bh 2r4 1, 
b" > | for every r. 
b’ > r for every r. 
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Example 6. Let b be an integer greater than | and let co, c,, Co, ... c, be integers between 
0 and 6 — 1 inclusive, with c, > 0. Put n = cy + c,b + cb, +... + c,b,. Then show that 
b<nsbt} 
Solution: We have Cree cb? + es ee 130, 

every number in this expression is non-negative, it follows that n > c,b’. 


By assumption, c,, 2 |. 


Ss n>b. 

Also 0<c,<6b-1 foreach,O<i<r 
Cy <b-1 
cb < (b-1)b 


cb? < (b- 16? 
c,b" < (b - 1)8" 
Cy tc, + cb? ie FD 
<(b-1)(1+b+6? +... + br) 
ae ae 
ae 
Pansy 
Example 7. /2 is irrational 
Solution: Suppose that /2 is rational. Then there would exist positive integers a and 
b with J2 = ©. 
Consequently the set S = {k /2| k and kJ/2 are positive integers} (+ 6) c Z* (S #4, 
because a = bV2 € S}). 
by WOP S has a smallest element, say s = 1/2. 
We have Wt oy =gf2 =? Sap 2. 
Since sJ/2 = 2t and s are both integers, 
sV¥2 - 5 =(s — V2 — must also be an integer. 
Furthermore, it is positive since 
s¥2 —s =s(J/2 -1) 
and 2 >, 
It is less than s since » = t/2, sV2 = 2t and J2 <2. 
This contradicts the choice of s as the smallest positive integer in S. 
It follows that J2 is irrational. , ; 


1.2 DIVISIBILITY THEORY 
1.2.1 Division Algorithm 


Theorem 1.7. Given a, b e Z, b > 0, then there exists g, re Z, such that a= bq +r, 
O<r<b 
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Proof: Let S = {6x |x € Z, bx < a} 


Obviously S ¢ Z. Again, for given a, b € Z, there exists an n € Z such that 


bn 2=~-a 
or -bn <a 
or b(—n) <a 
or b(-n) eS 


.. S # g. Thus, S is a non-empty subset of Z, which is bounded above (6x < a). 

.. S contains a largest element, (say) bg (¢ € Z). So, bg < a. Hence, 
a=bq+r(r2 0). 

Now we prove : r < bd. If not, suppose r = 6 (and .. r— 5 = 0) 


Then, a=bqtr=bqt+b+r—-b=bq+1)t+s, [s=(r-6)2 0] 
= bg'+s,s20 
a=bqgtr=bq'+s,(s20) 

or, bq' <a 
or bq’ €S and 
a tee bq = bq' 
or 6 <0 and is a contradiction with 6 > 0. 

Hence r<b, 


.a=bqt+rwhereO<r< 46, 
Now we prove: 
Theorem 1.8. Given a, b € Z, b # 0, then there exists g,r ¢ Z,0<r<| | such that 
a=bqt+r 
Proof .°0#56c Z,|65|>0, 
“. by theorem 1.7, 
a=|b|q,++r, forg,re Z,0<r<|d| 


= (46) q, +r 
oa b(+q)) +r 
=bqt+r 
Thus, a=bqt+r,0sr<lb,+q,=qeZ 
Remark: q and r are unique 
If possible let a=bq,+r,087r, <6 
and a= bg, +1r,0S1r,<6 
. 0 = b(9, -92) + (*, — 2) 
or 1b) 19,- 91 =I", -721 .(*) 
Again, O<r,<|5| wai) 


O<sr,<|d| 
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or —|b| <-1, <0 i) 
Adding (i) and (ii), 
O-|b| <r,—r,<|4| 


or Ir) "1 <1 4] 

or Lb119,-921 <14| [by (*)] 
or 19,-4|.< | 

or 19,-9| <9 


And the only eee is |q, — 9)| = 0. 
= q, and from (*) r, =r. 
Definition: 
(1) a= bq + ris called the principle of division identity of integer. 
(2) q is called the quotient of division 
(3) ris called the remainder of division. 
We now look the above mentioned division algorithm from another angle. 
Consider a = 17, b = 59 
Clearly a does not divide 6. We understood that division is repeated subtraction. This 
way, each time the subtraction is being repeated if the remainder 6 — a> a. After a finite 


number of steps, at a certain stage remainder will be less than a. In this process we get 
the following multiples of a viz. a, 2a, 3a, 4a, ... ga, (q+ l)a 


And we get either 5 = one of these positive integers for some q, 


or, ga<b<(qt+l)ja 
and this gives, gasb<(qtlja 
which gives b-ag <a. 

If b-aq=r 
then, - b=aq+r 
where, O<r<a 


This is what is known as division Algorithm [observe that this is not a proof.] 
We now give another proof of division algorithm 
Theorem 1.9. To an integer a > 0 and an integer 5 > 1 there exist two unique integers 
q and r such thata = qb+rwithO<sr<b. 
Proof: Now, If 6 = 1, then a = a.1 + 0 and the result is true. 


So we now assume: b>] 

If a= 0, we take g =0,r=0 

If a < b we have q=0,r=a 
If a = b, take q=landr=0 
We have a-~b<aifa>b 


Consider the case, a > 6. Then0 <a-—5b <a. 
Suppose P(a) = a=bq+r,0<r<h, for all integers a>0, 521 
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P(1) is true, for 1 =0.5+1 
Assume that P(x) is true for all k < a. 
0 <a-—b <a, there are integers q,, r 
0<r <4, such thata-6b=bg,+r O<r<b 

So, a=b,+1)+r=bqt+r0sr<b q=q,t1) 

Hence P(a) is true. Thus P(a) is true V a> 0. 

Uniquencess part is same as in the previous method. 

The theorem can be extended to include the case of all integers a where a is negative. 
Note 1. If = 0 we say that 5 divides a (or a is a divisor of 5, or 5 is a factor of a) and 
is written as a| 6; otherwise a + b. 

Note 2. 5 | a gives a = bg, q € Z and 
btagivesa=bgt+trre Z,0<r<b 
Example 8. 1|aae Z 

If | + a, then a=1.q+,r when 0 <r< 1. But there is no integer in between 0 and 
|. Thus, |] a,V ae Z. 

Example 9. (Similarly) —1 | a, Vae Z. 


Example 10. If a | 5 then ta|+b;Va,beZ 
Solution: ~: a| 5, we have 

b =agq, (q € Z) 

= (— a) 9) = (- a)qy, (9, € Z) 
—a|b. 

Example 11. If a| 5, b|cthen ajc 
Solution: -.: a| 6, we have 

b = aqy, (q; € Z)andb|c 

c = bq>, (GQ, € 2) 


or = bq 
= (aq) )9p 
= Aq >) 
= aq; 
where 93 = 49,49, € Z) or a\c 


Example 12. a| 6 givesa|kb,ke Z. 
Example 13. ifa|6,a|cthena|kb+IcekKleZ 
Example 14. a| 6,5 >0 gives b> a 


Proof: (i) if a <0 then (obviously) b > a 
(il) and a>0,a|b givesb=aq,qe Z 
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Now, q>\l=>aq>a 
or b=aqg>a 
or b>a. 


Example 15. ac | bc, c #0 gives a| 6 


Proof: If ac | bc then be = (ac) q, (q € Z) 
or c(b — aq) = 0 
or b-aqg=0 (- c#0) 
or b =aq 

a| 6. 


Example 16. If a@| 6, b|a,a,be Z,thena=+b 
Example 17. If a| 5 then|aj| || 6] 


Some results 1.10 

1. ifa|b then +a|+b 7 
. ifa|b,b|ecthenale 
. if ac | be then a| 5, ife #0 
. ifa| 6 then a| bx for every x,x e Z 
a|b,a|c give a|(6 +c) anda| (b-c) 
. al b,al|e givea|(bxtcy)xye Z 


Ruf YP 


1.2.2 Greatest Common divisor (gcd) 
Leta,be Z,a,b#0. 
Then, obviously | a|+ | 5|>0. Let S= {x |x is a common positive divisor of a and b} 
We have, llnVneZ 
: }{a,l1|bandleS 
a S#0 
Now if x | a then x||a@| and if x | 6 then x| | 5| 
Then, x||a|+ |b] givesx<|a|+|6| 
.. S is a non empty set of positive integers which is bounded above 
.. S has a largest element, (say) g. 


Definition: This g is called the greatest common divisor (GCD) of a and b. 
Note: (i) g exists and g 2 | 
(iil) we write (a, b) = g. 
Theorem 1.11. Leta, b € Z,a,b#0 fora, b € Z* (=Z — {0}] (a, 5) = g, then, 
(i) there exists x9, yy € Z such that axy + by = g 
(ii) ford ¢ Z,ifd|a,d|bthend|g 
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Proof: Consider S = {ax + by|x, y € Z, ax + by > 0} 


Now, la|+|5{>0 

=> tatb>0 
or, a.(£1)+6b.(41)>0 
or, la|+|bleS. 


S (# 6) CN and so by WOP, S contains a least element (say)m which is of the 
form ax + by (say), 


m = UX, + byo, XM € Z 
Assert, m=g 
To prove our assertion we are to show that 
(A) m is a common divisor of a and 5 (m | a and m | b) 
(B) If d| aandd| 6 then d|{ m. 


Proof: Suppose, m + a 
; a=mqtr,0<r<mq,reZ (1) 
or r=a—ing 
= a- q(axy + byo) 
= a(1 ~ qx) + 6 ayo) 
=ax'+ by’ sx, y'e Z 
gives res, 
Be r>m {ii} 
which is a contradiction to (i). 
Hence m | a and similarly m | 5 
(B) Again, d| a, d| 6 
give d| axy, d| byy 
or d | axy + byy =m 
d<m 
m = g=axy.t by. 
Note: Incidentally we have proved here that d| m = g, 
ie. If d\ja,d|b 
then d | (a, 6) 
And g is the least positive integer of the form ax + by 
[The greatest common divisor can be characterized in the following two ways: 
1. it is the least positive value of ax + by where x and y range over all integers 


2. it is the positive common divisor of a and b which is divisible by any common 
divisor. 


Corollary 1.12. If(a, 5) = | then there exist x, ye Z such that ax + by= 1 [Put g= 1] 
Conversely, if a, 6 € Z* and for x, y € Z,ax + by=1 then (a, 5) = 1 
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Proof: Suppose (a, 5) = d 
Then, for some x, y e Z we have ax + by = d. And, giv.u that ax + by = 1. 
1 is the least positive integer, but d is the least positive integer of the form 
"ax + by. 
d=). 


Definition: If (a, b) = 1, then a, 5 are said to be relatively prime. 


Theorem 1.13. Any non-void set of integers closed under addition and subtraction 
consists of zero alone or else consists of the least positive element and al! the multiples 
of this element. 
Proof: Let S be any non empty set of integers closed under addition and subtraction. 
Let an integer a e S. Thena-aeS. 
0e¢S.Also0-aeS 
a,—a 5S, of these two, at least one is positive. 


By WOP, the set of al] positive elements of S will contains a least element, say d. 
We wish to show that every element of S is an integral multiple of d and conversely. 


It is clear that if 7 is any positive integer, 
nd=d+d+...+d(ntimes), -. nde S 
Thus any integral multiple of d is in S. Suppose now that, k e S 
If d does not divide k, then by division algorithm 
k=q.dt+r,q,reé Zand0<r<d 
Now, 


k and gd are elements of S and S is closed under subtraction, r = k — q.d is 
also a member of S. 


We must have r = 0. 
Thus, every element of S is a multiple of . 


Example 18. (4,9) =1  .. 4 and 9 are relatively prime 

(16,15) = 1... 16 and 15 are relatively prime 
Example 19. If a, b, k € Z, then (a + kb, b) = (a, b) 
Solution: Let (a, 6) = d, (a + kb, b) = d, 


Now d\a,d|\b 

gives d\|at+ kb. 
And, dja+kb,d|b 

gives d|d, (= (a+ kb, b) ; ...(i) 
Again, (a + kb, b) = d, 

gives d,|a+ kb, d,| 6 

or d,|\(a + kb)- kb =a 


or d,|a, also d, | b 
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, d,| (a, 6) = (ii) 
So, from (i) and (ii), we get oe d,. 


Example 20. a+} bc, (a,b) = 1, a,b,c € Z. Thenalc 


Solution: (a, 6) = 1 => ax + by = 1 for some x,y € Z. 
Then, acx + bey = c and a| be 
= a|acx + bey 

or a|c. 


Example 21. Show that for any positive integer m and a, 5 (not both zero) (ma, mb) = 
m (a, 6) 

Solution: If x, y are two integers then by above (ma, mb) = least positive value of x . ma 
+ y.mb = m (least positive value of xa + yb) = m (a, 5). 

Definition: The greatest common divisor can be calculated by successive division and 
this process is known as Euclidean Algorithm. 


For suppose ay and a, are two positive integers; then by division ulgorithm we have 
integers q, and a, such that 


ay = 4, 4, + a, 0 Sa, <a, 


If a, =0, 
then d=a, [4 = (a, @,)] 
If a, #0 


then divide a, by a,. There exist integers q, and a, such that 
a) = qz- a, + a, with 0 <a, < a). 
If a, =0 
then d =a, 
If a, # 0 then we divide a, by a3. There are integers q, and a, 
Such that Ay = Gnd, + a4, 0O<sa,< ay. 
Proceeding in this way, we observe that the remainders are getting reduced succes- 
sively since Ay > a, > ay ... etc. After a finite number of steps say k, the remainder ak 


would be such that a,_, is a multiple of a,, so that the remainder for the kK” division is 
zero. We write this as follows: 


Ge gp ey Fay 


+ a, 


ay 2 ~ Tk %— 1 
ay ~ We 


Now we show that a, is the g.c.d. of ay and a, 
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From above we see that a, | a, _ ;. From the equation preceding the last, we get a, 
| a, _ >, since a, divides both the terms on the right. From the equations that precedes 
it, we conclude similarly that a, | a, _ ,. Continuing up the list in this way, we find that 
a, | 4) and a, | a,. We now show that if 5 | a) and 5 | a, then 5 | a,. 


b | ay and b | a,, the first equation above shows that 6 | a). 
b| a, and b | a, the second equation above shows that 5 | a;. Continuing down 
the list we see that 5 | a, 
a, = (dy, 4). 
Definition: If d| a,, a5, ..., a, such that d is the greatest among the common positive 
divisors of a,, a5, ..., a, then d is called the ged of a), a), ..., a, and is denoted 
d = (aj, ay, «.., a,) 
Theorem 1.14. If d = (a), @, ..., a,), there are integers x,, x, .... x, such that 
d = a,x, + a,x, + ayx, + ... t+ a,x, (Extension) 


Proof: Let S= {a,x, + ax +... + a,x, |X), %, «x, € Z} 

Now here | a, | € S, | a, | = a, sgna, here, x, = sgn a), x, =x4=... =x, = 0. 

[sgn stands for the word ‘sign’] 

Thus S has a least positive member, d, say. We show that every member is divisible 
by dy. By division algorithm, if m is any member of S, we have 


m=dqtr,0sr<d, 


Then r=m— dg. 
Now dy = a,x, + ax, +. t+ ax, 
and mM=a,y, t+ ayy +.. + ay, 


for some integers x), x5, ... x, and y,, Vo, VY,» 


Thus r = a\(V, — 9X1) + ay — x2) + .. + ay, — 9x,) € S 
by the definition of d, and by 0 <r < dh, it follows that d, is a positive common 
divisor of a,, a5, ... a,. Hence dy | d, by the definition of d. 


But dia, G= 1, . nm) and dy = a,x, + ayx, +.+ a,x,; thus d | dp. 
d < dy). Hence ‘ = dy and the aa follows. 
Theorem 1.15. If d = (a). ay, ... a,), then an integer d, is a common divisor of Qj, A, 
a,, if and only if d, { d 
Proof: If d, | d, then, 


dis acommon divisor of a,, a5, ... a,, it follows that d, | a; (i= 1, 2, ... 2). Thus 
d, is a common divisor of a,, a, a 
Convensely, suppose that d, is a common divisor of aj, a,, ..., a,. By the above 
theorem, there are integers X), Xp, ..., x, such that d= aX, + AX, +... + ax, 
Hence d, | a. 


Theorem 1.16. If a), a, ... a, are nonzero integers and if d, = a,, dy = (dj, ay), 
d, = (d,, a3) ..., d, = (d, _ ,, 4,), then d, = (a), a, ..., a, 
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Proof: (is left as an exercise.) 


Example 22. Express (726, 275) in the form m . 726 +n .275 


Solution: 1, 275 ; 726, 2 ee 726 = 275.2 + 176 
275 = 176.1 + 99 


99 | 176] 1 176 = 99.1 + 77 
22 | 77) 3 77 = 22.3 + 11 
+ 1 Thus I1 is g.c.d 
Hl = 77 -— 22.3 =77 — (99 —77.1)3 
= 77.4 — 99.3 = (176 — 99.1)4 — 99.3 = 176.4 — 99.7 
= 176.4 —(275 —176.1).7 
= 176.11 — 275.7 =(726 — 275.2) 11 —275.7 


= 726.1) —275.29 
Thus J] = m.726+n.275, where m= 11,” =-29. 


Example 23. Prove that 4 + (n° + 2) for any integer n 
Solution: (i) Let 7 be an odd number. Then 77 is also odd and 
nr? + 2 is also an odd number. Hence 4 + (7° + 2) 


(iv) Let 7 be an even number, then 4 | 7”. Hence when 4 divides n” + 2, a remainder 
2 is left. 


4+ (+ 2). 
Example 24. Show that g.c.d. of a + 6 and a — 6 is either | or 2 if (a, 6) = 1 
Solution: Casel.Let f=(a+ 6, a-— 6). Then 
f=m (at b) + n(a- 6b) 
=(m+njat+(m—n)b=m'a+n'b. 
But (a, 6) = 1, 
; f=!) [Some steps are missing! ] 
Case Il. If a = 6, then (a, a) = 1 gives a = 1. Then 
(a + 6, a- b) = (2, 0) = 2. 
The g.c.d. is either 1 or 2. 


Example 25. If (a, 4) = 2 and (6, 4) = 2, prove that (a + 6, 4) = 4 
Solution: From hypothesis, 
a = 2a, where a, is an odd number 
b = 26,, where 6, is an old number 
i a, + 6, = 2m (say) as the sum of two odd numbers is always even. 
So, (a + 6, 4) = 2 (a, + bj, 2) = 2(2m, 2) = 4(m, 1) 
= 4 (as (m, 1) = 1). 
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Example 26. If x — y is even, then show that x? — y* is divisible by 4, x and y being 
positive integers. 
Solution «x —y is even, x and y should either be both odd or both even. 
re x + y is also even 
Hence, ry =(x+y)(-y) 
= (Multiple of 2) . (Multiple of 2) 
= Multiple of 4 = an expression divisible by 4. 


Example 27. Show that the difference between any number and its square is even. 


Solution: n? —n=n(n-— 1) = Product of two consecutive number. Hence one of the two 


must be even. 
this number is divisible by 2. 


Example 28. If 4x — y is M(3), show that 
4x? + Txy — 2y° is M(9), [M(n) denotes a multiple of n.] 
Solution: 4x? + 7xy — 2y7 = (4x — y) (x + 2y) 
= (4x — y) {(4x — y) - 3 — y)} 
= M3){MG3)— MG)} 
= M(Q9). 
Example 29. Show that the square of any integer 6 is of the form 4k or 8k + 1. 


Solution: By division algorithm, any integer 5 is representable as 


2q or 2q + I. 
If 6 = 2g, then b? = 4q*. Thus 8? is of the form 4k. 
If 6 = 2g + 1, then b? = 4q? + 4g +1 =49(g + 1) 4+ 1. 


q(q + 1) is divisible by 2, we get that 5? is of the form 8k + 1. 


Example 30. Find all integers n such that n? + 1 is divisible by n + 1 


Solution: Let ” be an integer such that n+ 1 | n+ 1. 
Note that n+1[(n+1)(n- lie n+1]}r?-1. 
Hence, n+1[ (4+ 1)-(? - lie, n+1| 1. 
n+ ]=+1, +2. So, n =-3, -2, 0, 1. 


1.17 Some Properties 
a b)_ 
1. If (a, 6) =d then, | —,—j = 1 
dd 


2. Ifa@| bc and (a, 6) = | then, ajc 


3. Ife #0,c}a,c]b (2,2) =1 then e= (a 8) 
coc 
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. 2l+n., F 
Example 31. Prove that the fraction Ee is irreducible for every natural number 7. 
n+ 


Solution: It is sufficient if we show that (21 +n, 147 +3) = 1 
Now, 21n+4 =1(14n+3)+(7n+1) [Dividing by 14n + 3] 
14n+3 =2(7n+1)+1 [Dividing by 7n + 1] 
7In+1=1.(7n+1) [Dividing by 1] 


P : : 21+ 
Hence by Euclidean algorithm, (21n + 4, 14 + 3) = 1. Hence, the fraction 5 
+ 


is irreducible for every natural numbers. 


1.2.3. Lowest Common Multiple (L.C.M) 
Consider a, b ¢ Z. Let S= {x | x € Z* and x is a common multiple of a and 5} or, 
={x|x 6 Z*,a |x and 6 | x}) 

Now a| a gives a||a|or,a||a||5|or,a||ab| Similarly 6 || ab|and| ab} e¢ Z*. 
So, |ab| € S. 

S # o. 
Thus, S is a non-empty set of positive integers. 
Hence by WOP, S has a least element(say)m. 


Definition: This m is called the /owest common multiple (LCM) of a and 6, written as 
{a, 6] or {a, 5} 


Definition: The integers Ay As 5 A,» all different from zero, have common multiple 4 if 
a,| 6 for i= 1, 2, ..., 2. The least of the positive common multiples is called the least 
common multiple of a), ay, ..., a, and is denoted by [a,, a), .., a,,] 


Theorem 1.18. If m = [a), a, ..., a,] then there exists @ such that a, | @, i= 1, 2, ....7 
if and only if m | 2 


Proof: Let m | @ 


Now, a,|m, for i= 1, 2,..,” 
And, m| € gives a;| €, = 1, 2, ..., 2.) 
Conversely, let a,| ¢ (i= 1, 2, ..., 7). 
Suppose, mt é. 
Then €=mgq+r(O<r<m) 
or, r=€—-—mq 
Now, a;| €,a,| m give a,|r, (i= 1, 2, ..., a) 


But mm is least such that a,|m, = 1, 2, ..., 7). 
Hence m| @. 


Theorem 1.19. If m = [a, 6] and a| x, b | x, then m | x (i.e., m divides every common 
multiple of a and 6.) 
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Proof: Follow from Theorem 1.18 above. 


Theorem 1.20. If (a, b) = 1, then [a, 6] = | ab| 


Proof: Given that 1 = (a, 6)=(Ja|,| 6) 
Let m = [a, 6) = [| a], | 5 |] 
Now m = [la|,|6|] 
gives |a|m,|b||m 
or m=|al\q, -. |b|\|\alg 
: lo\\q (- (al, o)=1) 
or, |a|,| ||| a\q Gm) 
or Jab|<m 


But m is the least common multiple of a and 6 
m =|ab|. 
Example 32. For a, b « Z*, d= ax, + by, is the smallest positive integer of the form 
ax + by, (x, ¥, Xp, Yo € Z). Prove that d = (a, 6). 
Solution: For, ax + by and d, by Division Algorithm 
we get g, r € Z such that 
ax + by =dq+r,(0sr<d) 
= q (ax) + byy) + r 


or r = a(xqxy) + bY — Gyo) = ax’ + by, rye Z 
And d is the smallest positive integer of this type, 
2 r=0. 
Thus ax + by = dq, 


for x, y e Z and sod | ax + by. In particular, d|a,d|b(=0,y=1,x=1,y=0) 

If d, | a, @, | 6 then 

d, | a. + by, =dord, | d. 

Hence d = (a, b). 
Theorem 1.21. If 5 is any common multiple of a,, ay, ..., a,, then [a,, a5, ..., a,] | 6. (in 
other words, if h = [a,, Ay, wo, Ay] then 0, + h, + 2h, + 3h, ... comprise all the multiples of 
Bis By ancy ys 
Proof: Let | a), a5, .... a, and m +h 

Then by division algorithm, 

m=qht+r,forO<sr<h. 

We now prove that r=0. 

If r # 0 then for each i as we have, a, | h, and also a; | m so we have a, | r. Thus 
r is a positive common multiple of a), ay, ..., a, and this is a contradiction to the fact that 
h is the least positive of all common multiples. 


Theorem 1.22. For m > 0, [ma, m 6] = m[a, bj 
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Proof: Let M = [ma, m 6}. 
Then ma|M and mb | M. 
So we have 
M = mm. : 


If [a, 5] = x, we note that a| x), b | x,, am | mx,, bm | mx, and so mx | mx,. Thus 
x | x,. Also, am | mx, bm | mx, a| x, b | x and so x, | x. 
Hence x =X, 
M = mx = mx, = mfa, 6). 
[ma, mb] = mfa, 6]. 
Theorem 1.23. [a, 6] .(a, b) =|ab| 


Proof: It is sufficient if we prove the result for positive integers only (why?) 
First we consider the case: (a, b) = | 
Suppose [a, 6] = M. Then, M = ma for some m. Then 6 | ma and (a, 6) = 1.. 


So 6| m. Hence, 6 < m, ba < ma. But ba, being a positive common multiple of 6 and 
a, cannot be less than the least common multiple, and so 5 = M. 


ba = ma = [a, 6] 
Now we come to the general case: 


Let (a, b) = g(> 1). Then (4.4) =I. 
§& §& 
So by the above result we have i2.4| = ae. 
§& §& & & 
And this gives, [a, 6] (a, 6) = ab. 
Example 33. If (a, 6) = 1 then a!d! | (a+ 4-1)! 
: (a+b-I)! 
Solution: Let ——— = 
(a—|)!b! 
(a+b-1)! 
———— =d 
and ab—1) 
Then (at+hb-t)! =(a- I)! b§e=al(b— Did 
And so be = ad. ‘" (a, 6) = 1, then a | c, that is, c = ar. 
Thus. (a + b— 1)! =a!b!r, which implies that alb! | (a+ 6 —1)!. 


Hence the resultant follows. 
Example 34. Prove that the product of r consecutive integers is divisible by r'! 
Proof Let Pi=nnt I(nt+2)..+r-—1). 

Then, Poa yp aant I) t+2)..a+7) 
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Pia, 7 P, =(t I (nt 2)... atr—-1){at+n—-} 


=(n+1)(n+2)..Qa+r-Dr 
Susy 
n 
= r times the product of (r — 1) consecutive integers. 
We now use induction as follows: Assume that the product of (7 — 1) consecutive 

integers is divisible by (7 — 1)!, 
Therefore, Pog hy er m= yam) 
: P, — P, = m(r!); But P; =r!; So, P, = m(r!) 
by induction P,, P,, .... P,, are all multiples of r! 


Again the product of any two consecutive integers is divisible by 2!. Hence conclude 
that the product of any three consecutive integers is divisible by 3!, and so on. 


1.3. THEORY OF SCALES OF NUMERATION 


In the decimal system of numeration the digits 1, 2, 3, 4, 5, 6, 7, 8, 9 and 0 are used. Can 
we think of any other system using some or all of these digits? We have a few such 
systems viz., The decimal system and the binary system 

We observe the following: 


13 =1.23+1.27+0.2+1=(1101), 
31 =1.2441.23+1.274+1.2+1=(11111) 
387 = 1.28+0.27+ .264+1.25+1.244+0.234+1.27+1.2+1 


(101110111), the binary representation of the number 387. 
On the other hand 
13 =1.10+3;31=3.10+1;387=3.107+8.10+7 
We now observe the following: 
The ordinary decimal notation uses the representation of integers in the scale of 10 
in the binary system and the same is in the scale of 2 etc., 
We now discuss some general result in this regard. 


Theorem 1.24. Let S be a positive integer. If # is a positive integer such that 
-1 = 
DSB. aS Poe DS bea 0 
where the integers 5, are such that 
|6,| <S-1, 
then 6, =0(=0, 1, 2,..., ”) 
Proof: From 5,S" + 6, _ ,S’~ Vat b,S + by = 0 we have 
by = kpS for some integer ky 
Thus |b)| 2 S unless ky = 0 and so by = 0 
Then we have 
BS Bb Ole a bi =O 
and so for some integer k, we have 
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and in the same way we have 
b, = 0 and so on. 
Hence finally we have b, = 0 for all i. 
Theorem 1.25. Suppose S is a positive integer (>1). Then each positive integer a can 
be expressed uniquely in the form 
CPE St 6. 38" Met cS + eo, 
where 0 sc, < S—1 (é=0,1,2,..,47- 1) and0<c,<S-1 


Proof: Let a be a given integer and B = {k e Z*| S'~! > a} 


‘+ S> 1, S**! tend to infinity as & tends to infinity. Thus B is a non-empty subset 
of positive integers and therefore it contains a least element, say zn. 


Then Sa <9 A*) 
and v is uniquely determined. By division algorithm we have, 
a=c,S" + a, w(**) 
where Osa <S" (ht*) 
Also form (*) 0<c,<S—1}. [how?] 
Again using division algorithm we have 
a, =¢, 1 Sie l + a, ni (REFS) 
where 0 <a, eget 
Also by (**) Ee ee a 


Thus from (**) and (****) 
Ce Se, seo + Gp. 
Similarly we can deduce that there are c; G=0, I, 2, ..., n) integers such that 
a=eS'+e,_ jst! Pe RO Peas 
where 0 <c, <S—1 (i=0, 1,2, ...,7~ 1) and 0 <c, < S— I hold (that the expression 
is unique is left as an exercise). 


The above stated expression is called the representation of a in the scale of S. The 
integer S is called the base of the scale. 


Example 35. To illustrate base 5 notation, note that (236), = 2. 7 +3.7+ 6 and 
(10010011),=1.27+1.24+1.21+1=147 


Computers use base 8 or base 16 for display purpose. In base 16, or, hexadecimal, 
notation there are 16 digits, usually denoted by 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, A, B, C, D, E, 
F. The letters A, B, C, D E and F are used to represent the digits that correspond to 10, 
11, 12, 13, 14 and 15 (written in decimal notation) 


Example 36. To convert (435B0F),, from hexadecimal notation to decimal notation we 
write 

(A35BOF),4= 10. 165+3. 164+5. 16° +11, 167+0. 16+ 15 =(10705679),, 

A simple conversion is possible between binary and hexadecimal notation. We can 
write each hex digit as a block of four binary digits acoornng to the corresponding given 
in the following table: 
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Hex digit Binary digit Hex digit Binary digit 


ND Uw & WN — © 
nth DQ WR © 


Convert (2F'B3),¢ from hex to binary 

Here each hex digit is converted to a block of four binary digits (the initial zero in 
the initial block (0010), corresponding to the digit(2) 16 are omitted). And thus the 
corresponding binary representation is (10111110110011), 

And to convert from binary to hex, if we take (11110111101001), then we break this 
into blocks of four starting from the right. The blocks are from right to left, 1001, 1110, 
1101, and 0011. And thus we get in hex as 3DE9),¢ 

When performing base r addition, subtraction and multiplication by hand, we can use 
the same familiar technique as use in decimal addition. 


Example 37. To add (1101), and (1001), we write 


Where we have indicated carries by 1!’s in italics written above the appropriate 
column. We found the binary digits of the sum by noting that] +1=1.2+0,0+0+ 
1=0.2+1,1+0+0=0.2+1,and1+1+0=1.2+0. 

To subtract (101110), from (11011), we have 


Where —1 in italics above a column indicates a borrow. We found the binary digits 
of the difference by noting that 1-0 =0.2+1,1-1+0=0.2+0,0-1+0=-1.2 
+1.1-0-1=0. +0,and1—1+0=0.2+0. 


To multiply (1101), and (1110) we write 
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We first multiplied (1101), by each of (1110),, shifting each time by the appropriate 
number of places, and then we added the appropriate integers to find our product. 


To divide (11101), by (111),, we let g = (49,9). We subtract 211 1), = (11100), 
once from (11 101), to obtain (1),, and once more to obtain a negative result, so that 
Gy = 1. Now R, = (111010), — (11100), = (1),. We find that g, = 0, since R, — 2(111), is 
less than zero, and likewise Yo = 0. Hence, the quotient of the division is (100), and the 
remainder is (1). 


1.4 PRIME NUMBERS 


If a = 1 then a has only one positive divisor viz. 1. If |a@| #1, then a has at least two 
positive divisors viz, 1 and | a]. 


The numbers of positive divisors of a is 1 ifa= 1 and>1 if{a|¥1. 


Definition: If a > 0 and a has exactly two positive divisors then a is called a prime 
number. 


Definition: If a>0 and a has more than two positive divisors, then a is called a composite 
number. 
Remark: (i) | is not a prime number for, it has only ‘one’ positive divisor. 

(ii) 1f p is a prime number then, | and p are the only positive divisors of p 


Lemma 1.26. If p is a prime, then (p, a) = 1 or p| a. 
Proof: Suppose (a, p) = d 
Then, ad | p, d| a and p being a prime, it therefore follows that d= 1 ord =p 


lf d = 1 then we are done and if d = p then from above it follows that p | a. 
Hence either d= 1 or d| aie., (a, p) = 1 or pla. 


_ Properties 1.27. If p is a prime and p | ab then, p | a or p| 6, where a,b € Z 


Proof: Let p + a, then (p, a) = 1 
a x, y € Zsuch that 
px +ay=1 
And this gives, pbx + aby =b (i) 
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Now p | ab 
gives ab =pk, ke Z, 
“. from (i) we get, pbx + pky = 6b 

or p(bx + ky) = 6 

or pg=6, qeZ 


i p|6 
Similarly if p + 6, then p | a. 


Extension 1.28. If p | a, .a, ..., a, then, p| a), or p| a, or .p| a, 
(proof is repeated application of the above result.) 


Corollary 1.29. If p | p, . p>. ... p, (p’s are primes) then, p is one of p), Py, »--» Py 


Proof: By Extension 1.28, p | p, Pp -... p, gives either p | p, or, p | pr p, ... Dy If 
p + p,, then again by the same result we have p | p, or p | p34 ... p,- Hence with a finite 
number of application of the same result we get that p | p, for some i. 


And 
p is a prime we must have 
PP, 
Converse of the theorem 1.30. Let p > 1 and p has the property that if for any a, 5 
e Z p|ab gives p| aor p| 5, then is a prime. 
{Note: Both the theorems can be combined as for a, b € Z, p| ab gives p| aorp|6 
if and only if p is a prime.] 
Proof: Suppose p is not a prime. Then it is composite. 
q € Z* such that g|p andg#1,pie.1<q<p. 
p=qri<r<p 
Now Pp\|p =qr givesp|qorp|r. 
But both g and r are positive integers (< p). 
? Pp <q or r. So we meet a contradiction. 
our assumption is wrong. So, p is prime. 


Example 38. If = ab, then at least one of a and b must be less than n [Left as exercise] 
Theorem 1.31. If a # 1, a € Z, a must have a prime factor. 
Proof: Case (i) Ifa is a prime then a is itself a prime factor. 
Case (ii) Let a be not prime. And S= {d|d>1,deN,d| a} 

Now |a||a,|a|>1 gives|a|eS. 

: S #0. 

S is a non empty set of positive integers, and by W.O.P it has a least integer, 

Say, p. 
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Assert: p is a prime 

For p € S,p > 1, p|a. So 1 and p are positive divisors of p. If possible let ¢ # p 
andg|poqeEN. 
ae q<p (i) 
But pla,g|p=>>qjaandso,geS 
: q = p and this contradicts (i) 
Hence p is prime. 


Properties, 1.32. Every integer n (> 1) can be expressed as a product of finite number 
of primes. 


Proof: If the integer is a prime then it itself stands as a product with a single factor. 
Otherwise by above theorem we have a prime factor p, such that 
n=pyn,i<n<n 

If n, is not a prime then again by the same result we have another prime p, such 
that 7. = pyn3, 1 <n; <n). Similarly for n,. This process of writing each composite number 
that arises as a product of factors gives us n > Ny > Ny > Nz> descending chain 
of positive integers and it must therefore terminate after a finite steps. 

Thus we can write as a product of finite number of primes. 


Remark: Every integer can be expressed as product of primes. 
for n = +[p,n,], p, is prime, 1 <p, <n 
= +[p)- Pz Mm) 1 <pr<m 


= £[P}. Po. P3- -» Py] p’s need not be all different. 
[n= 100 =2 x 50=2x2x25=2x2x5~x 5] 


Note: Disregarding the order in which the primes are written, every natural number can 
be expressed as a product of primes and this is the result that we are going to prove 
below. Before giving the proof of the theorem we note the following. 

Does the fundamental theorem need a proof at all? As Prof. H R Gupta says “Has 
any one ever come across an example where the theorem has failed? The following 
example will convince the reader about the necessity of a proof. [Selected Topics in 
Number Theory; H Gupta ABACUS PRESS, 1980] 


Take the set {1, 4, 7, 10, 13, 22, 25, 28, 31, ...} of natural numbers. It is easy to see 
that the set is closed under multiplication. Call an element of the set a ‘prime’ if it has 
exactly two divisors in the set. Thus, the primes of the set are 4, 7, 10, 19, 22, 25, 31... 

We observe that 100 belongs to the set and it can be written as a product of the 
primes of the set in two distinct ways: 

100 = 4.25; also 100 = 10.10. 


Fundamental Theorem of Arithmetic (also know as unique factorization 
theorem) 1.33. The presentation of n(> 1), as a product of primes is unique apart from 
the order of factors. 
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Proof: Suppose that n =p, P9 .--P, = 9,92 +++ Too WNELE Py, Pas ---s Pps V1 J» +3 Jy ALE primes 
and suppose that the primes are ordered so that p; <p, <...<p andq, <q)... < q,. 
We now prove that r = s and p, = q,; (i= |, 2, ... r) 
The proof will be by induction. 
The result is true for 7 = 2. Suppose that it is true for 2, 3, .... 2 — 1 and consider 
the number z. 
If n is a prime the result is true. Suppose 7 is not a prime. Then in the expression 
N= Py Pz +» Py = 492 +» 7, We have r > 1 and s > I. Then p, = q, and q, = p; for some 
i and j (by corollary 1.29)" p, <p,= 4, $ q; = Py it follows that p, = 4, 
Then the integer "is such that 1 < ~ < n, and we have 
Py Py 
= = 
P Paw Pp = Ga + Tye 
Thus from the inductive hypothesis r = s and p, = q; (i = 2.,,,... 7) Hence r = s and 
Bee GR Nod aet) 
And the result follows by induction. 


In the application of the fundamental theorem we frequently write any integer (> 1) 
in the form, sometimes called the “fundamental form” 


n= pi! ps py 
One may prove the above result if this form is used to write. 


b 
Proof: Suppose n = Py apse py = a Qgy? Gj , p’s and q’s are primes __....(*) 


Assume that, p, <p, <p; <... <p, and also g, <q. <q3<..< qj 


a2 


Now P,| py! -p3?...p;,* (obviously). 


P11 992 +» G So, Py | qi, for some i € {1, 2, ..., /} so, p, | 9, 
Hence, Py = %- 
every p is some q. 
Similarly, starting from right p’s and q’s are arranged in ascending order, so follows 
that p; = 9), Py = 4p. and k = j. 
Now to prove that a; = 5,. 
If not, say 5; > a;. Dividing (*) by pj, we get 


a a a, | Gig] a, _ 8b b bj -a; b 
Py Py Pi Pg Pe FH Pe Dy inde | DE 
Hence p; ¢ LHS. 
But p; | RHS and is contradiction. Thus 
a; = b,. 


Corollary 1.34. Ifn e Z thenn=+p)' p?....py*, py < Py <-- < Py 


Theorem 1.35. There are infinitely many primes. 
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Proof: Suppose 2, 3, 5, 7, I1, ..., p be the finite set of primes up to p. Then let 
g =2.35.7.11...p+ 
Now q is not divisible by any of the primes 2, 3, 5, 7, 11, ..., p because if q is divided 
by any of these primes | is left as remainder. 


Hence q is either a prime number itself or is divisible by some prime between p and 
q; in either case there is a prime number greater than p. 


the number of primes is not finite, 
Theorem 1.36. No rational algebraic formula can represent prime numbers only. 
Proof: If possible fet the formula 
atbxtox*t det... + kx” (1) 
represents prime numbers only. 
When x = m, let its value be p. 
Then p=a+bm+ cm? + dm +... + km" 
When x = m + np, (1) gives 
at b(m+np)+c(m+npyt.. +k (m+ np)” 
ie, at bm+cm?+dm+..+kn"+a multiple of p 
=p+amiultiple of p 
= M(p), where symbol! M(p) stands for multiple of p 
= an expression divisible by p 
Hence, when x = m + np, (1) does not give a prime number. 


This shows that there is no simple general formula for the n"” 
by which we can calculate the value of p,, for any given n. 


prime p,, i.e., a formula 


Theorem 1.37. There are arbitrarily large gaps in the series of primes. (In other wise, 
there exist k consecutive numbers composite whose length exceeds any given number k. 
(given any positive integer n, there exist n consecutive composite integers.) 


Proof: Consider the integers 
(A+ 1)! +2, (kt 1IP4+3 00k + DE +h (A+ D+ +1, 
Each of these numbers is a composite number because the number n divides 
(k+ 1)! +nif2 <n<k+ | and these are the & consecutive integers which are composite. 
Hence the theorem. 


Example 39. There are infinitely many primes of the form 4n + 3 


Solution: Suppose 2, 3, 5, 7, 11 ... p are the primes up to p, and let q = 27.3.5... p—1, 

Now gq is of the form 47 + 3 and is not divisible by any of the prime 2, 3, 5 ... p. It 
cannot be a product of primes of the form 4n + | only, because the product of two numbers 
of this form is of the same form. It is therefore either a prime or divisible by a prime of the 
form 4n + 3, greater than p. Hence there are infinite number of primes of the form 4” + 3. 


Example 40. Prove that there are an infinite number of composite numbers among the 
numbers represented by the polynomial f(x) = ayx” + a,x” Vet a,, where n > 0, dao, 
a), ». a, are integers and a, > 0. 
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Solution: Suppose m is an integer such that f(m) > 1 and f(x) > 0 for x > m. 
Suppose, (m= ™M. 
Then all the numbers given by 
(m+ Md, t = 1, 2, «. 
are composite as they are multiples of M. 
Thus the result follows. 


1 71 1 1 
Example 41. Prove that Pra aaa = 8S, is never an integer. 
n 


3 
Solution: Let & = largest of k,, where 2hi<n 
And P ={Im, m odd and m <n 
Now hi OP aa 7 ae 


1 1 1 ] 
ao 5 7s (F+3+4+.+4) 
: 2 3 4 n 


=a sum all of whose terms are integers except the term 


2-13.57... or which is a fraction 


Thus, a= 'PS,, = a fraction. But 2*~! P is an integer. 
Hence S,, is not an integer. 


Example 42. Let f(x) € Z[x]. Then f(x) can not be a prime for any x 
Solution: Let f(x) = a) + a,x + a,x? +..tax",aseZ 

J (x) = 0 for at most 7 values 

J() = 1 for at most values 


J() =-!1 for at most n values. 
Thus S(@) = 0, 1, -1, for at most 3n values. 
“ dy e€ Z such that [f6)| > 1 
Let b = |f0)| 
Consider fbr +y) =a, ta, (or +y) + a, (br t+ y)? +....a, (br + y)" 
= f(y) + b.g(r) 
But, b =|f()| => 5 | £0) and also 6 | b.g(r) 
‘ b | f(br + y). 


f(r + y) is prime > f(or+ y) =+6 

J (br + y) = +6 for at most 2n values of r. 
for other values of r, it is composite. 

J (x) is not a prime for any x. 


Example 43. For what non trivial values of a and k, a* + 1 will be prime? 


Solution: Cases 
@) a=1,aé+1=1*+1=1+1=2,a prime 
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(ii) k= 1, a" + 1=a+1 isa prime if a= p— 1, p isa prime. 
di) a#1,k 41 
Leta>1,k> 1. 
If a is odd, a is odd then aé + 1 is even. 
ad +1 is not a prime, if a is odd. 
(iv) a> 1,k> 1, a is even and k is odd, a+ 1 | a + l>aé+1 is not prime 
(v) a> 1, k> 1, a is even and & is even. 


Let k= 2"k,, ky is odd, k, > 1. 
, \42 
ak +1 = @?*"? r= (at )* #1 = pha 1G 


b+1{| 6*2 +1 gives 6*2 +1 is not prime 
and k, is odd and # 1 gives a* + | is not a prime. 
a* + | is may be prime if k,=1 
(vi) a> 1, k> 1, a is even, k is even and of the form 2*1 and then a + 1 = a2" 
+ 1 is prime for some &,. In particular, 22" +1 is prime for some r. 


Definition: F,, = 2?"+! are called Fermat number 

Fermat conjectured that F,, is prime for all m € Z. 

Fo H 3b) Ha, P ee 251 f= 65937 that Fe= 2?° + 1 =4,294,967,297 is not a prime 
was shown by Euler in 1732. 

At the beginning Fermat conjectured that all the Fermat numbers are primes. In 1732, 


Euler pointed out that F; is a composite. This negated the Fermat conjecture. So, there 
are some primes and others are composite in Fermat numbers. 


Up to now, we know only that the first five Fermat numbers 
Fy 3a HO; Fo 1, Fg 250, Fg 2937 
are primes and other 49 numbers F’, are composite; their respective n’s are: 
5, 6, 7, 8,9, 10,11, 12, 13, 14, 15, 16, 18, 
19, 20, 21, 23, 25, 26, 27, 30, 32, 36, 38, 
39, 42, 52, 55, 58, 63, 73, 77, 81, 117, 
125, 144, 150, 207, 226, 228, 250, 267, 
268, 284, 426, 452, 556, 744, 1945, 
Besides these we do not know whether or not there are infinitely many Fermat primes. 
No new Fermat prime has been discovered for the last 30 years(since 1995), so many 
people conjecture that there are no more Fermat primes. This is still one of the unsolved 
problems in the theory of numbers. 
The following elementary proof that 641 | F; is due to G. Bennett (which does not 
explicitly involve division) 


Example 44. The Fermat number F; is divisible by 641 
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Proof: We put a = 2’ and b = 5, so that 
1+ ab = 1+27.5 = 641 
it is easily seen that 
l+ab— bt =1+(a-5)b=1+35=24 
But this implies that 
Fe = 925 +1=241 
=24a4 +1 
=(1+ab—- bat +1 
= (1 + aba’ + (1 — atb4) 
= (1 + ab) [a* + (1 — ab)(1 + @b*)] which gives 641 | Fy. 
Conjecture: F,,, is prime for finite number of m: Prove or disprove 
Example 45. d=(@? +1a7°41)|2 if men 


Solution: Given that m # n. Suppose m <n 
n =im+k, say. Then, 


a?" =x say. Then, 


n mt+k mak k k 
Pi eae = 2" = (g2”y2* = x2 


a x 


Now x +1 | x2" -~1,k2 1. Now 


+k 
d= (a2”" +1, a2” 


‘7, 

=(xt+ 1, x2 +1) | x2 — 1, x 41, 
d| x2 —1, x2° +1 d]2. 
Corollary 1.38. (F,,, F,) = 1 


Proof: (left as an exercise) 
Note: Let us consider aé — | 


(1) a~1ja-1 «= a*—1 may bea prime if a= 2 
(2) a=2, let k = 1m (i.e. We are assuming | <1 <k; 1 <m<-k, that & is composite 
0 2k = lyn —1 9 2'- 1) 2'4y"-1. + 1 > 1, 2-1 is not a prime if k 


is composite. 

(3) a = 1 may be a prime if a= 2, k> 1 and & is a prime. 

Numbers of the form M, = 2”—1 n> 1 are called Mersenne numbers after a French 
monk Marin Mersenne who made an incorrect but provocative assertion concerning their 
primality. Those Mersenne numbers which happen to be prime are said to be Mersenne 
primes. 


Definition: [fp is a prime then Mp = 2? — | is called a Mersenne prime. 
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(4) Mersenne said that Mp is a prime for p < 257. Subsequently it is found that Mp 
is a prime for p = 2, 3, 5, 7, 13, 17, 19, 31, 67, 257 

(5) There are also mistakes as, p = 61 gives Mp a prime. 

Among the Mersenne numbers, there are some primes and others are composites. Up 
to now (/995) we know only the following 3/ Mersenne primes for which the respective 
p’s are 

2, 3, 5, 7, 13, 17, 19, 31, 61, 81, 107, 127, 
521,601, 1279, 2203, 2281, 3217, 4253, 
4423, 9689, 9941, 11213, 19937, 21701, 
23209, 44497, 86243, 110503, 132049, 216091 


26972593 _ | is the 38” known Mersenne prime discovered on June 1, /999 by one 


of the 12000 participants in the Great Internet Mersenne Prime search. It was also the 
first megaprime found (prime with more than a million digits). Some websites predict that 
the first bevaprime (prime with more than a billion digits) will be found by 2006. The 
complete list of the record primes found since 1951, the first year that an electronic 
computer found one, shows that 24 of these 26 record primes are Mersenne primes. 


Lemma 1.39. The product of the numbers of the form 4m + 1 is of the form 4m + 1 


Proof: n, =4k+1,n,=41 +1. 

Then, Ny. Ny = (4k + 1)(41 + 1) =4m + 1, forme N 
Lemma 1.40. The product of the numbers of the form 4m + 3 is of the for 4m + 1. 
Lemma 1.41. The product of the number of the form 4m + 1 and 4m + 3 is of the form 
4m +3. 

(Proofs are left as exercises). 
Theorem 1.42. Show that there are infinite numbers of primes of the form (a) 4m + 3, 
(6) 6m + 5. 
Proof: (a) If p # 2, then p = I(mod 4) or p = 3(mod 4) 

Let us assume that there are finite number of primes of the form 4m + 3, viz. 

Po = 3, Py = 7, Pz = 11, p3 » Py 
Consider k = 4p). pz... Pp, + 3 = 4M + 3(say) 


Case (i): If & is prime then it is a new prime of the form 4m +3. Similarly we may 
get another new prime and so on. . 


X 


the number of primes of the form 4m + 3 is infinite. 
Case (ii): If k is nota prime, Then = k,.45.4; ... ky (x; is a prime). All the k,’s cannot 
be of the form 4m + 1, since their product is of the form 4m + 3. 
at least one of them, say k, is of the form 4m + 3 
k, | k But, p, + k, pp + ke Py t & SO, ky F Py, Pos Py 
k, is a new prime. 
Similarly, we may get another new prime and so on. 
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the number of primes of the form 4 + 3 is infinite. 


[The above problem can be stated in the following way also: The arithmetic 
progression: 

3, 7, 11, 15, 19, ... and 5, 11, 17, 23, 29, ... contain an infinitude of primes. A famous 
theorem in number theory viz., the theorem due to Dirichlet reads: the arithmetic 
progression a, a + b, a+ 2, ... contains infinitely many primes if the integers a and 5 
(both positive) are relatively prime, that is if (a, 5) = 1] 


Theorem 1.43. If p, is the n'” prime number, then p, < 2?” 


Proof: Proof will be by induction. It is clear that 


py =2< 22! 
Assume p; < 27’, i< k + 1, and let N <p, ... p, + 1 [N is a prime]. Then 


N< Oe ae ; 


Example 46. F)F, ... F 


1 =F, —2, where F, = 27" +1. 
Solution: We prove it by induction 
If n = 1, then hoa? 2. 
F, = 3, F, = 5 the formula is valid when » = 1. Assuming the formula holds for 
n— 1, then 
PoP eck oy = Eo QE, 


n- 1 
an n- n- 2 
= (22""' -1) (2? +1) = (2? ‘y =1 


=22" _1=F -2 
Hence the result. 


Example 47. Show that 4k € N for which 1.2.3 ... (n—2)(n— 1) + 1 =n* is true when 
n>5... (*) 
Solution: Case (i): Let 1 be composite. Let d| n, d# 1 
d| RHS =n") of (*) 
But, d + LHS, a contradiction, n cannot be composite. 
Case (ii): Let » be a prime. 
(*) gives, 
1.2.3... (2-2-1) =n -1 = -1) OF -! + nt TY 
Dividing by (# — 1), 
1.2.3....(n—2) =nk-! + nk 2 4 + 
When n > 5, the product on the left contains a factor 2 and “%(n — 1). 
LHS is divisible by 2'4(n — 1). But, RHS is not. {-.. when we put n= 1, then RHS 
P+}++1=k#0. 
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Example 48. If p is a prime greater than 3 then show that 2p + 1 and 4p + 1 cannot be 
primes simultaneously. 

Solution: « p is a prime greater than 3, p is either of the type 3k + 1 or 3k + 2. If p is 
of the type 3k + 1 then 2p + 1 = 23k + 1) + 1 = 64 +3 = 3(2k + 1), Hence, 3 | 2p + 1 
and 2p + | cannot be a prime. Similarly, if p is of the type 3k + 2 then 3 | 4p + | and it 
cannot be a prime. 


Example 49. If a is a composite integer, and q is its least positive divisor, then g < va. 


Solution: *" g is a divisor of a, we have 
a = qa). 
So here, a, 24. 
Hence a >q° that is, 
qs Va. 


Example 50. If m is a composite integer, prove that the following integer is so too: 


Proof: Let m = ab. Then 
107 1 = (109? = 1 = (107 = 1)(10% 9) 4 +107 #1), 


or 91 = 911... 110% > 9 + 2. + 107 + 1) 
ry —— SS 
a times atimes 
or Th = Tho > 9 4 + 107+ 1) 
— OT eS 
a times atimes 


Thus 7, | n,,. Hence if 7,, is a prime integer then so is 77. 


Note: (i) But the converse is not true. For n; = 111 = 3.37 and, = 11111 = 41.271 are 
both composite. 


(ii) We know that 7, 11,9, 753, 3;7 are prime integers. 50 years after the discovery 
of 153, 13,7 in 1978 using the computer, it was conjectured that the next such 
prime would be 1,93, but the conjecture has not yet been proved. 


Example 51. If p is a prime then prove that there exist no positive integers a and 6 such 
that a? = pb? 


Solution Suppose there are two positive integers-a and 6 such that a* = pb? and let 
(a, 6) = d. Then a = day, b = db,, (a,, 6,) = 1. Substituting this in above we get 


a? = pb?. Obviously p | a? and then p | a, 
Putting a, = pa,, we have 
a3 p = bP. Clearly p | bP and then p | 5). 


p is acommon divisor of a, and 5,. And this is a contradiction with the fact that 
(a,, 5;) = 1 Hence the result. 


Example 52. If a, 6 are relatively primes, and d| ab, then there exist unique d, and d, 
with d, | @, «i. | 6 such that d | d)d, 
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b 


b 
Solution: Suppose a= pi! pr, b=q)) 9," 


Then lw taper 


i a 3 
A= Pl PLOY g's 0 <4, <a, 0 <k, <b; 


Let d, = Pt! i BY, d, = qt ge : 
Then d = d,d,, and clearly d,, d, are unique. 
Hence the result follows. 
Example 53. If 1 is a positive integer and p = 4n + 3, g = 8n + 7 are two primes, then 
q | Mp 
Solution: (Left as an exercise) 


‘ 


Note: Hence we have 
23|M,,, 47|Mp,, 167|Mg,, 263|M,>, 
359 | M147, 388 | Myo,, 479 | M351, 503 | M55, 
Example 54. If p is a prime > 5 prove that (p — 1)! is divisible by (p — 1)* 
p-l 


Solution: «p> 5, (p — 1)! has factors 2, p — 1, 
(p — 1)! divisible by (p — 1). 


as p — 1 is even. Hence 


1.5 INTEGRAL PART OF »n: [n]| 
{n] means the integral part of » or in other words [n] means the largest integer < n 


[5] = 5, [4] =4, [42] = 4[-5.79] = — 6 etc. 


The function {n} = n — [n] is called the fractional part of n. 


Thus {4} = 0, 42] E é, {5.76} = .76 


Observe: sae 13.333.., Ao =4.44 ..., ae 1.481... 
3 3 27 


gest 4 =134+441=18 
aN LSA 8? 
Now we prove the following theorem. 


Theorem 1.44. The power with which a given prime number p enters into the product 


- Pile rleks 
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Proof: The number of factors of the product m! which are multiples of p is Bi such 
Pp 


numbers are p, 2p, 3p, ... 


The numbers of factors of the product n! are multiples of p? is [| 
Pp 


The number of the factors of the product ! which are multiples of p? is | and 


so on. 


Here each factor of the product ! which is a multiple of the maximal p” is counted 
m times by the above process as a multiple of p, p, ps ... and finally p” 
Hence the highest power of p contained in n! = =} || 5] +.... 
3 
P p P 
Example 55. Find the highest power of 3 which is contained in 1000! 


Solution: The required number 
ce Ea “29 [| ee] | 
= | ——— | +) —— J+] —— | t+] —— 14+) -— = J+ | 
3 3? 33 34 35 36 
=333+111+37+12+4+1=498. 


Example 56. Find the number of multiples of 7 among the integers from 200 to 500. 


, ] : 
Solution: Here Ea = 71 and =] = 28 the required number is 71 ~—28 = 43. 


Example 57. If x is a positive real number and n is a positive integer, then among the 


integers from | to x, the number of multiples of 7 is l= | 
n 


Solution: We know I=] < Ges |=] +] 
n 


So we have l= )n <x< {[Z}+ in 
n n 


Thus among the integers from 1 to x, the multiples of 7 are only n, 2a, ... iG 
‘ n 


« 


The total of which is |= | Hence the result. 
n P 


Now we prove the following theorems 
Theorem 1.45. 
(a) If m € Z, then [m+ a] = m+ [a]. 
(b) Fora, B € Z, [a +B] —1<[a] + [B] < {a + B) < [a] + [B) +1 
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Proof: (a) Let a =foJ+6,0<0<1! : 
And m = [m] 
Then, [m + a] = [[m] + [a] + 9] = [m] + [a] = m + [o]./ 
(b) [a + B] = [[o] +6 + [B] + $],0<58,o<1 


= [[a] + [B] +(8+o)],0<50+9<2 
= [a] + [B] + [6 + $], by theorem (a) 
a [a + B] 2 [a] + [B) 
Again [a + B] — [8 + >] = [a] + [B] 


And [a + B] -— 1 < [a] + [B], [~ (+06) <1] 
[a + B]- 1 < [a] + [B] < [a + B] a) 
Again, [a + B] = [a] + [B] + [6 + 6] < [a] + [B] + 1 w(**) 


Combining (*) and (**) we get 
[a + B] - 1 < [a] + [B] s [a + B] < [a] + [B] + 1// 
Example 58. For any x, [x] + [-x] = 0 or —-1 according as x is an integer or a fraction. 
Solution: If x an integer then [x] =x and [-x] =-x 
Therefore, [-x] + x] =0 
Suppose x is not an integer then, 
x =[x]+0,0<0<1 


Then, —x =-[x]-96 
= [x] — 1 + (1 - 6) = -[x] - 1+ 6,, (0 < 8, < 1) 
Therefore, [-x] = -[x] -1 or, [-x] + [x] =-I. 


Example 59. If a be a real number, c an integer > 0, prove that 


fel} 


Solution: Let _ a=[a]+0, O<@<1 
[al =cqtr, q,rez 
O<r<ce 


a=cqt+rt+8 


r= foe] oamle] =f] 


Hence the result. 
Example 60. If # is a positive integer then 
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ral 


Then Se) zc + 1) | Note [x]= E + | 
n n 


(Hint: Consider the range 0 <x < ay 
n 


Solution: Write f(x) = ; + | +o+ E + 
n 


Example 61. Suppose that a and 6 are irrational numbers such that aad = 1, 
a 


Show that every nonnegative integer can be uniquely expressed as either [ka] or [kb] 
for some integer k. 


Solution: Reduce to the case | < a < 2, and hence b > 2. 
Let n be an integer such that [ka] <n<n+1< [(kK + I)a]. 


Since a = ——, we have 


b 
b~1 b-1) b- 
0<nb-—kb-n<nb-—kb-n+b-1<65. 
The first inequality implies n < (n — A)b. 
The last inequality implies (n- 4) b-1 <n, 


b 
Os ena + _7> from which we get 


(1 — Ab] = 7. 
For uniqueness, suppose 
[ka] = [kd]. 
Then, if & > 0, then {a] = [6]. 


But since 142 = 1, one of a and 6 must be greater than 2, and the other less than 2. 
a 


EXERCISES 1.1 


1. Prove by axiom of induction that 
(i) 2” )n, for alln e N 
(ii) 4 divides n(n + 1)(n + 2)(n + 3) for alln EN 


2 
(i) 13 +23 +... += (me) 


2. By the principle of mathematical induction prove that: [(i) to (x)] 
(i) na + nb = n(a + b) 
di) l<a 
(ii) mat na=(m+nja 
(iv) 1.2 +2.27+3.23 4+ ...+2"=(n—1)2"*!+2 
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l ] 1 1 n 
(vy) —-+2-—-+7-~-+...4+ ———_ = 
12 2.3 3.4 n(n+1) n+l 
+ 


(vi) 3.1.243.2343.3.44..+3.n(nt l)=n(nt 142) 


1 
(vii) 12 — 22 + 32-42 +. + 1)?7 ne? = 1"! mn ) 


(viii) For all integers n > 2, the product of m odd integers is odd 
(ix) 32”- 1 is divisible by 8 
(x) x’ — y” is divisible by x — y 
(xi) Prove by induction the permutation formula 
p(n, m) = mn -— 1)\(m -— 2) ... (m-—n + 1) 
(xii) Show that in the proposition P(m): 2” > 2n + 1, n € N, although P(k) > 
P(k + 1), yet the proposition is not true in N. 
Prove the commutative law of addition and multiplication for the positive integers 
For m, n, p € N, prove the following: 
(i) ifm+p=nt+pthenm=n 
di) Ifm+p<nt+pthenm<n 
(iii) If mp <np then m <n 
(iv) m.(n.p) = (m.n).p 
5. Prove the law of Trichotomy for natural numbers (using Peano’s Axioms). 
Using properties of integers, prove that for any two integers a, b 
(i) a~O0=a 
(i) —(a-b)=-at+b 
(iii) (-a)(-6) = 
(iv) a(—b) = ab) 
(v) a(-b) = ab) 
(vi) If ab = 0 then a=0 or b=0. 
7. Prove that —0 = 0. 
8. Use the well ordering property to show that J3 is irrational number. 


EXERCISES 1.2 


1. For m € N, prove that (ma, mb) = m(a, b), a,b EN. 


b 1 
2. =P that d| a, d|b = — (a, b). 
rove that d| a, d| =(4. 5) raG ) 


3. Prove that (a, 6) =d => (<.3) = 


4. Prove that (a, 6) = (a, b +a) = (a, b + na) = (a + nb, b). 
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10. 


11. 
12. 
13. 


14, 


20. 


Find the greatest common divisor d of the numbers 963,657 and find the integers m 
and 7» such that d = 1.657 + 1.963. 


Find the values of m, 17 to satisfy 
(i) 198.1 + 243.n=9 
(ii) 71.m—50.n= 1 
(iii) 93.m—-81,n=3. 
If x, y are integers, find the least positive value of 
(i) 963x + 99y 
(ii) 121x+ 891y. 
Prove that if (a, b) = 1 and (6, c) = 1 then (ac, 6) = 1. 
Show that if ad-bc = 1 then (a + b,c + d) = 1. 


If a+ b #0, (a, b) = |, and p is an odd prime, then prove that 
aP en) 
a+b, =lorp 
a+b 


Prove that (a + b, a — 6) 2 (a, b). 
Prove that, if a | m , 6| mand if (a, 6) = 1 then ab | m. 


Determine whether the following assertions concerning integers are true of false. If 
true, prove the result, and if false, give a counter example 


(i) If b| a +1 then d| at +1 
(ii) If b | a — 1 then be | a4 - 1 
(iii) If p is a prime and p| a, p| a + b* then p| b 
(iv) If p is prime and p | a, p | a’ + 6b? then p | b. 
If a and 6 are integers, b being non-zero, then prove that there are unique integers 


q and r such that a = gb + r where — i |b|<r eae | 6 | [In this case, r is called 


the /east absolute remainders of a with respect to b}. 


. If (a, 6) = 1 then show that (a + 6, a— b) = 1 or 2. 
. Prove: 4 + n° +2 for any integer n. 

. If (a, 4) = (6, 4) = 2, then prove that (a + b, 4) = 4. 
. If for k € Z, M(x) stands for multiple of & then 


4xy — y is M(3) => 4x? + Txy — 2y? is M(9). 


. Using the Euclidean algorithm find the greatest common divisor (gcd) of 


(i) 7468 and 2464 
(ii) 2689 and 4001 
(iii) 2947 and 3997 
(iv) 1109 and 4999. 


Find the greatest common divisor g of the numbers 1819 and 3587, and find integers 
x and y to satisfy 1819x + 3587y = g. 
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21. 


22. 


23. 


24. 


25. 
26. 


27. 


28. 
29. 


30. 
31. 


32. 


33. 


34. 
35. 
36. 
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Find the values of x and y to satisfy 

(a) 243x + 198y=9 

(6) 71x — 50y = 1 

(c) 43x + 64y = 1 

(d) 93x - 8ly =3 

(e) 6x + 10y + 15z= 1. ; 
Prove that the product of three consecutive integers is divisible by 6; of four 
consecutive integers by 24. 


Two integers are said to be of the same parity if they are both even or both odd: 
if one is even and the other is odd, they are said to be of opposite parity, or of 
different parity. 


Given any two integers, prove that their sum and their difference are of the same 
parity. 

Prove: 

(i) that n? — n is divisible 2 for every integer 7; 

(ii) that 1° — n is divisible by 6; 

(iii) that n° — n is divisible by 30. 

Prove that if x and y are both odd, then x* + y’ is even but not divisible by 4. 


Prove that any integer is of the form 34 or of the form 3k + 1 or of the form 
3k + 2. 


Prove that if an integer is of the form 6k + 5 then it is necessarily of the form 
3k — 1, but not conversely. 


Prove that the square of any integer of the form 5X + | is of the same form. 
Prove that the square of any integer is of the form 3k or 3k + 1 but not of the form 
3k + 2. 

Prove that no integers x and y exist satisfying x + y = 100 and (x, y) = 3. 


Prove that there are infinite pairs of integers x and y satisfying x + y = 100 and 
(x,y) = 5. 


Prove that [a, b] = ge 


(a,b) 


ae and B= ae. then show that +5 = eae 

(6,d) (b,d) bd [b ,d] 

{Discuss the relationship between this equation and the addition of fractions by 
means of a ‘common denominator’}. 

Prove that (a + b, a— 6) | (a, b). 


Prove that if a and 5 are nonzero integers, then (a, 5) | [a, 5]. 


If D 


Let <m> be the set of all integral multiples of the integer m. Then prove that 
<m> CQ <n> = <[m, n]>. 
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37. 


. Prove that the number 


A sequence a, is such that a, = @,a,=banda,=ca,_, + ea,_4ifn> 2: 
(a) Prove that, if d = (a, 6), then d| a, for alln 2 | 
(6) Prove that, if f= (a,, a,,_ ,) and (f, e) = 1 then f| a 


. Prove that if a and 65 are positive integers such that (a, 5) = [a, b], then a = 6. 

. Evaluate (n, » + 1) and [n, n + 1] when a is a positive integer. 

. Find the values of (a, 5) and [a, 5] if a and 5 are positive integers such that a | b. 
. Prove that (a, b) = (a + 5, [a, 5]). 

. The sum of two positive integers is 5264 and their least common multiple is 200, 340. 


Determine the two integers. 


. Find the highest power of 2 in (2r — 1)!. 


ars is an integer. 
ny !.nz!...n, ! 


4 das ee 
_ifr= 3 prove that there are infinitely many positive integers n such that [nr] are 


primes. 


EXERCISES 1.3 


Convert (1999),, from decimal to base 7 notations. Convert (6105), from base 7 to 
decimal notation. 


Convert (89156), , from decimal notation to base 8 notation. Convert (706113), from 
base 8 notation to decimal notation. 


Convert (10101111), from binary to decimal notation and (999),, from decimal to 
binary notation. 


Convert (ABCDEF),,, (DEFACED),,, and (AOB),, from hexadecimal to binary. 
Add (101111011), and(1100111011),. 

Add (100001000111101), and (11111101011111), 

Subtract (11010111), from (1111000011). 

Subtract (11110101), from (1101101100),. 

Multiply (11101), and (110001), 


» Add (1234321); and (2030104), (3314430), 
- Subtract (434421), from (4434201), 

- Multiply (1234); and (3002), 

. Add(ABAB),, and (BABA), 

. Subtract (CAFE),, from (BAD),, 

. Multiply FACE,, and BAD, 
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19, 


20. 


. Ifa, +a,+...+a,=nand all a’s > 0, then prove that 


. Show that the highest power of 1 which is contained in (7 ~ 1)! is uy 
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EXERCISES 1.4 


Show that there are infinitely many primes of the form 6n— 1. 

Show that there are infinitely many primes of the form 4n— 1. 

Find the canonical decomposition of the numbers 

(a) 82798848 

(b) 8105722663500. 

Show that the product of numbers of the form 6k + 1 is of the same form. 
Prove that any prime of the form 34 + 1 is of the form 6k + 1. 


Prove that any positive integer of the form 3k + 2 has a prime factor of the same form; 
similarly for each of the form 44 + 3 and 64 + S. 


If x and y are prime to 3, prove that x” + y* cannot be a perfect square. 
If (a, b) = p, a prime, what are the possible values of (a’, 5)? of (a°, b)? of (a’, b). 


Evaluate (ab, p*) and (a + b, p*) given that (a, p*) = p and (b, p°) = p* where p is 
a prime. 


. Iftp is a prime and p | (a + b?) and P| (6? + c*) then prove that p | (a7 + c’). 
. If a prime integer p > 3, then prove that 2p + 1 and 4p + 1 cannot be prime 


simultaneously. 


n! : 2 
Eo GEN Tee SEE Eas integer. 
a,!ay!a3!...a,! 


. Prove that if a > 3 and n > 2, then a” — 1 is composite 
. Show that highest power of 2 contained in (2’ - 1)! is 2”-r- 1 


"_yrtr—] 


n—-r 


. Show that [x] + E + i] = [2x] whenever x is any real number. 


. Show that [2x] + [2y] = [x] + [y] + [x + y] whenever x and y are real numbers. 
. Show that if x and y are real numbers then [xy] = [x] [vy]. What is the situation when 


both x and y are negative? When one of x and y is negative and the other positive. 


1|, ; ; eu 
Show that E + | is the integer nearest to x (when there are two integers equidistant 


from x it is the larger of the two). 


n-1 
Show that ¥ [x+ j/n] = [nx] whenever x is a real number and nis a positive integer. 
j=0 


OOO 


CONGRUENCES AND ITS. 
BASIC PROPERTIES 


Carl Freidrich Gauss in his Disquisitions Arithmeticae, a milestone in number theory 
cadified an idea related to some bizarre arithmetic, which he found it ideal for handling 
questions of divisibility. 

Consider a clock, numbered with the hours 0, 1, 2, ... 11. Such a clock has its own 
peculiar arithmetic. For example, since three hours after 5 o’clock is 8 o’clock, we could 
say that 3 + 5 = 8, as usual. But 3 hours after 10 o’clock is | o’clock, and 3 hours after 
10 o’clock is 2 o’clock; so by the same token, 3 + 10 = 1 and 3 + 11 = 2. Though it is 
not so standard (!) nevertheless, this ‘clock arithmetic’ has a great deal going for it 
including almost all of the usual laws of algebra. Following Gauss, we describe it as 
arithmetic to the modulus 12, and replace ‘=’ by the symbol ‘=’ as a remainder that some 
monkey-business (in IAN STEWART’s words) is going on. The relation ‘=’ is called 
congruence. \n arithmetic modulo (modulus) 12, all multiples of 12 are ignored. so 
12 + 1] = 13 = 1, since 13 = 12 + 1 and we may ignore 12. 

Thus Congruence is a statement about divisibility slightly different point of view 
more than the convenient notation. It helps in easily discovering proofs and the same can 
suggest new problems leading to new and interesting topics. 


2.1 ELEMENTARY PROPERTIES OF CONGRUENCES 


Definition: Let a, b,m € Z,m>O0. 


Then, a is said to be congruent to b modulo m if and only if m | a — 5 and is written 
as 


a = b(mod im) 
Remark: 30 = 0 (mod 5), 5 = 5(mod) 
In general a = a(mod m) for any m > 0 and a = O(mod m) if m| a’ 
Theorem 2.1. The relation = is an equivalence relation. S 
Proof: «. for any m (> 0) € Z, m|0anda-a=0, for anyae Z, 
it follows that m|a-a,aeZ. 
a = a(mod m) : (i) 


50 


Next suppose for a, b € Z, a = b(mod m) 


Then m\|a-6b 

or m|b-a 
b = a(mod m). 

: a = a(mod m) 
gives b = a(mod m) 


Finally suppose, for a, 6, c e€ Z such that 
a = (mod), 


b = c(mod m), 
then m|a-—b,m|6-c and 
m|(a-6)+(b-c)=a-c 
so, a =c(modm) 
a = b(mod™m), 
b = c(mod m), 
gives a =c(mod m). 


6699 


is an equivalence relation. 
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ii) 


Property 2.2. a = b(mod m) if and only if a and b have the same principal remainder on 


division by m. 


Proof: Let a = b(mod m) and a= mq, +r,0<r<m. 


We prove that 


b = mq, + r (same r). 


Now, a = b(mod m) 
or b = a(mod m) 
gives b-a=mq,; (q,€ 2) 
or b= 
= mq, +r. 
= b=mq,+r 
Conversely, let a=mq,tr 
And b=mg,+r,0Sr<m 
Then, a~ b= m(q, -9) = 93, 
or m\|a—b 
or a = b(mod m). 


Some properties 2.3. a = b(mod m), c = d(mod m). Then 


(i) a+c=6+ dmod m) 
(ii) a —c = b — dmod m) 
(ili) ac = bd(mod m) 
(iv) ax + cy = bx + dy(mod m) 


(v) a= b(mod m) and a | m (d > 0), then a = b(mod a) 


(Proofs are left as exercise). 


a+ mq, = mq, + r+ mg,= mq, +93)+r 
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Extensions 2.4. If a, = 5(mod m), i= 1,2, ... n. 
then, Xs,a; = Us,b;(mod m), (= 1, 2, ...., 1). (i) 
Ila; = []8; (mode m) wii) 


Property 2.5. an = bn(mod m) if and only if a= i{ moa. Z ; 
m,n 


Proof Let (m,n) =d, then d| m,d|n 
or m = dm,, n= dn, with (m,, n,) = 1, m7 eZ. 
Now suppose, an = bn(mod m) then, m | an — bn 
or m | (a — b) dn, 
or dm, | (a — b)dn, 
or m, | (a— b)n, 
or m,|a-—b [" (m,, 1) = 1] 
or a = b(mod m,) 
a = b| mod—~— |. 
(m,n) 
m 
Conversely, let a = b| mod : 
(m,n) 
m 
Then as 4{ moa [d = (m, n)] 
or a = b(mod m,) 
or m,|a-—b 
or m, | (a — b)n, 
or dm, | (a ~ b)dn, | 
or m|(a-b)n 


an = bn(mod m). 
Observe: an= bn(mod m) does not give a = b(mod m) in general. [how?] 
Corollary 2.6. an = bn(mod m), (m, n) = 1 gives a = b(mod m) 
(Restricted cancellation) 
Example 1. 8 x 7 =2 x 7(mod 6), (7, 6) = 1, then, 8 = 2(mod 6) 
Example 2. Find the remainder when 27> + 14 is divided by 11 


Solution: 2 = 2(mod 11) 
or 2? = 4(mod 11) 
or 24 = 4? = 16 =5(mod 11) 
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or 28 = 57 =25 = 3(mod 11) 
or 2!0 =3 x 2? = 12 = 1(mod 11) 
or 2” = 1(mod 11) 
or 27° x 23 = &(mod 11) 
or 27 = 8(mod 11), mt) 
Again, 143 =(11 +3) = 37(mod 11) 
= 27 
= S(mod 11) (ii) 


From (i) and (ii), we get, 
273 +143 =8+5=13 =2(mod 11) 
Remainder is 2. 


Example 3. Prove that 2? + 3? is not a perfect power 

(i.e., a perfect square, perfect cube etc.), if p is a prime number. 
Solution: Case I: p=2 

Then 2? + 3? = 13 is not perfect power 


Case II: p is odd 


p-i 
then, 2P + 3P =(2+3) © (-1)*2P 717k 3k 
k=0 
p~-l p-l 
then, S (S18 28 85* =f Cifaee Fy 
k=0 k=0 
=p -?~"(mod5) [-- 3 =-2(mod 5)] 


So, if p # 5, then 2P + 3? = 5n, 
where n # O(mod 5), so that 2? + 3? is not a perfect power. 
Again, 2° + 3° = 275 is not a perfect power. 
Example 4. Find the smallest value of | 36” — 5”|, where m and n are natural numbers. 
Solution: The unit digits of 36” is 6 for all m and of 5” is 5 for all n respectively. 
the unit digit of | 36” — 5”| is 1 or 9 
the least possible value of | 36” — 5”| may be 1. 


And then, 36” — 5” = +] 
Fe 36% +1 = 5". 
Suppose 36"+1 =5" 
But, 36 = I(mod 5) gives 


36” = 1(mod 5) 
a 36"+ 1 =1+1=2(mod 5) 
Again, 5” = 0(mod 5). 
Hence 2 = 0(mod 5), a contradiction. 
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Suppose, 36"—-1 =5" 
And 36” —1 =0-1 =- 1(mod 4) 
and 5" = 1(mod 4) 


1 = —1(mod 4), a contradiction. 
So the least possible value cannot be | ; it may be 9. 
36” — 5" = +9 and this gives, 
36749 = 5" 
which is not possible, for 36 = 0(mod 3) 
3 36” = 0(mod 3) and 9 = O(mod 3) 
give 36” + 9 = 0(mod 3) 
but 5” & 0(mod 3). 
The least possible value cannot be 9. 
Hence the next least possible value is 11 
Now we see that really, 
36-25 = 11 (form=1n=2) 
Hence 11 is the least possible value of | 36” — 5” |. 
Example 5. Show that 10” + 3.4"*? + 5 is divisible by 9 
Solution: Suppose, f(r) = 10" + 3x 47 +245 
Then, f(nth) = 1074143 x 47t345 
=10x 107+3x4x 4"7t245 
=10x 107+ 10x 3x 4"t?_-6x3x 474245 
=10x f(n)—6 x 3x 47t2_ 45 
f(nt 1)—f(n) = 9 x f(n) — 18 x 4" *? — 45 
=9 (f(n)~2 x 4"*2—5) 


= 0(mod 9) 
or f(n+ 1)-f(”) = 0(mod 9) 
Now, fC) = 10 + 192 + 5 = 207 = 0(mod 9) 


From above we see that 
JS () = 0(mod 9) 


if and only if f(n+ 1) = 0(mod 9) 
Hence by induction 
We get f(n) = mod 9), for all x. 
Thus, 


10" + 3 x 4"*245 is divisible by 9. 
Example 6. Show that 347+? + 52”7*! = Q(mod 14) 


Solution: Suppose fe as te +5! 
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Then, f(t) = 34746 + 52043 
= 34 x 347 t2 4 52 x sant] 
= 81x 3int+24 9) x gent —~ 56 x gent 
= 81 f(n) — 56 x St), 

Thus, f(nt 1)-81f(n) =-56 x 2"*! 


= 0(mod 14) 
i.e., f(nt+1)-81f(@) = 0(mod 14) 
Now if S@ = 0(mod 14) 
then by above f(m+ 1) = 0(mod 14). 
Again, fl) = 3° +53 
= 729 + 125 
= 854 
= 0(mod 14). 


by induction, 
f@ = mod 14), for all x. 


2.2 COMPLETE RESIDUE SYSTEM, REDUCE RESIDUE SYSTEM 
We now discuss the following division for some purpose. 

Consider the integer 6. And, ; 

Z = {..... ,—5, 4, -3, -2, -1,0, +1, +2, +3, +4, +5... } 
We note that any integer divided by 6 will give us the remainder 
0, 1,2, 3,4 o0r5 
Thus the set of integers when divided by 6 
give the remainder 0 is [0] = {...... —24, —18, —12, -6, 0, 6, 12, 18, 24, ...... } 


give the remainder 1 [l] = {..... —23, -17, -11, -5, 1, 7, 13, 19, 25, ...... } 
give the remainder 2 [2] = {...... , 22, -16, — 10, -4, 2, 8, 14, 20, 26, ...... } 
give the remainder 3 [3] = {.... , 21, -15, -9, -3, 3, 9, 15, 21, 27, ...... } 
give the remainder 4 [4] = {...... , -20, -14, -8, -2, 4, 10, 16, 22, 28, ...... } 
give the remainder 5 [5] = {...... »-19, -13, -7, -1, 5, 11, 17, 23, 29, ...... } 
Observe: [0] U [1] U [2] v [3] v [4] v [5] = Z 
and for any (Os)r, s(<5), r #5, [r] A [s] = ©. 


So it is observed that for any m € Z*, there are m classes, Co, Cy .. Cy 1 in the 
equivalence relation congruence modulo m. In fact C,, (for each r= 0, 1, ..., m—1) consists 
of all the integers of the type Am+r,r=0, 1, ... 


Definition: The sets Co, C,, .... C,,_ ; are congruence classes (mod m). 


Definition: If x, € C, (i = 0, I, ..., m— 1) then m integers xo, x), x5, ..., X,, 1 are said 
to form a complete set of residues mod m(c.s.r. mod m). 
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Example 7. If for m = 6, ac.s.r(mod 6) is {12, — 23, 8, -9, 4, 11} 
Another c.s.r(mod 6) is {-24, 19, 14, -3, -8, 17} 


Remark: A csr(mod m) has the properties: 
(i) It contains m elements 
(ii) Every pair of elements is incongruent mod m 
ie., x, = x,(mod m) ifi¥/, 


is x; = xmod m)_ if and only if x, = x, 


Note: The csr mod m, {0, 1, 2, ..., m — 1} is called simplest csr(mod m) 
Addition and multiplication of residue classes mod m are as follows: 
CF CSC, 
= C,, if g + r= m and 7 is the remainder when q + r is divided by m 
C,-C, = Cop ifgr<m 
= C,, if g.r = m and ¢ is the remainder when q.r is divided by m 


ifg+r<i 


Example 8. If m = 6, then 
CC, = Cy 
Cot €, = Cy = C,, 
Cy.C, = Cy = C, ete. 
Theorem 2.7. . 
(a) If S = {X, Xp 0 X 
A = {axy + b, ax, + b, ..., ax,,_ 1 + 5} is also a csr(mod m) 
(b) If (m.m) = 1 and S,= {x9.x), .... X,,_ ,} is a csr(mod m) 
and S, = {Yoo Vio Vy — pf IS a esr(mod n) 
then the set S= {nx, + my; | i= 0, i,..,m-1,7=0,1,..,42-T} isa 
csr(mod mn) 


,} is a csr (mod m) and ifb € Z then 


mo 


Proof: (a) 
(i) Obviously there are m elements 
(ii) We now prove ax; +b & ax, + b(mod mm) if i #/. 
Suppose ax, + b = ax, + b(mod m). 
Then x, = x,(mod m) (‘- (a, m) = 1), and it is not possible. 
[for S is a csr (mod m)] 
Hence A ts a ccsr(mod mm). 
(b) (i) Obviously there are im elements. 
(ii) We provenx; + my; = nx, + my{mod mn) 
Given, S, is a csr (mod #7). 
i x, %x,(mod m), which gives m + x; — x, 
And so, X,—-%X, =mg, +r, 7, #0 
Hence n(x, — x,) = mng, + ryn, rn #0 ..{i) 
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Similarly, my, —y,) = mng, + r.m, rym #0 (ii). 
Adding (i) and (ii), 
n(x; — x,) + my; — y,) = mng + (r\n + rym) 
And this gives mn + n(x; — x,) + my, - y,) [why?] 
And hence, nx, + my, & nx, + my,(mod mn). 
Hence, S is a csr (mod m). 


Observation: Consider m € = Z*, and for a, b € Z, a= b(mod m). 
Then, C,+C, =C,,, and C,.C, =C 


or a+b =a+b andab =ab 


Suppose 2 = 4Cys Cyc Cae at 
= X,y,7Z,...,} (xe 0, ye l, ze 2,...). Then 


Theorem 2.8. In Z,, if the addition and multiplication are defined above, then Z,, is a 
commutative ring with unity. (left as an exercise). 


Note: This ring will be a field if m is a prime p i.e., Z, is a field. 


Lemma 2.9. a = b(mod m) gives (a, m) = (b, m) 
Proof: a = b(mod m) 
or b-a=mk 
or a =b — mk. 
Now if (a, m) = d, and (6, m) = d,, 
Then, d, | a, d; | mand d, | b, d,|m 
or a=d,k,, m= dk’, b = dk, m= d,k". 
Then a = b — mk = ayk, — dyk"k = dk, where k, = k, — kk" 
1.€., a = dk, 
or d,|a 
Again d,|aand d,|m 
gives d, | (a, m) = d, 


Similarly, d,| d, gives d, = d,. 
Note: The following example justifies that the converse of this lemma is not true. 
(1, 4) = 1=@, 4), but 1 * 3(mod 4). 


Definition: A set of integers r,, where (r,, m) = 1,7; ¥ r(mode m) i #j and such that every 
a with (a, m) = 1 is congruent modulo m to some member r, of the set, is said to be a 
reduced set of residues mod m. 
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Reduced set of modulo m can be obtained by deleting from a complete set of residues 
modulo those members that are not relatively prime to m. 


A reduced set of residues therefore consists of the numbers of a complete system, 
which are relatively prime to the modulus. 
Example 10. {1, 2,3, wc. 40, 41, 42} is the complete set of residue mod 42 
{1, 5, 11, 13, 17, 19, 23, 25, 29, 31, 41} 
is the reduced system of residue modulo 42. 


Example 10. Exhibit the complete residue system modulo 17 composed entirely of 
multiples of 3. 


Also find the reduced residue set modulo 17. 
Solution: The complete set of residue modulo !7 is 
{0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16} 
Now these numbers are to be changed in the multiples of 3 
so that they may represent the same number modulo 17; 
And thus the required set is 


{0, 18, 36, 3, 21, 39, 6, 24, 42, 9, 27, 45, 12, 30, 48, 15, 33} 


And the reduced residue set is same as the complete set of residue modulo 17 for 17 
is a prime number (and so each number in the set of the complete residue is prime to 17). 


Theorem 2.10. If m is prime, then show that (a + 5)” = a” + b” (mod m) 
Proof: + bYteg" Ca ae Ca PS tC aE tc eB" 
and it is seen that (Example 32, Ch 1) 
the product of r consecutive integers is always divisible by r! 
So the coefficient of each term of the above expansion is an integer. 
m is a prime, no factor of r! is a divisor of it, 


Moreover m + r, so m + any factor of r! 
rt | Gn — 1) (m— 2)... (m—rt+ 1) 


-rt+l 
Hence, "C= {mm = 1). —2) «. (marsh 
r} 


is divisible by m for all r < m— 1 
; (a+ by” = da" + 6” (mod m). 
Theorem 2.11. If m is a prime, then prove that 
(atbt+eot..t+.J@ sa" +b" +c" + ... (mod m) 
Proof: (Hint: Take b+ c+ d+... =p, use the above theorem and repeat the same. 
Theorem 2.12: If m7 = 1 (mod p”), then m? = (mod p"*'). where n > 0 and p is a prime. 


Proof: «7 = I(mod p”), we write m = 1 + Ap”, for some integer A 
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Again np2zn+l.. 

Now, nP =(1+dAp"Pa=..=..=ltap"*! 

[students are asked to calculate in details and fill up the missing steps\ 
nP = 1(mod p"* !), 


Theorem 2.13. If a = b(mod m), a = b(mod n), (m, n) = 1 then a = b(mod mn) 


Proof a= b(mod m), a = b(mod n) give, m|a-—bandn|a-b 
Thus, a — 6 = mk = né (for some k, 2). 
(m,n) = 1 and mk = né gives n | mk 
*. we have n | k. 
So, k = nt(for some 2). 
i a—b=~mnt 
and this gives, 
mn|a-—b, 
in other words a = b(mod mn). 


2.3 SOME APPLICATIONS OF CONGRUENCES- (FERMAT’S LITTLE 
THEOREM, EULER’S THEOREM, WILSON’S THEOREM, CONVERSES 
AND THEIR APPLICATIONS) 


Note: Before discussing arithmetic functions or Euler’s function in particular we want to 
discuss Fermat’s little theorem (though the same may be proved with the help of Euler’s 
theorem!) 


Theorem 2.14. Fermat’s theorem (This is known as Fermat's Little Theorem to distin- 
guish it from the famous conjecture known as Fermat’s Last Theorem.) 


If p is a prime and (a, p) = 1 (ie., p + a), then @’~ | = 1(mod p) 


Proof: From theorem 2.10, ‘we have 


(a, +a,+...0,P = af +a> +...+a7(mod p) 


Consider a, =O, =... = a, = |, then we have 
a = a(mod p) 
or @ ~' = 1(modp). 
Note: If p is a prime then for any integer a and 5 we have 
ab = 0(mod p) 
gives a = 0(mod p) 
or b =O(mod p) [p| ab gives p|aorp| bd] 


go! 
Corollary 2.15. For any prime p and any integer a, prove thata 2 =Ap+ 1, for some 
positive integer A. 


Proof: By Fermat’s theorem we have (except for p = 2) 
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a ~' = |(modp) 
or @~'—1 =0(modp) 
Bel Bel 
or (a 2 —I)(a 2 + 1)=0(mod p) 
wet et 
Now ° (a 2 —1)or(a 2 +1) =0O(mod p), 
prt pr! 
(a 2 —1l)or(a 2. +1) is a multiple of p i.e., Ap. 
pt 
a2 =Aptl, 


Application of Fermat’s theorem 
Example 11. If p is a prime to a then, prove that 
a?" '(P-") = \(mod p") 
Proof: By Fermat theorem we have, @’~ | = 1(mod p) A) 
and by the theorem 2.12, 


m 


I(mod p") gives 


n? = \(mod p"* ') w(F*) 
Combining (*) and (**) we have 
a@P |) = I(mod p*) 


aP(P-l) = 1(mod p’) 


a?" '(P-) = 1(mod p”). 
Example 12. Show that n’ — n is divisible by 42 


Solution: . n —~n=n(n°— 1) 
=n(n’~'— 1) and «: 7 is prime, we therefore have 
by Fermat theorem, n’ —n =n(n’~! — 1) = 0(mod 7) 
or n'—n=M(1) 
and also, = n(n° ~ 1) 


=n(n +1) (n—-1) (nt +? +1) 


Moreover, (n— 1) n (7 + 1) being the product of three consecutive integers is divisible 
by 3! = 6 and (7, 6) = 1 


Hence n’ — 7 is divisible by 7 x 6 = 42, 
Example 13. 5!° — 3!° is divisible by 11 
Solution 3,5, 1] are primes 
Therefore 5!0 = 511-1 = 1(mod 12) 
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and 3!0 = 3!!! = |(mod 11) (Fermat’s theorem) 
‘ 510 _ 319 = Q(mod 11) 
and we get, 510 _ 310 = 111). 


Example 14. Prove that every square number is of the form 5k — 1, 5k, 5k + 1 where x 
is some positive integer. 


Solution: Suppose N is any number 


Case I: (5,N) = 1 
N41 =N?~!— 1] (©0 mod 5) = M(5) (Fermat’s theorem) 
So, (N? — 1) (N? + 1) = M(5) which gives, N* — 1 or N* + 1 is M(S). 
Hence, N? =Sk+1. 
Case I: (5, N) # 1, 
- (5,N) =5 
Then, N* = 57k 


Hence the result. 


Exampfe 15. Find the last unit digit of 34° 


Solution 34 = 1(mod 5), and 34 = I(mod 2) (Fermat) 
3* = 1(mod 10) [theorem 2.2.7] 
or 3" = 1(mod 10) 


2 3400 — 34100 = I(mod 10) 
. the last digit is 1. 
Note: The converse of Fermat’s theorem is not true. 


In other words, if a’”~! = 1(mod m), m need not be prime. 
7340 


TH 


1(mod 341), 341 is not prime 
341 = 11.31. 
To discuss one partial converse of it we first note the following 


Example 16. 


Definition: If (a, m) = 1, and A is the smallest positive integer such that 
a* = \(modm), 
i.e, a = 1(mod m), 
ad x \(mod m), forO<k<A, 
then A is called the order of a modulo m. 
Theorem 2.16. a” = 1(mod m) and d is the order of a modulo m, then d | n. 


Proof: By Divisionalgorihm, n=qd+r,0<r<d, qreéeZ 


Now alt= dtl = (ad, 
Gives a’ = 1(modm). 
Hence r =0, that is, n = gd. 


Thus the statement holds. 
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Theorem 2.17. If q is a prime factor of the Mersenne number 
. ; M = 2 1 then g > p. 
Proof: If p = 2 then the result is true. 

Suppose p is odd. 


Now q | (2? — 1) gives 2? = 1(mod q)  p is prime, by Theorem 2.16 
we know that the order of 2 modulo q is p. By Fermat’s theorem 
27~-' = 1(mod q). Thus p | (g — 1), that is, 
q > p. 


[student will try the proof without using Theorem 2.16]. 
[Also the above result reveals that there are infinitely many primes.] 


Theorem 2.18. The prime factor of Mersenne number M,, (p > 2) has the form 2pt + 1 


Proof: If ¢ is a prime factor of M, then by Theorem 2.16, p | g — 1. 
q is odd, 2 | g — |. Hence 2p | (g¢ — 1), that is 
gq = 2pt+ 1, and so the theorem is proved. 


Theorem 2.19. The odd prime factor of a2” + 1 (a> 1) is of the form 2”* Mt+] 
Proof: Proof will be by induction. 

For 1 = 0 the result is trivial. 

Assume that the result is true 7 — 1, 


So, a2""' + | =0(mod g,), 9, = 2", +1 

3" 2n71 
Let a~ +1 = 0(mod q), or (a?) + 1 = 0(mod q) 
By induction hypothesis we have 

gq =2"t+1. 

Now a*" +1 = 0(modq) 
or a*"' = (-1)(mod q), 
or d!~' = (-1)(modq) 
or (-1)' = 1(mod q) [Fermat theorem] 
Now t=2t [.« ¢ is even for g > 2] 
Hence, gq =2"* t +1, 


Thus the theorem is proved. 
[Note: for 7 = 1, the prime factor a* + | is of the form 4¢+ 1] 


Theorem 2.20. Every prime factor of the Fermat number F,, (n > 2) is of the form 
Q" + 2, +], 


Proof: Suppose q is a prime actor of F,. 


Quer gnei 


Now (F, -1) = (2 + 1) 


n 
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=( 
(27° rst)” 
( 
Gs 


It 


ante] 


oF) 


n-1 
1)?" *! =-1(mod F,) 
qntl 


or (F,.1) +1 = 0(mod F,) 


nn. 


Then q is a prime factor of (F,-1) + ] also. 


gnel 


If q is an odd prime factor of (F,. 1) + 1 then g = 2"* 4+ 1 [above theorem]. 
Thus it follows that every prime factor of F,, is of the form 2” * 7¢ + 1. 


Note: It is to be noted that a reduced residue set modulo m is obtained by deleting from 
a complete residue set modulo m those members that are not relatively prime to m and 
all such sets contain the same number of members, and this number is denoted by P(m). 
Thus, this leads us to a function called the Euler’s phi-function and is denoted by ®. 


In other words when m is a positive integer, ®(m) denotes the number of positive 
integers not exceeding m and which are relatively prime to m[®(m) = number of a’s , 
(a < m), such that (a, m) = 1] 

So, (1) = 1 (the only number » such that, (”, 1)= 1 is 1 itself) 

(2) = 1 (the only number x such that, (nm, 2)= 1 is: 1 
@) = 2 (the only number x such that, (#, 3)= 1 are 1, 2) 
(4) = 2 (the only number x such that, (n, 4) = 1 are 1,3) 
@(5) = 4 (the only number x such that, (n, 5)= 1 are 1, 2, 3, 4) 
(6) = 2 (the only number 7 such that, (n, 6)= 1 are 1,5) 
(7) = 6 (the only number x such that, (n, 7)= 1 are 1,2, 3, 4, 5, 6) 
(8) = 4 (the only number 7 such that, (n, 8)= 1 are 1, 3, 5, 7) 
If p is a prime then 
@(p) = p— | (the only number x such that, (n, p) = 1 are 1, 2, 3, 4, .... (p—1)) 
Note: Here | is considered as prime to all the numbers.) 
Theorem 2.21. Euler’s theorem 
(a, m) = | gives a”) = 1(mod m) 
Proof: We use the following 


Lemma: If AP js Tasos room} is ar.r.s. (mod m) and if (a, m) = 1 then 
{ar,, Ar, art Oram} is also r.r.s. (mod m) 
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Now * r{mod m), (1 < i, j < B(m), i #/) 


and ar{mod m), for some i and /. 


"i 
rj 
Then multiplying we get 

PP gs Mayan) = AA» Warm (mod m) 
and by restricted cancellation law 
Vy Tay = "2 Toon) a?) (mod m) (*. (r,, m) = 1). 
Similarly, * (r,, m) = 1, (r3, m)= 1, ... orm m) = 1, we get cancelling r5, r3, ..., om) 
1 = am). ; 


a") = 1(m). 
Corollary 2.22. Fermat’s theorem: @” = a(mod p) Vae Z 


Proof: Euler’s theorem states that a”) = 1(mod m)_ if (a, m) = 1. 

When m is prime p, we then get, 

a™?) = | (mod p) and p being a prime, 9(p) = p— 1. 

Thus, a?) = |(mod p), 
if (a, p) = | i.e., a * O(mod p) and obviously, a = a(mod p). 

Multiplying, (if a * O(mod p)), a’ = a(mod p) and if a = O(mod p), then this result 
is obviously satisfied. 

a =a(mod p) Vae Z. 


Note: For p = 7, 17 = 1(mod 7), 
= 2(mod 7), 

3’ = 3(mod 7) ..etc 
7 =7(mod 7), 
147 = 14(mod7) 


If a & O(mod p) ie. if (a, p) = 1, then 
-1 


NO 
~ 
I 


a’~" = 1 (mod p) e.g. 
1° = 1(mod 7), 

2° = 1(mod 7), 

3° = (mod 7). 


7 % 1(mod 7). 
Remark: Direct converse of Fermat’s theorem is not true. 
Theorem (Partial converse of Fermat theorem) 2.23. If a@”~' = 1(mod m) and a” 
1(mod m) for any proper divisor of m — 1, then m is a prime. 
Proof: Theorem 2.16 asserts that m — 1 is the order of a modulo m. 
Euler’s theorem states that 
aX") = 1(modm). 
Hence g(m) =>m—-1. 
But for any integer m > 1, we must have 
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om) <m-— i. 
@(m) = m — 1, that is m is prime. 
Note: Positive factor of 47 — 1 = 46 are 1, 2, 23, 46 
And 453 = (47 —2)3 = (-2)?? = -1(mod 47) 
or (4532 = 454 = (-1)? = 1 (mod 47) also 
45° = 1(mod 47), thus 47 is prime. 
The converse of above is not true (The converse states that: When m is prime and 
n| (im — 1) then a” & 1(mod m). 
For example, when m = 5, a = 4, we have 
42 = \(mod 5). 
Theorem 2.24. Wilson’s theorem: 
If p is prime, then 
(p -— 1)! +1 =0(mod p) 
for (p — 1) ! =—1(mod p)] 
Proof: Zp = (0, 1,2,........ , p—1} is a csr (mod p). 


and S= 
We know that Zp is a field. 
non-zero element has its inverse. i.e., if a € S, 
then, ba=1eS. 
[ 4 is elles the inverse of & in S(denoted a) and a is called the inverse of 6 in S(denoted 
a=b".) 


Now 1.1 = T therefore, inverse of I is 1. Thus, 17! = 1 
-1 


Tp 2e3 ues, , p—1} is r.t.s. (mod p). 


or -j= 


»p-\.p- l=-1-1=T 


inverse of p—1 is p—1 itself. 
Case (i): p= 2 gives (2 — 1)! + 1 =0 (mod 2). Verified. 
Case (ii): p= 3 gives (3 — 1)! + 1 =0 (mod 3). Verified. 
Case (iii): p25 
{0, 1, 2,..., p-2, p— 1} is a csr (mod p). 
Now S = {1,2,..., p-1} is rr.s (mod p) 
We know that Zp form a field. 
. every nonzero element of Zp has a unique inverse. 
Let S, = {2,3,5,...,p-2} [ie. 8, = S\C1, p—1} 
Ifa =aeS,,2 Sas p-—2, then inverse of o is not a. Because, if it is so, then, 
aa! = 4.4, or 1 = a or, a = 1(mod p) 
or p\|a-l 


Consider Zp= 
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or p\(at 1) (a-1) 
or p\|atlorpla-1 
and this is impossible as 2 < a < p—2. 
. a € S, gives ale S, such that 
a xa! 
inverse of a,(=2) € S, is a, (#2) S, and so on. 
the elements in S, can be paired as 
(a,, a); (a,, Ge); see 


o,.0,1.o,0, 1... = 2-3-5....p—2 in some order. Thus we get 
2-3-5: p-2= Til toy 
or, 72-3-5...p-2p—-1 =111....p—-1 =-1 
or 1-2-3...p-1=- 1 s0, p-l! =- 
Hence (p — 1)! = —1(mod p). 


Theorem 2.25. Converse: If n> 1, (n— 1)! + 1 = O(mod n) then, v is a prime. 


Proof: If 7 is not a prime, then n is composite 


Let, n=mk1<mk<n, ie.2<mksn-l 
Then (n— 1)! + 1 = O(mod mk) 

or, mk | (n—1)t+1 

or m|(m— t+), 


But m | (n— 1)!. « m © {2, 3, ..., m— 1} gives m| 1 impossible - m #1. 

Similarly for k. Therefore, 7 cannot be composite. 

Hence v is a prime. 
Example 17. Show that (m7 — 1)! = (m — 1) mod (1 +2+3 +... + (m— 1)) if and only 
of m is a prime. 
Solution: First we assume that 

(m— 1)! = (m— 1) mod (1+2+3+...+(m-—1)). 
-1 

Then (m— 1)! = (m— 1) mod =) 

Case I: Let m be odd. 


: m ; . 
m— 1 is even and so, is an integer. 


m-1| 
Now m|(m—1)!-(m-1) 
or m|(m—1)!-—(m—-1) orm|(m-1)! +1 
or (m — 1)! + 1 = O(mod m) 


m is a prime, by converse of Wilson’s theorem. 
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m, ‘ 
Case Ik: Let m be even. Then — is an integer 


Now (m—1)! = (m— 1) mod ((m - 1) re 
or (m—1) > | (m= 1)! = (m= 1) 
or 5 (m= =m 4+ 
or mae 


[es = | (a — 1)! and . | m (obviously)] gives m | 2 or m = 2, which is a prime, Hence. 
Conversely, let m be a prime 
Case I: Let m = 2: Then, 
(2 — 1)! = (2 - 1) (mod 1), which is true. 
Case II: Let m = p > 3, Then 


p-i p-i 
1+2+...+ (@m-—1) = —p= p—-. 
(p - 1) ae eae a 

p-l 


2 


p-|l 
Now, re | (p — 1)! and, |p-1. 


21 @- 2 1@- 


-1 
2 1@-DI-@-0 
p-l 
2 


or (p — 1)! = (P — 1) (mod 
By Wilson’s theorem, 

(p - 1)! =~1(p) or (p - 1)! = @ - 1) (mod p), 

(p= 1)! = @- 1) mod P= p) 
or (p- 1)! =@-1) mod (1+2+3+..+(—1)). 
Example 18. If p is an odd prime and k + 1 = p — | then show that 

ki 1! + (-1)* = 0 (mod p). [Left as exercise] 

Example 19. If p is a prime, then show that 2 {(p — 3)!} + 1 = 0 (mod p) 
Solution: 2 {p-3)!} +1 =2{(p-3!} +1 
__2e-09 


) 


(p -1)(p-2) 
et DEED) 
(p- I(p-2) 
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2{(p-1)} +24+p?-3p 
(p-1)(p -2) 
_ 2p -1)!+ 1] +p? -3p 
(p-1)(p -2) 
By Wilson’s theorem, 
(p — 1)! + | = 0(mod p) 
and p? — 3p = O(mod p) and, p t (p- 1), p t (p—2), 
2{(p — 3)!} + 1 = O(mod p). 
Example 20. Show that any integer ” is congruent modulo 9 to the sum of its digits. 
Solution: Suppose n contains m + | digits a, b, c, d, j beginning from the left. 


Then n= axl0™+bx 10"! +ex 10"-2 4+... 47% 104) 
(called the extended notation of n) 
Now, 10 = 9+ 1 = I(mod 9), 


107 = 9 x 11 + l= 1(mod 9) 
10° = 9 x 111 + 1 = 1(mod 9), 
107 =9x TD wa. m times + 1 = 1(mod 9) 
n=atb+ct...+it+j(mod 9) 
= sum of the digits (mod 9). 
Example 21. The necessary and sufficient condition that a positive integer n can be 
divided by 3 is that the sum of its digits is divisible by 3. 
Solution: Suppose the number in the extended notation is 
n=a,t+a, 10+a,107+..+a,_ 108"! Osa, < 10 
Now 10 = 1(mod 3) 
or dy + a,10 + a,107 +... +a, _ ,10*-! 
=a, ta,+a,+...+a,_, (mod 3) 
Thus n = O(mod 3) if and only if ay + a, + a, +... + ay_ , = O(mod 3). 
k-1 
Example 22. Show that a positive integer 7 is divisible by 7 if and only if 2 (-1)'a; 


= 0(mod 7), where ay, ... a5, a), Aq are the digits of n from the left, 0 < a, 2 “L000. 


Solution: Let n = dy) + a,1000 + a,1000? + ... + a,1000*-', 0 < a, < 1000, 
k=l ; 
Now, (ay + a, +...) — (a, +a, +...) = Ze a; = 0(mod 7) 
b= 


[Note: 1000 =~ | (mod 7)]. 
Example 23. Show that 637693 is divisible by 7 
Solution: n = 637693 = 693 + 637 x 1000; a, = 693, a, = 637 
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Therefore, dy — a, = 693 — 637 = 56 = 0(mod 7) 
Thus, the number is divisible by 7. 


Example 24. Ifn=a,,*10"+a,,_,10,,_; +4, 10"-7+...+a, x 10 +a, be the 
decimal expansion of n,0 <a, @,,_\, Ay 9. ++ 4, Aq $9, and T= ay — a, t+a,—...+ 
(-1)". Then 11 | 7 if and only if 11 | 7. 
m 
Solution: We write P(x) = Da,x" 
Es 
Now 10 = —1(mod 11) gives P(10) = P(-1) (mod 11). 
But P(1) = N and P(-1) = ay — a, + ay - ... +(-1)" = T. 
So N = T(mod 11) 
Thus 11 divides n if and only if 11 divides 7. 


We are much pleased to include the following test of divisibility with due permission 
from the author Prof. Gundala Ramanaiah (and the same has been named after his name). 

Ramanaiah Technique of Tests of Divisibility by Primes. 

The divisibility criterion for any prime depends on the ‘period’ of the prime and when 
the period/semi periods are small. 
Definition: Period of a prime: 
The period of a prime p is defined as the least positive integer r such that 

10” = 1(mod p) (1) 


Example 25. Find the periods of the primes 37 and 41. 
10? = 26(mod 37), 10° = 1(mod 37). 
37 has period 3. 
10? = 18(mod41), 10? = 16(mod 41), 104 =-4(mod 41), 10° = 1(mod 41) 
41 has period 5. 
If the period of the primes p is even, say r = 2s, then, 
107° = 1(mod p) which implies that 
10° = —1(mod p) ...(2) 
The other alternative, 10° =—1(mod p) contradicts the hypothesis that 2s is the period. 


Definition: We call s as the semi-period of p. It is the least positive integer satisfying (2) 
p-l 


and is a divisor of 


Example 26. Find the semi-period s of the primes 137 and 9091 
10° = -37(mod 137) 
10° = -96(mod 137) 


10* = -1(mod 137) 
Ss = 4 for 137. 

10* = 909(mod 9091) 

10° = —1(mod 9091) 


s = 5 for 9091. 
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Table | and 2 give the odd periods r and semi periods s for all primes less than 500 
while table 3 gives all primes less than 100,000 with r and s not more than 10. There is 
no regular pattern of occurrences of r and s. It is interesting to note that there are only 
19 primes less than 1000,000 whose r and s are not more than 10. 


Table 1 Primes less than 500 odd periods r. 


7 = [s [ssa] n> [6 [ols fel 
Pep pst [state fe bs] ofa fs fs fer 
rp [re [isi [i [at [aw [an [ar [a [aor an Dr 
moO Ome 


347 | 359 | 397 | 431 | 439 | 443 | 467 | 479 
r (PR ea ee cca lncacdld| call tt acest cack eae 179 215 | 219 | 221 | 233 | 239 


Table 2 Primes Table 2 Primes less than 500 with e than 500 with even periods 2s. 


Pr [ai oar [0 [99 [35 [a6 | [a [a [oo [i [ 
[ise ss ew] se [v6 fim | 5» fra 91] eo fi 


7 [ao [ar] 03 [0 [sr [er [00 [ror] 
7 [am [2616 [6 [20 | 77 20 es [> 


Table 3 Primes less than !000,000 with r or s not more than 10 


Peas [a [= pap 
EEA 


B EOE 137 [3541 aE 52579 


DIVISIBILITY CRITERIA 


Let p be a prime with period r. Consider a number N comprising 7 digits where n > r, 
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r-l _ 2r-i ; 
N= dy_ yu dydydg = dj Wi + ¥ dj 10 +... 
j= 


j=r 
Since 10° = I(mod p), we find 
N = (4, _ |... dydidy) + (dj, _ 1. d,) + ... (mod p) ..(3) 
‘Hence we obtain the divisibility criterion. 
Rule 1. 


(i) If r is the period of p; divide the digits of N into blocks of r digits starting from 
the right. (The last block may contain fewer digits.). 


(ii) Find the sum N, of the numbers in the blocks. 
(iii) Then N, and N leave the same remainder when they are divided by P. 
If Nj contains more than r digits apply the rule to No. 
If s is the semi-period of prime p, then using the relation 
10° = —I(mod p), we find, in this case, that 
N = (d, _ 1... dydydy) + (d, .d,) + ... = (mod p) 4) 
Hence we obtain the divisibility criterion. 
Rule 2. 


(i) If.s is the semi-period of p, divide the dig:ts into blocks of s digits from the right 
(The last bloc may contain fewer digits). 


(ii) Find the alternate sum (4), say Np. 
(iii) Then N and No leave the same remainder when they are divided by p. 
Note: 


(i) It may be noted that Rule | can be applied for all primes (other than 2 and 5) 
irrespective of whether the period is even or odd. 


s— 1° 


(ii) However in case of even periods it is better to use Rule 2 with s as the semi- 
period. 


Since s = | for p= 11, Rule 2 gives that N is divisible by 11 if and only if the alternate 
sum d, — d, + d,-... is divisible by 11. 

R = 3 for p = 37, therefore N is divisible by 37 if and only if d,d\d) + d.d,d; + ... 
is divisible by 73. 
Example 27. 

Test N = 2356710825 is divisible by 37. 

From Table | we find r = 3, if p = 32. Here N = 2356710825 

Therefore 825 + 710 + 356 + 2 = 1893 = 1893 
: 893 = 1 = 894 = NO 

By actual division of 894 by 37 we find that the remainder is 6. 

Hence WN also leaves 6 as remainder when divided by 37. 
Note the advantage of the rule: 

(i) We have divided a three-digit number instead of original 10-digit number. 

(ii) The advantage is much more if one is testing a number with, say, 100 digits. 
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Example 28. 
Test if N = 2779104276 is divisible by the prime 9091. 
S=5 for p = 9091 
Therefore N = 2779104276 = 04276 — 27791 =—23515 =~9091 x3 + 3758 
Therefore N leaves the remainder 3758. 


Note: The advantage of criteria for divisibility by primes in the Rule 1 which is to be used 
for primes with odd period r and Rule 2 for primes with even period 2s Jies in the fat: 


One has to carry out division of a number with at most r or s digits instead of the 
original number with n digits. 


These rules can be used to reduce computation time while finding the prime factors 
of large numbers. 


2.4 SOLUTIONS OF CONGRUENCES 


The ancient Greek mathematician Diophantine (C 250 C.E.) wrote extensively on 
equation which has two or more than two unknowns. Such an equation is called an 
indeterminate equation. A system of equations is said to be indeterminate if the number 
of equations is less than that of the unknowns. In this type of equations we usually look 
for the solutions in a restricted class of numbers such as positive integers, negative 
integers, or integers. 


2.4.1. Linear Indeterminate Equations 


Theorem 2.26. (i): a, b € Z, a #0 then ax + b = 0 has a unique solution in integers 
if and only if a |b. 


Proof: Let there exist x» € Z such that ax) = — b. Then, xy = — tg e Z gives a|b 
a 


Next suppose a | b. Then 5 = ak, (k # 0) € Z. Therefore —& is a solution. 


Theorem 2.7. (ii): ae + by=c..1) a be Z;a4z0#45 
The necessary and sufficient condition that the equation (1) will have a solution in 
integers is (a, 5) | c. 
Necessary part: Let (1) have solution. 
Then 4 x9, ¥y € Z such that 
axy + byyg =e (2) 
Let (a,b) =d 
d|a,d| b gives 
d| ax + byy =e 
d =(a, b) | c. 


Sufficient part: Let d= (a, 6) | c. To prove that (1) has solution 
As d|c we have c= de, 
And (a, b) = d gives 4x'y' € Z such that 
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d =ax'+ by’. 
Multiplying by c, we get , 
a(c,x' + b(c, y’) = de, 
or ax, + by, =c 
therefore, (x,, y,) is a solution of (1). 
Remark: (1) will have a solution if and only if d= (a, 5) | c. Therefore, we have 
d| a or a = day, (say) 
d| b or b = de, (say) 
d|c orc = dc, (say) 
Putting in (1) we get 
da,x + db, y = dc), 
or axt+ by =c, ...(3) 
when (a), 6,) = 1. 
Every consistent equation of the general type (1) can be converted to the type 


(3) in which (coefficient of x, coefficient of y) = 1. So instead of considering (1) we need 
consider the solution of (3). 


2.4.2 To Find the Solution of Equation of the Type 
ax + by=c . (1) 
a#0#b;a, b,c eZ 
Suppose one solution of (1) is known, (in the upper line) say (x9, Yo); 
To find the other solutions: 
(x, y) and (xp, Yo) will be solutions of (1) if 
ax + by=c 
try + byy Xe }..@) 
The set (2) is equivalent to 
oe as ad }..0) 
a(x ~ Xo) + by — yo) = 0 
but 1* of (3) is satisfied, - (x9, ¥o) is a solution by assumption. 
To have a solution of (1) we get 
a(x ~ Xo) + by — yo) = 0 


or a|b(Q-yp) 

or al yy-y ( (a, 6) = 1) 
or Yo — y = at, 

or y=yy—at(te Z) 


Putting this value in (3) we get, 
a(x — X9) + bat) = 0 
or x =X, + bt. 
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Theorem 2.28. Therefore, where (xp, Yo) is a particular solution of (1) the general solution 
is 
xX =X + dt 
y=Yo—at,te Z. 
Example 29. Solve: 11x — 33y = 22 
Solution: As (11,33) = 11, dividing by 11 we get 
x-—3y =2 
(Note: Here (1,3) = 1] andx=5, y= 1 is a solution (Euclidean algorithm may be used). 
: ex OFS :5 or (3) = 3. = 36, 
Yry-a=1-lt=1-t. 
the general solution is 
(5-3t,1-0,t€ Z ic., (5, 1), (2, 0), (8, 2), .... 


Example 30. Solve 525x + 23ly = 42 
Solution: As (525,231) = 21, dividing by 21, we get 
25x + lly =2 
Now (25, 11) = 1, and so by Euclidean Algorithm we get, 
25x (4)+11x(-9=1 
Hence, x=2x4=8, 
y=2x(-9)=-18 
is a solution of the given equation. Therefore, the required solution is 
x=8+11¢ 
= -18 | ea 


There are various ways of obtaining a particular solution. When the coefficients of 
the given equation are not large, it can be found by inspection. However the process of 
successively diminishing the coefficients is sometimes very convenient. 


Here the method is due to Euler, which is best illustrated by the following example: 


Example 31. Solve: 738x + 621ly=45 (1) 
ie -738x + 45 
Solution: From (1) y = = pe (solving for y) 
-117x+ 45 ae 
=—x + Sa (‘« y has the smallest coefficient in absolute) 
=-x +4, say, t 
-117x +45 
= ———_—— Z 
or 


Therefore, 621¢+ 117x = 45 (2) 
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—621t + 45 
Therefore, x= Sag (- coefficient of x is least) 
—36t + 45 
= —5t + ———_ 
117 
—36t + 45 
=—5t+ u, say, u = ————— Zz 
u, Say, U 7 (e Z) 
Therefore, 117u + 36t = 45 (3) 
-117u +45 -9 
Therefore, t AAA Re 1+ = =—3u + 1+ v, say, 
36 36 
—9u+9 . 
where v= 46 ie., 36v =—-9u + 9, say, ve Z 
or- 4v+u=]1 (4) 
Therefore, u=1—4v 


To obtain one solution, we pick up a convenient value of v, say, v = 0 and work back 
through the chain of equations 


v=0 

u=-4vt+1 
t=-3utl+v=2 
x =-St+u=11 


x = 11, y =—13 is a solution. 


We are now asked to find all solutions of ax + by =c...(1) 


Such that x20,y20 {i 
Solving as above we get r =X) + et eZ 
S =p — at 
Xo 


Now r will be positive if x) + bt > 0, i.e., > - 7 


s will be positive if yy) — at > 0 ie, t< Yo 
a 


x 
for positive solution — = <t< 0 
a 


: Xo Xo 
The smallest allowable value for ¢ is rp +] = et 


and the greatest is — [224 J 
a 


Therefore, |-*8 + J <t< {-204 | for which (1) will give positive solution 
a 


(4-9) 29 21019 3 V6; 5, 42 1 
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2.4.2 Number of Solutions 


-%2-72),1] 
a b 
[- [a + B] < [a] + (B} +1 <[a+ By +1 


Yo Xo 
ives -|-—-— 
; [22-4 


I ae 
ee 
ee i ae 


Example 32. Find the positive integer solution of the indeterminate equation; 


Tx + 19y = 213 
Solution: Divide the equation by the smaller coefficient 7. Then we get 
-~19 5 
x = SPRY = 30-2 + 37 35Y 
x is an integer, y is also an integer. Thus 
3-Sy 
ee = u 
7 
is also an integer. The above now becomes 
Sy + Tu = 3, 
Dividing by 5 we get 
_ 3-7u _ ee 3-2u 
y 5 3 


or Qu.+ Sy = 3, 
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Now we see that, u = —1, v = 1 is a solution. Hence, x = 25, y = 2. Thus, the general 
solution is 
x=25+19,y=2-7t 
For positive solution we have , 
25 + 19t>0,2—7t> 0, 
25 2 


We required -~-—<;<= 
10 7 


Hence t= 0 ort =—-1. : 
Therefore, the required positive integer solutions are 


ae ae 
y=2 y=9 


Number of solutions: -| | - ay? +1) <N<- see gives 
7 x13 
—(-2 + 1) < N<S~—(-2) which gives 1 < N < 2 i.e. Number of solutions is 2. 


Example 33. Solve 50x + 45y + 36z = 10. 
Solution: (This is a Diophantine equation in three unknowns.) 
We decompose the given equation into two equations as follows: 
50x + 45y = 52, 
5t + 36z = 10 
We see that (¢, — 4) and (—70, 10) are the solutions respectively of the above two. 
So the general solutions are 
x =t+ 9k, and t =-70 + 36k, 
y =-t— 10k, z = 10 -Sk, 
Eliminating ¢ we obtain the required solutions 
x =~-70 + 9k, + 36k, 
y = 70 — 10k, — 36k, 


z = 10 — 5k, 
or x =2+ 9k, 
y =-2 -10k, -36k, 
z =—Sk,. 
(Student may try the same problem using Euler’s method also). 
Example 34. If (a, 5, c) = 1, prove that any solution of the Diophantine equation 


ax + by + cz =k can be expressed as 
X =X, + bt — uch, 
Y= Yq — Aly — Uych, 
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Z=2Z)+ dt, 
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where (xy, Yq, 29) iS a solution of the given equation, d= (a, b), a= da,, b = db,, u,, uy 


are positive integers satisfying a,u, + b,u, = 1, t,, t, are any integers. 
Solution: Given that (xp, 9, 29) is a solution of the given equation. 
Therefore, we have 
ax + by + cz = 
ax, + byy + czy =k 
or d{a,(x — xg) + 6,7 — ¥o)} = — c(z — Zp). 
. (d, c) = 1, A an integer ¢, such that z = zy + dt. 
Thus we have 
a(x — Xg) + by — yy) = Ch. 
au, + bu, = 1, 
Then a,(-w,ct,) + b\(-uyet,) = —ct. 
. Jd an integer ¢, such that 


X =X t+ bit, -— ujcl, 

Y =Vq — yl, Uy. [Theorem: 2.28] 
Thus we have X =Xq + bit) — uyct,, 

Y =Yy — Aly — Ugcly, 

z= 2) + dty. 


2.5 ALGEBRAIC CONGRUENCES 
Suppose f(x) € Z[x], f(x) = 2x* — x + 1 (say) 


€.£., 3x?-2et Lx txtle Zix]x +5 
x-—- 
SK) = ay + ax + ayxy +. ax" +. 
J (x) is of degree n, ifa,#O0anda,,,=a,,,=..=0 
e.g. xixt lis of degree 2 


x + 2 is of degree | 
2 is of degree 0: 
Remark: 0 is a also a polynomial which has no degree. 


Definition: Suppose f(x) = a) + a,x + ax ua ea, T+ me Z. 


Then f(x) = 0(mod m) 
or, m| f(x) 
J (x) is said to be of degree n mod m if m f a, ie, 
a, = O(mod m) and m | eg ja gp pyran CEC. 
e.g. 2 -3x+ 4x7 + 6x3 + 8x4 is of degree 3(mod 4), 
is of degree 4(mod 5), 
is of degree 1(mod 2). 


5 ¢ Z[x], 2x 2,1,0 € Z[x]. 


(1) 
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Definition: a is said to be a solution of f(x) = 0(mod m) 


if S(@ = 0(m) (i.e., m | f(a) 
e.g., {[@= x? — | is the polynomial and m = 8 
Then, f() =1-1=00r8|f(), .. 1 is a solution 

fQ =27-1=3 or 8t f(2) .. 2 is not a solution 
f{G) = 3*-1=8o0r8] f(3) .. 3 is a solution 
f( =4-1=15 or 8 t+ f(4) .. 4 is not a solution 
f(5) = 5*- 1 =24 or 8 | f(5) . 5 is a solution 

etc., 

e.g., {[® = x* — 3 is the polynomial, m = 5; 
SQ) = 12-3 =-2 or 5 ¢ f(1) “. 1 is not a solution 
f@ = 22-3=1 ort f(2) “. 2 is not a solution 
f{@G) =6or5 tf) .. 3 is not a solution 
{4M = 13 or5S t f(4 .. 4 is not a solution 


In an ordinary equation there must have solution but in congruence there may not 
have solution at all. 
Theorem 2.29. If a is a solution of f(x) = O(mod m) (1) 
and b = a(m) 
then 3 is also a solution of (1) 
Proof: b=a(m) or b=at+Am, or a=b+um(A=yp) 
We have J(@ = 0(mod m) i.e., m | f(a) 
And SS) =flatArAm) 
=a)ta, +(a+Am)t+alat+rmy +...+a(a+r my 
= (a) + aya t+ aya, + ... + aa”) + m@(A), say. 
Therefore, SO0).=f(a+ mA) 
Now m | f(a), m | m®(A) gives m | f(b). 
5 is a solution. 


Remark: If one solution of (1) can be found then infinitely many others can be obtained, 
but related to each other’s mod m. 


Therefore we speak in terms to be a solution of 
J (x) = 0(mod m) if and only if f(a) = O(mod m) 


If a, and a, are solutions of (1), then these will be considered as distinct if and only 
if a, # a,(mod m). 
So instead of considering the number of solutions of (1) the proper consideration will 
be the number of residue classes. 

Hence, by the number of solutions of a congruence mod m we shall mean the 
maximum number of solutions incongruent in pairs. 

According to this definition there cannot be more than m solutions for any given 
congruence mod m, since there are m different residue classes to be considered. 
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Definition: The congruence of the type 
ax + b = 0(mod m) wee(*) 
is called a linear congruence in one unknown 


Theorem 2.30. If (a, m) = 1, then (*) has a unique solution 
[One solution means one residue class.] 
Proof: Euler Theorem states that (a, m) = 1 
gives a?) = 1(mod m) 
Multiplying (*) by a®”"+'! we get 

a") — 1 ay = —b a"! (mod m) 
or ay = —~b a"-'(mod m) 
or x = —ba?"!(m) 


*, the solution is —bq?”">! 


Theorem 2.31. If (a, m) = d (> 1), then (*) has a solution 


and this is unique. 


if and only if @| 6 [ie., * =d,¢ 2} 


Proof: d| m, d | a, we have m = dd, and a = dd, [i.e., 2 =d,, . = ay] 
Suppose athe O(modm) °° is solvable. 
Then dd,x + b =O(moddd,) is solvable and this gives, 
dd,x + b = 0(mod a) 
= 0(mod a) 
or d| 6. 
Conversely, assume that, d | 6, then b = dd, 
Now dx + d, = 0(mod d,) has a unique solution say, y (* (a), 4) = 1) 
So, ayy + d, = 0(mod d,) 
or ddyy + dd, = 0(mod dd,) 
or ay + b = Qin) 


(*) has a solution, say, y. 
Theorem 2.32. If in (*) d| b, then (*) has d solutions (m = dd,, a = dd,, b = dd;) 
These are given by 


m m m 
X4,X, + 7 x, + are pep Pa a) " 
where x, is the solution, unique modulo ro of the linear congruence 


G sg? ee Oemed 45 
ca d 


Proof: d,x + d, = 0(mod d,) has a unique solution (" (d,, d,) = 1) (say, x) 
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So dx, + d, = 0(mod d,) gives, =H, a = 0(mod =) 


Now the solutions of ax + 56 = O(mod m) are the integers u 
such that u =x,(mod d,) that is 


u =x, + td, (=x, or. 


If ¢ e {0, 1, 2, ..., d-— 1} then w takes d values, no two of which are congruent 
modulo m. 


If ¢ is given any other values, the corresponding uw will be congruent modulo m to 
one of these d values. 


[Thus we have: The linear congruence in one unknown (*), where (a, m) = 1, has 
exactly one solution x = —ba™”-' (mod m) 


When (a, m) = d > 1, (*) has solution if and only if d | b, in which case (*) has d 
solutions 


x,=a+ = mod m), t € {0,1,2,..,d-1} 


Example 35. Solve: 39x = 65(mod 52) 
Solution: Here a = 39, m= 52, 
; d = (a, m) = (39, 52) = 13 
13 | 65. 
The equation has solutions. And it has 13 solutions. 
The reduced congruence is 3x = 5(mod 4) which has unique solution, «. (3, 4) = 1 
viz., x = 3(mod 4). 
we can take xy as 3 
general solution of given congruence are given by 
m 52 


=x, + —-t=3+—t=3+4 
OEY og 13 


where x € {0, 1, 2, 3, ..., 51} 
Solutions are 3, 7, 11, 15, 19, 23, 27, 31, 35, 39, 43, 47, 51 (mod 52) 
ie., the solutions are {0, 1, 2, 3, ..., SI) MN {x |x =3 + 42}. 


Example 36. Solve: 3x + 2 = O0(mod 7) (1) 
Solution: ~- (3, 7) = 1, the congruence has only one incongruent solution 
=7-3x2or-2=-14+3.4 (2) 


Comparing (1) and (2) we get, 
3x = - 14-3 x 4=3 x 4(mod 7). 
x = 4(mod 7) is the solution. 
Example 37. Find the least positive solution of 13x = 9(mod 25) 


Solution: ‘. (13, 25) = 1, the congruence has a single solution (Observe: 
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1 12 
13)35 -13=12)13 -2=1)12 -12=0 
35 = 13x 1+ 12 


B=12x1+1 
2 =12x1 
1 = 13-12 1=13-(25- 131) 
= 13x2-25x 1 
Then 9=13x2x9-25x1%x9, 


which gives, 9 = 13 x 18-25 x 9 = 13x(mod 25) 

. x = 18(mod 25). 
Example 38. Solve: 207x = 6(mod 18) 
Solution: From the given equation we have, (18 x 11 + 9) x = 6(mod 18) 
or 9x = 6(mod 18) 
or 3x = 2(mod 6) 

(3,6) = 3 and 3 ¢ 2, the equation has no solution. 

Example 39. Solve 259x =5(mod 11) 


Solution: 259 = 11 x 25+6., 

or 259 =6(mod 11), 
*, we get, 6x = 259x = 5(mod 11) 
So, 6x = 5(mod 11). 


Now the above has only one solution. 
We observe that among 0, 1, 2, ..., 10, x = 10 satisfies the above. 
Hence x = 10(mod 11) is the only solution. 


Example 40. Solve 7x = 5(mod:256)...(1) 


Solution: *- (256,7) = 1, the equation has only one solution 


We note 136 - 255 47 -4- 3)4 -3- 13 - 3 =0 


: 256 = 7x 26+4,7=4x14+3,4=3x1+1,3=3%1 
or 1=4-3x1=4-(7-4)x1 


=4x2-—-7x 1=(256-7x 36)x2-7%x 1 
= 256 x2-73 x7 
or 5 =5x1=5 x (256 x 2-73 x 7) 
= 256 x 10-73 x 35 
or 5 = -73 x 35(mod 256) (2) 


(1) and (2) give, 
7x = —73 x 35(mod 256) 
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or x =-73 x 5 =-365 = 147(mod 256) 
or 147(mod 256) is the solution. , 
Example 41. Solve 222x = 12(mod 18) 
Solution: *. 222 = 6(mod 18), 
: 6x = 12(mod 18) 


(6, 18) = 6 and 6 | 12, there are exactly 6 incongruent solutions, 
now 6x = 12(mod 18) gives x = 2(mod 3) 
x = 2,5, 8, 11, 14, 17 are solutions (mod 18). 


Example 42. Solve 111x = 75(mod 321) 
Solution: Here (111,321) = 3 and 3 | 75. 
the congruence has three solutions. 
Now from the given congruence we have, 
37x = 25(mod 107) 


We note 
2 I 8 4 
37)107 - 74 = 33)37 —33=4)33 -32=1)4-4=0 
Now, 107 = 37x 2+33 
37 = 33x 1+4 
33 =4x8+1 
4=4x] 
1=33-4x8 
= 33 -(37-33 x 1) x8 
= 33x 9-378 
= (107 — 37 x 2)x 9-378 
= 107 x 9-37 x 26 
or 1 = 107 x 9-37 x 26 
or 25 = 25 x 107 x 9-25 x 37 x 26 
= 25.37 x 26(mod 107) 
or 25 = -25 x 37 x 26(mod 107) 


Now the above congruence is 
37x = 25(mod 107). 


And 25 = 25.37.26 
So, we get = 37x(mod 107) 
or —25 x 26 = x(mod 107) 
or x wm —-25 x 26 = 99(mod 107) 


the required solutions are 
x = 99,99 + 107,99 +2 x 107(mod 321) 
or x = 99,206,313(mod 321). 
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Note: Suppose our congruence is ax + b = 0 (mod m) 
Then we have, my = b(mod a) 
If yy is a solution, then 


Mmyy-b , ‘ : 
Xy = ———— is the solution of the given congruence. 
a 


When a < m, to solve this congruence is easier than to solve the given one.] 
Example 43. Solve: 863x = 880(mod 2151) 


Solution The given congruence takes the form 
215ly = -880(mod 863) 
And this takes the form 


425y = —880(mod 863) [863 x 2+ 425 =2151] 
or 85y = —176(mod 863) [*-" (425,880) = 5] 
Again in the same style, 
863z = 176(mod 85) 
Then, 13z = 6(mod 85) [863 = 85 x 10+ 13, 174 = 85 x 2+ 6] 
also; 85w = —6(mod 13) 
or Tw = —6(mod 13) 
Hence, Wy = 1 
(*) 
85+6 
Zy = =7 
13 
863.7 — 176 
= ——_______ = 69, 
%o 85 
= 2151.69 + 880 =173 
863 


Thus the required solution is x = 173(mod 2151) «* (863, 2151) = 1 the given 
congruence has only one solution. : 


2.6 SOLUTIONS OF THE PROBLEMS OF THE TYPE: ax + by+c=0 
Example 44. Solve 5x + Ily = 92 


Solution: The problem is equivalent to 92 = I ly + 5x 


or 92 = 1ly(mod 5) 

and °. 92 = 2(mod 5), 
11 = 1(mod 5) 
2 = )(mod 5), 

or y = 2(mod 5) 


Hence all values of y must be of the form 
y=2+5n. 
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So, 5x = 92 — 22 —55n = 70 — 55n 
: x=14-1ln 
Hence, x =14-11n 


eae } for all integral values ofn. 


And the same may be put in the form 
x = 14(mod 11) 
y = 2(mod 5). | 
Example 45. Find all solutions in positive integers of 
5x +3y = 22 
Solution: The given equation is equivalent to 
5x = 52(mod 3), 


: 5 = 2(mod 3) 
and 52 = 1(mod 3), 
We have, 2x = 5x = 52 = 1(mod 3), 
i.e., : 2x = 1(mod 3) 
or 2x = 4(mod 3) 
= 2(mod 3) 
or x =2+4+ 3k 


Now from the given equation we get 
3y = 52 —-5x = 52-5 (2 + 3h) 


= 42 -— 15k. 
or 3y = 42 — 15k 
or y =14—5k 


. the solutions are (2 + 3k, 14 — 54), for all integral values of k. 


Example 46. Solve 2x + 7y = 5(mod 12) 


Solution: The given congruence is equivalent to 


2x + 7y =5+12z wA(*) 
or Ty + 2(x - 6z) = 5 
i.e., equivalent to Ty = 5(mod 2) [Note: Here (2, 12) = 2] 
and the congruence has a solution («." (7, 2) = 1) 
7 = 1(mod 2), 
We get Ty = (mod 2) 
And 5 = 1(mod 2) gives 


y = l(mod 2) is a solution. 
The value of y are 1, 3, 5, 7, 9, 11(mod 12). 
Again the (*) gives 2x + 7y = S5(mod 12) 
or 2x = 5—7y(mod 12) 
or x = (5 — 7y) (mod 6) 


“8 
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Now the corresponding solutions for x are 5, 4, 3, 2, 1, 0 mod 6) 
Solutions (mod 12) are 
(5S, 1); CI, 1); 4, 3); (10, 3); (3, 5); (9, 5); 
(2, 7); (8, 7); (1, 9); (7, 9); (0, 11); (6, 11). 
Example 47. Solve: x + 2y + 3z = | 
Solution: The given equation is equivalent to 
x+2y = | —3z= 1(mod 3) 


i.e. x + 2y = I(mod 3) 
Now we consider, x = I(mod2) [as in above example] 
Put x = 1 + w then 2y+3z=1-x 
=l]-(l+yw) 
or 2y+3z = -u 
or 2y = -u (mod 3) 
=-u—3u 
= —4u (mod 3) 
or y =-2u (mod 3) 
or y =-2ut 3v 
3z =-u — 2y 
= —u — 2(-2u + 3v) 
= 3u - 6v 
or z=u-2v 
Hence, x=lt+uy, 
y = -2u + 3y, 
Z=u-2v, where wu, v are integers. 


So, the solutions are 
(1 + u, -2u + 3v, u — 2v) where u and v are integers. 
Example 48. Solve x + 2y + 3z = 10 
Solution: The given equation is equivalent to 
x + 2y = 10(mod 3) 
We now consider the congruence, 


x = 10(mod 2) 
Let x=10+4, 
2y+3z=10~-x =10-10-u 
or 2y + 32 =-u 
or 2y = -u(mod 3), 
or 2y = —4u(mod 3), 


or y = —2u(mod 3) 
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or y =-2u + 3y, 
Then, 3z = -u — 2y 
= —u —2(-2u + 3v) 
= 3u - 6v 
or z=u-2v 
x=10+4, 
y =—2u + 3y, 
z=u-2y. 


Hence the solution is (10 + u, —2u + 3v, u — 2v). 
Note: It is sometimes convenient that we solve the congruence by using indeterminate 
equation 
Example 49. Solve: 111x = 75(mod 321) 
Solution: ~: (111, 321)=3 and 3 | 75 it follows that the given congruence has 3 solutions. 
Now the given congruence reduces to 
37x = 25(mod 107) A) 
Now we solve the indeterminate equation 
37u + 107v = 25, 
Solving this equation we get u = —8, v = 5. Hence 
x =-8 = 99(mod 107) is a solution of (*) 
.. the required 3 solutions are 
x = 99, 99 + 107 = 206, 99 + 214 = 315(mod 321) 


2.7 SIMULTANEOUS CONGRUENCES 
Theorem 2.33. The systems of congruences 
x = a(mod m) 
x = b(mod n) 
has a solution if and only if 
a = b(mod (m, n)) 
If this condition is satisfied, then (*) has only one unique solution modulo [m, 7]. 


Proof: Suppose x =c be a solution of a given system, then 
c =a(mod m), 
c = b(mod n) 


Thus a = b(mod (m, n)), 
{Observe: m | c — a, n| b — a gives, (m, n) | c — a, (m, n)| c— 6b or (m, n)| a— b] 
And hence the necessary condition holds. 
Conversely suppose 
a = b(mod (m, n)) 
then by Theorem 2.31. we know that the congruence 
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my = 6 — a(mod n) 
has solution y =d(mod n). 
_ Hence we obtain a+ md = a(modm), 
a+ md = b(mod n) 
Thus x = a + md is a solution of the given system. 
Hence the sufficient condition holds 
Now suppose x, and yp are the solution of the system. 
; Xo = ¥o(mod m) 
Xo = Yo(mod n) 


give m,n|X,—-Y 
or [m, n| |X —Yo 
or X = Yo (mod [m, n]) 


And this means that the given congruence has only one solution. modulo [m, n] 


Note: From above we see that the congruences 
x = a,(mod m,) 
x = a,(mod m,) 


a,(mod m,,) 
has a solution if and only if =a; = a(mod (m, m;)), ij=1,2,....0 
and has only one solution modulo [m,, mp, .... m,]- 


Ml 


Remark: If (m,, m,) = 1 then the above congruence has always a common solution. 


Example 50. Determine the common solution of 
x = 5(mod 8) 
and x = 4(mod9). 
Solution: From the first one we get 
x =5 + 8¢ and putting this values in the second one we get 
5 + 8t = 4(mod 9) 


or 8¢ = —1(mod 9). 
Multiplying this by 8 and 
ee 8 x 8 = I(mod 9) 
or t =-8 = l(mod 9) 
We get, t=1+9r 
and x =5+8t=5+ 81 + 9r) = 13 + 72r. 
Now to determine the common solution of 
x = 5(mod 8) 
and x = 4(mod9) 


it can be seen that ‘it is possible to have common solutions. 
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Now we find the condition under which such type of a set of congruences may have 
common solutions 


n, 


We note that if m= P! py wpe: 


Then A = B(mod m) if and only if all the congruences 
A = B(mod P;') 


ny 
A = B(mod P2°) 
n, 
A = B(mod P, ) 
hold. 


Thus, the system 
ax = b(mod m) has the same solutions as the system of simultaneous congruences 


ax = b(mod Pi) 


ax = b(mod pS) 
sdtshatsesededied and 
ax = b(mod p,") 
Observe 


Example 51. The congruence 
3x = 11(mod 2275) 
This is equivalent to the following: 


3x = 11(mod 25) 
3x = 11(mod7) 
3x = 11(mod 13) (° 2275 = 5? x 7x 13) 


This type of explanation leads one to give the problem for searching for the common 
solution of a system of congruences. 


Theorem 2.34. Chinese remainder theorem named after Sun — Tsu, believed to be the 
first mathematician who studied special cases of this theorem. 


Let m,, 1m, ..., m,, be integers each greater than | and co prime to each other. Then the 
following congruences 


x = a,(modm)) 
x = a,(mod m) 


x = a,(mod mn) 
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has a solution x) and for any general solution x, 


xX =X,(mod m,.m, ..., m,) 


Proof: Let m= MyM... Mm, 
mom mm. . 
Then, each of —-,——,...,—— is an integer and that 
m, m m 
] 2 n 
m m m 


= sy hs 
m m m 


] 2 


89 


Now applying the result: if (a, m) = 1, then ax = b(mod m) has a solution, we see 


that there are integers 5,, 65, ..., 6, such that 


—b, = I(modm,), 
my, 
—b, = (mod m,), 
My, 
—" b, = |(modv_), 


Now it is easy to follow that 


m 


——b, = 0(mod m,), or (mod m3).... 


my 


m 


—b 


2 


m 


0(mod m,), or (mod m3), ... 


—b5,, = 0(mod m,), or (mod m3), ... 


Mm, 


nm mM m 
Now we define x) = ——b,a, + —~b,a, +....+ —b,a,, then we have 


m, my m, 


7 
Xp = ~~ b,a(mod m,) 
I 
= a,(mod m,) 
= a,(mod m,) 


m 
or Xp = PO ye (mod m,) 


Thus, x is a common solution of the original congruences. 


(mod m,) 


(mod m,) 


(mod m, _,) 
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If x) and x, are both common solutions of 
x= a,(mod m,), 
x =a,(modm,), 


a,(mod m,) then 
x,(mod m,), 


Mi 


x 


Xo 
Xy = x,(mod m,), 
x =a,(mod m,) hence 
Xq = x,(mod m). 
Example 52. Find the least natural number which when divided by 7, 10 and 11 leaves 
in order the remainders 1, 6 and 2. 


Solution: Here we have to find a common solution of the congruences 


x = l(mod7) 
x = 6(mod 10) 
x = 2(mod 11) 
We can let eS IK) Pl. 
Then we must have 7x, = 5(mod 10) 
Multiplying both sides of this congruence by 3 (the associate of 7 modulo 10), we 
Get x, = 15=5(mod 10). 
[Observe: 7x, = S(mod 10) 
or 21x, = 15(mod 10) (Note 10 = 7 + 3) 
or 20x, +x, = 10 + 5(mod 10) 
or x, = 5(mod 10)] 
Let x, = 10x, + 5, 
so that x = 70x, + 36 


This will satisfy the third congruence of the set, if and only if 
70x, = —34(mod 11); 
i.e., 4x, = —l(mod 11) 
Again multiplying the sides of the congruence by 3, the associate of 4 modulo 11, 
23 get : 
Xq =—3x, = 8(mod 11). 
This means that for some integer x, we have 
Xy = I1x,+8 
Hence x = 770x, + 596 = 596(mod 770) 
the required number is 596. 
Using the Chinese remainder theorem, we will have 
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m m m 
Xp = —ba, + — bya, +....+ —b,a 
m, mM 


m, nvnR 
m = 770 
” ~ 110 
m, 
cL Es 
Le | 


These give 6b, = 3, b, = 3, 6,=3 
(It is a mere chance that the 5’s have turned out to be equal) 


Hence 
Xp = 1x 110x346 77x 342 70 x 3 +2136 =596(mod 770) 
or Xq = 596(mod 770) 
Example 53. Solve x = 2(mod 3) 
x = 3(mod 5) 
x = 2(mod7) 
Solution: 3x5x7=3x«35=5x21=7~ 15 
And 35.2 = I(mod 3), 21.1 = (mod 5), 15.1 = 1(mod 7) 
Then S382 242) 1 xO 1D 2 = 140463 + 30'= 2353 


Hence the required solution is 233 = 23 (mod 105). 


Example 54. Find all integers that satisfy simultaneously 


x = 2(mod 3) 
x = 3(mod 5), 
x = 5(mod 2) 
Solution: Here,3 x 5x2=3 x 10=5x6=2 x 15 
And 1 x 10 = I(mod 3), | x 6(mod 3), 1 x 15(mod 2) 
x=1x10x2+1x6x3+1% 15x 5 
= 20+ 18+ 75 
= 113(mod 30) 
= 23(mod 30). 
Example 55. Solve: x = 6(mod 17) 
x = 17(mod 24) 
x = 13(mod 33) 


Solution: Here 24 and 33 are not co-prime. 
If x = 17(mod 24) then, x — 17 is divisible by 24, then so is 3 and 8. 
Similarly if x = 13(mod 33) then x — [3 is divisible by 3 and 11. 
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Hence the given congruence can be written as 


x = 6(mod 17) 1) 
x = 17(mod 3) (2) 
x = 17(mod 8) ...(3) 
x = 13(mod 3) (4) 
x = 13(mod 11) (5) 
If (2) and (4) hold, then 
17 = 13(mod 3), but this impossible. 
So the given simultaneous congruence has no solution. 
Example 56. Solve x = 5(mod 18) 
x =—I(mod 24) 
x = 17(mod 33) 
Solution The given congruences are equivalent to 
x = I(mod 2) (1) 
x = 5(mod9) (2) 
x = —1(mod 3) (3) 
x =-I(mod 8) (4) 
x = 2(mod 3) (5) 
x = 6(mod 11) ...(6) 


Ifx= 5(mod 9), then x = ~1(mod 3) and x = 2(mod 3) so, we discard (3) and (4) and 
we consider x = 5(mod 9), x = —I(mod 8), x = 6(mod 11) 
x = 1(mod 2) (i) 
x = S(mod 9) (ii) 
x =-—I(mod 8) ..{iti) 
x = 6(mod 11) ...{iv) 
By using Chinese remainder theorem, we get the solution as 
x = 743 + 792k 
or x = 743 mod (792). 
Example 57. Solve = ~2(mod 12) 
6(mod 10) 
1(mod 15) 
Solution: We express the given system as the product of primes and we get, 
x = —2(mod 2?) 
= —2(mod 3) 
= 6(mod 2) 
6(mod 5) 
= 1(mod 3) 
= 1(mod 5) 


x 


x 


eM MR MR MOM 
fl 
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we have x 


mA & & N = 


. Prove that Le ree 
5 3 


From 


x 
x = 6(mod 2) 
x = —2(mod 3) 
x = I(mod 3) 
x = 6(mod 5) 
x = I(mod 5) 


—2(mod 22), x = I(mod 3), x = I(mod 5) respectively. 
Thus the given system is equivalent to 


x =—2(mod 22) 
x = I(mod 3) 
x = I(mod5) 


And the required solution is x = 46(mod 60. 


EXERCISES 2.1 


. Show that if 27 + 1 and 31 + 1 are both perfect square then n is divisible by 40. 
. Show that x = y (mod m,) for i= 1, 2, ... r if and only if x = y (mod [m7,, my, ..., m,]) 


. Let 7 be an integer. Show that if 2 + 2./28n2 +1 is an integer, then it must be a 
g g 


perfect square. 


. Prove that n° — 1 and n'* — | both are divisible by 7 if (n, 7) = 1 
. Prove that x!? — y!? is divisible by 13 if x and y are prime to 13. 


ia ; : 
3 taat is an integer for all integral values of n. 


. Show that the number 2!°"3 — 2 is divisible by 2186, 10932 

. Prove that 12" power of any number is of the form 13” or 13n + 1 

. Prove that 8" power of any number is of the form 17” or 17n + 1 

. Show that n°° — 1 is divisible by 33744 if n is prime to 2, 3, 19, 37. 

. Prove that if n4 + 4 is composite when n > 1. 

. Prove that if p is a prime then (p — 2r)!(2r — 1)! — 1 is divisible by p 


EXERCISES 2.2 


. Exhibit a reduced residue system for the modulus 15. 

. Exhibit a reduced residue system for the modulus 12. 

. Exhibit a reduced residue system for the modulus 30. 

. Find out a reduced residue system modulo 7 composed of entirely powers of 3. 

. If (@, m)= 1 and the quantities a, 2a, 3a, 4a, ..., (m-— 1) a are divided by m, then prove 


that the remainders are all different. 
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. Deduce from above that if a is prime to m, and c is any number, then m terms of the 


Arithmetic Progression c, c + a, c + 2a, ..., ¢ + (m— 1)a when divided by m will leave 
the same remainder as the terms of the series 
cgetlce+2,..,¢+(m—-1) 
though not necessarily in this order and therefore the remainders will be 
0, 1, 2, ..., (m—- 1) 


. Show that 2, 4, 6, ..., 2m is a complete reside system modulo m if m is odd. 


. Prove that M,, is composite. 
. Prove that F, is composite. 


(Hint: Prime integers not greater than 22" and of the form 23* 24+ 1 = 1234+ 1 are 
only 257, 641. 


Here F, = 641 x 6700417.) 


. Show that, if a is any integer, then a2 + a + 1 = 1(mod 3) ora+a+ 1 = 0(mod 3) 
. Prove that the necessary and sufficient condition that a number is a multiple of 11 


is that the difference between the sum of odd digits and the sum of even digits is 
a multiple of 11. 


. Find the necessary and sufficient condition that a positive integer n can be divided 


by 13. Use your answer to decide whether 13 is a factor of 637639. 


. If p and q are two different primes, prove that p?~! + g?~! = 1(mod pq) 
. If a> 0, b> 0 and (a, 5) = 1, show that there exist m > 0, n > 0 such that 


a" + b” = |(mod ab) 


. If p is prime a + p then prove that 


(i) if a is odd then @ ~ '+ (p - 1)* = 1(mod p) 
(ii) if a is even then a’ ~! — (p — 1)* = 1(mod p) 


. Show that the product of two consecutive even numbers is a multiple of 8. 


Using Fermat theorem, hence deduce that for prime p(> 5), p* = 1(mod 240). 


. Solve the following equations: 


(i) 2072x + 1813y=2849 
(it) 8x ~ 18y + 10z = 16 
(iii) 4x + 10y + 142 + 6¢ = 20 


. Solve the system of linear equations: 


x + 2y + 3z = 10 
x-—2y+5z=4 
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. Find the sum of all positive integers each of which has 2 digits and has remainder 


4 when divided by 4. 


. A cock is worth Rupees 50, a hen Rupees 30, and three chickens together are worth 


Rupees 10, how many cocks, hens and chicks, totalling 100, can be bought for 
Rupees 1000? 


. What positive integer becomes a square when it is increased by 100 and when it is 


increased by 168? 


. Find the positive integers x and y such that x(x + y) = 6. 
. A person purchased 19 of item 4 and 20 of item B with rupees 1909. What are the 


possible numbers of the item 4 he may purchase. 


. When the quotient-obtained by dividing the sum of a number and three times the 


another number by the number obtained on increasing the first by 2-is added to ] 
the second number is obtained. What are the possible values of the first number? 


EXERCISES 2.5 


How many solutions of the following congruences do have? 
1. 12x =4(mod 3) 

2. 30x =40(mod 15) 

3. 15x =25(mod 35) 

4. 25x =0(mod 45) 

5. 353x =254(mod 400) 

Solve the following congruences’s 

1. 256x = 179(mod 337) 

2. 1215x =560(mod 2755) 


3. 3x =1(mod 125) 
EXERCISES 2.6 


Solve in integers 


1. 


WANE wWH 


Tx + Sy=5 
3x + Sy= 1] 
10x — 7y = 17 


Prove that ax + by = a+ c is solvable if and only if ax + by = c is solvable 
If (a, 6, c) = 1, show that ax + by = c is solvable if and only if (a, 6) = 1 


. Prove that ax + by = c is solvable if nd only if (a, b) = (a, b, c)} 
. Given that ax + by = c has two solutions (x, yo) and (x,, ¥,) with x, = 1 + xq and 


given that (a, 6) = 1, prove that b = +1. 
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EXERCISES 2.7 


1. Find all the integers that give the remainders 1, 2, 3 when divided by 3, 4, 5 
respectively 


2. Find the least two positive integers having the remainders 2, 3, 2 when divide by 3, 
5, 7 respectively. 


Solve the following congruences simultaneously 
1. x = I(mod 3), x = 1(mod 5), x = 1(mod 7) 
2. x = 1(mod 4), x = 0(mod 3), x = 5(mod 7) 
3. x = 3(mod 4), x = 2(mod 5), x = 6(mod 7) 
4. x = 3(mod 8), x = 11(mod 20), x = 1(mod 15), x = 91(mod 120) 


EXERCISES 2.9 


Solve the following congruences 
1. 158x =-—22(mod 194) 
2. 194 =-22(mod 158) 
3. 1001x=433(mod 4845) 
4. 9x = 6(mod 24) 


Solve the simultaneous congruences: 

1. x =3 mod 7, x = -2 mod 11, 

. x =—2 mod 11, x = 8 mod 22 

. x =3 mod 7, x = 7 mod 12, x = 8 mod 13 

. x =2 mod 7, x =-2 mod 11, x = 8 mod 13, x =-3 mod 17 

x =-—2 mod 11, x = 8 mod 13, x = 9 mod 14, x = 1 mod 15, x =-39 mod 17 
. x =3 mod 7, x = —2 mod 11, x = 8 mod 13, x =-3 mod 17, x = 5 mod 18 
. x=7 mod 12,x =9 mod 14 

. x =7 mod 12, x = 1 mod 15 

. x =7 mod 12, x =5 mod 18 

. x =9 mod 14, x = 5 mod 18 


woeentan rk wn 


vo 
i—) 


Solve the following simultaneous congruences 
1. 3x = 5(mod 22), 11x = 3(mod 28), 5x = 89(mod 99) 
2. 9x = 6(mod 24), 12x = 14(mod 26) 


« 
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3. x = I(mod 2) 
x = 2(mod 3) 
x = 3(mod 5) 

4, x = 1(mod 3) 
x = 3(mod 5) 
x = 5(mod 7) 

5. 3x = I(mod 5) 
4x = 6(mod 14) 
5x = 11(mod 3) 


QOO 


ALGEBRAIC CONGRUENCES 


AND PRIMITIVE ROOTS 


3.4 ALGEBRAIC CONGRUENCES 
Definition: F(x) = age” + ayx"~! + =... + a, = O(mod p) AT) 


[(ay, p) = lie, p t a9)] 


is called the general form of a congruence with prime modulo p. Substituting all the 
integers of a complete system of residue modulo p for x in (1) we may have all its 
solutions. 


When n or p is large enough we note the following. 
(i) If some a; (i < n) > p, we reduce them to less than p. 
(ii) If the degree of f(x) is not less than p, we divide f(x) by x” — x and obtain r(x) 


(ii) 


(iv) 


(v) 


(vi) 


and q(x) as follows (Division algorithm in Z[x]) 

S@) = QP — x) g(x) + r(x) 
where deg (r(x)) less than p. Thus we get . 

f(&) = r(x) (mod p) 

[using x? = x(mod p) corollary to Fermat theorem] 

It is seen that the incongruent solutions of f(x) and r(x) are identical. 
Hence the problem of solution of (1) becomes that of solving 

r(x) = 0(mod p) 
and the calculation becomes simpler, as deg r(x) < deg f(x) 
If £0) = f) A) (mod p) 
then to solve (1) is to solve 

f() = f,(x) (mod p) 
and JS) = f,(x) (mod p) 
The difficulty of calculation is now greatly reduced, as deg /,(x), deg f,(x) < deg 
f@) 


If x = a(mod p) is a solution of (1) then as (i) above 


f@) = (@- 4) g@) +1, 
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and we have r = 0(mod p) 
Thus, S@) = & -— a) g(x\(mod p) [i.e., x — a is a factor of f(x) 
modulo p) 


(vii) The problem of solving (1) becomes that of solving 
q(x) = 0(mod p) and thus the calculation is diminished. 


It is to be noted that the only method of solving the congruence of the type (1) is 
by substitution. 


Though the above reductions have efficacy for some special cases, they are of no 
use in general. 


Example 1. Solve: f(x) =x’ — 2x°— 7x° + x + 2 = 0(mod 5) 


Solution: x’ = x(mod 5) 

2x6 = 2x*(mod 5) 

7 = 7x(mod 5) 
or x’ 2x8 7 +x +2 =x3-2x*-Iert+x+2 =x —x + 2(mod 5) 
or x? ~x +2 =0(mod5) 


Substituting the complete residue systems —2, —1, 0, 1, 2 (mod 5), for x, we obtain 
the 3 required solutions, 


i.€., x =~I, i, 2(mod 5). 
Example 2. Solve: x? — 1 = 0(mod p), [p is a prime] 
Solution: Suppose x, is solution of the given congruence. Then 


x2 ~ 1 = 0(mod p) 


or P| Xi -1 

or P|xXy-lorx+1 

or Xq — 1 = O(mod p) or x) + 1 = O(mod p) 
or Xq = 1 or —1(mod p) 


or Xo 


1 or p — l(mod p)[taking x, for the least positive residue.] 
Thus 1 and p — 1 are the solutions of the given congruence. 


Example 3. Solve: x’~! — 1 = 0(mod p) 
Solution: By Fermat theorem we have that 
x?~!_ 1 = 0(modp) 
is true for every number x relatively prime to p. Hence we have p — | different solutions 
x = 1,2, 3,..., p— 1(mod p). 

Theorem 3.1. The number of solutions of congruences 

S() = age” + ax"! +=... + a, = O(mod p) 1) 
is at most n [(ap, p) = 1 ie., p FT a9)] 


Remark: Maximum number of solutions is n(mod p) 
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Proof: The statement is correct if (1) has no solution 


Suppose it has a solution x,(mod p) 


Then 
ayy" + ax,"~'+ =... +a, = O(mod p) (2) 
Now (1) — (2) gives, 
a(x" — x4") + ay(x” whe x," y+ i+ a, _ \( — x,) = O(mod p) 3) 


Which any x satisfying (1) must also satisfy (3) can be written as 
(x -x,) fag(x”~'-.) +a,(e"~? +...) +.) =O) 
or (x — x,) [age?—' + bx? 72 +0 +. b |.] = 0Q) (4) 
(b’s are functions of a’s and x’s) 
p | then L.H.S. of (4), it must divide at least one of them. 
any x satisfying (1) must satisfy either. 
x—x, = 0p) (i.e., x = x,(mod p)) 
or Ga EB ly Ae Bt sal = OD) (5) 
The first alternative yields again x,, 
The second may or may not yield a solution. 


If 2" has not given any solution, the number of solution of (1) is I[i-e., x,(mod p) 
and the theorem is proved. 


If (5) has solution, say, x,(mod p) then (5) can be written as 


(x — x.) (agx? =? + ox" 3 + +. c] = OG) (6) 
where x,(mod p) is a solution of (5) and therefore of (1) 
If apx” “24 tls O(mod p) has no solution, then the number of solution is 2 


and the theorem is proved, and so on. 
Ultimately we may get a congruence ax + g = 0(mod p), 
which it has a unique solution, »- (p, ao) = 1 
the number of solution is now n. 
Hence the number of solution is at most n. 


The following result gives the condition that a congruence of n'" degree has exactly 
n distinct solutions. 


Theorem 3.2. The necessary and sufficient condition that a congruence of n degree. 


F(x) = OGmod p) has n different solutions is that 
f(x) is a factor of x? ~ x mod p, where p > n. 


Proof: Suppose x? — x = q(x) f(x) + r(x), where r = 0 or deg r(x) <n. 


If f(x) = 0 (mod p) has 7 solutions then these are solutions of x” — x = O(mod p ) 
also, and 


they are solutions of r(x) = 0(mod p) also. 
Now deg r(x) < x, it therefore follows that 
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The coefficient of r(x) are multiples of p, that is, r(x) = 0. 
Hence xP — x = q(x) f(x)(mod p). 
Conversely, 
Suppose xP — x = q(x) f(x)(mod p). And 
(i) The number of solutions of f(x) = 0(mod p) < n, 
the number of solutions of g(x) = 0(mod p) < p — n, 


The number of solutions of g(x) f(x) = 0(mod p)) is less than p. And this is not the 
case. 


S() = 0(mod p) has n solutions. 
Hence the theorem follows. 


3.2 REDUCTION OF 
S(&) = 0(mod m) (1) 


to the solutions 


F(&) = 0(mod p°): 
Theorem 3.3. If m>0, m= Py! Ps? ep p’s are primes 


1 <p, <P <P3< Pg <Pp 
then the solutions of (1) depend upon the solutions of 


Fe) = 0(p;"'), (@=1,2,.,7) ...(2) 
Proof: Obviously, f(x) = 0@n) 


gives F@) = Op;"), (f= 1, 2, ..., 0) 
So, every solution of (1) is a solution of various congruences (2) 


Conversely, suppose that all solution of (2) can be found. Let us suppose that ay, 
>, ... a, € Z have been found so that 


f(a) = (py), 
S(@) = p>), 


S(G,) = p>") 
[That f(a) = O(p;") = 1,2, ... n)], 


ie., x= a,(p;') is a solution of first congruence of (2) i.e. f(x) = 0(p;") 


x =a, pS?)is 2... fe) = (p37) 


Wa (P isin coin nec onines. tt f@) =Wp,") 
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Then, *-(p;"' ‘Pj A) 


1, (i+), by Chinese remainder theorem there exists ae Z 


such that 
a =a(p") 
a= a,( p37) 
a= ap>") with 
f(a) = 0(mod p;"') 
then -. f@) =f (a) = Up; "), i= 1, 2, ..., k with a = a, (mod p;') 
ie, f(@) = Wp;"), 
f(@ = %p3*) 
f@ = Wp,") 
S@ = O(mod Py ps? Dp) 
= 0(mod m) 
a is a solutionf(x) = 0(m) 
and if a = U(m), 
= 0(m), i.e., b is a solution 


then SO) 
: x = a(mod m) is a solution of (1) 


Hence each distinct set of the system of several congruences (2) leads to a distinct 
solution of the given congruences (1). 


Note: 


(i) Thus if there are N, incongruent solutions ai of f(x) = 0(mod pt ), then there 
will be N = N,.N, ... N, incongruent solutions a of f(x) = 0(mod p;”' ). 

(ii) If N, = 0 for some i, the congruence (1) has no solution. 
If the positive integer m (> 1) has the prime decomposition 


On 


= pel pS? 
= Py! Pa? -Pa 
And if f(x) is any polynomial in x with integral coefficients then 
(iii) The algebraic congruence 


J) = O(mod m) is soluble if and only if each of the congruences. 


f(x) = O(mod p;' (i= 1, 2,.n) 
is soluble. 
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(iv) If N and N; (i = 1, 2, ., 2) denote the numbers of roots of f(x) = 0(mod m) and 
f(x) = 0(mod P;" ) respectively, 
then N=N,N, .. N,- 


Working Principle of solution of congruence of higher degree:: 


(1) m= P ps? ape And f(x) = 0(mod m), m > 0 


(2) f(x) = 0(mod m) is equivalent to the set of congruences 


fe) = O(mod p*’) (i= 1, 2,.n) A*) 
(3) If some one congruence of (*) has no solution then the given congruence also 
has no solution. 
(4) Suppose each one of (*) has solution. 


(5) An integer uw is a root of the given congruence if any only if for each i we have 
an a, such that 


u = a(mod pi ) 
(6) Use now the Chinese remainder theorem. 
Example 4. Solve: x* +x + 7 = 0(mod 15) 
Solution: Here, 18 =3 x5 


Now the congruence, 
x’ +x+7 = (mod 15) 
has solution if and only if each of the congruences 
x*°+x+7 = 0(mod 5) 
and \ x°+x+7 =0(mod 3) has solution. 
But trying the values 0, +1, +2, we see that the congruence x? + x + 7 = O(mod 15) 
has no solution. 


Hence the given congruence has no solution. 
Example 5. Solve: x* + x + 7 = (mod 189) A(*) 
Solution: Here 189 = 33 x7 


Now (*) has solution if and only if 
x? +x+7 = 0(mod 3?) 
and x* +x +7 =0(mod 7) have solutions. 
Now we see that x = 4, 13, — S(mod 27) are the solution of 
x7 +x+7 = 0(mod 33) 
and that x = 0, —1(mod 7) are the solution of 
x? +x+7 = 0(mod 7) 
*. we get in total 6 pairs of values and using Chinese remainder theorem we get 


104 NUMBER THEORY 


u =—77,-14, -140, -5S0, 13, -113 (mod 189) 
as solutions of the given congruence. 


Theorem 3.4. If « > 1, then the solution of 


S(@ = 0(mod p*) wT) 
depends upon the solutions of 
f() = 0mod p*~!), (a > 2) (2) 


Proof: We begin by observing: . 


Each solution x of (1) is obviously a solution of (2). 
Consequently, 
All solutions of (1) must be included among the solutions of (2). 
In other words, 
If x is a solution of (1), it must be possible for us to find a solution X of (2) 
So that . ee Xp? 5 
i.e., x must have the form 
x =X+tp*~—!, for a suitably chosen integer ¢. 
We will suppose then that 
All solutions X of (2) have been found 
And we shall check each of these in turn to see if one or more integers ¢ can be found 
So that x =X +t p*—! will be a solution of (1), 


for we are certain from above discussion that this is the only way that solutions of the 
later congruence can arise. 


4 


In the attempt to find suitable values of tf we may use the result 
F(a) F() (a) 
Fath) =Fla)t+ AF (ath? * +..¢h7 ™ , 
for this equation allows us to write 


SO) =f +t p*~') 


LK) L(x) 
SSOP ip Ff COe Op oe Ape ee 


where n is the degree of the polynomial f 
we are seeking solution x of (1) and 


for « > | it is clear that 
(p* ~ 1? = 0(p%), we are left with the following restriction, 
or f(x) +t p*~'f (XK) = 0(p%. 
However, by hypothesis, 
SO) = 0p) 
So there exists an integer MM such that 


SX) = M p*—!. 
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.. the congruence restriction on ¢ may be replaced by 

M + if'(X) = 00) wa) 
To (*) we may apply, theorem Theroem 2.32: 
There is one solution ¢ if 


f'(X) = 0(mod p) lie, ptf ie, @f)) =1) 
There is no solution ¢ 
if I’ (X) = 0(mod p) 
and M * O(mod p) fie, pt M] 
..p.. iff (x) = 0(mod p) 
and M = O(mod p) 


Using the results we have at hand a definite method (when a > 1) of discovering 
every possible solution of f(x) = 0(p%), if we have previously found every solution of 


Ff) = 0% *). 
Hence the theorem. 
We summarize the above result in the following 


Note: If .X is a root of the algebraic congruence 
f@) = 0@*~') (a 2 2) 2) 
Satisfying 0 <_X < p*~', and if f(x) is the formal derivative of f(x), then 
() if’ (X) = O(mod p), there is a unique root of f(x) = 0(p*) corresponding to YX. 
(ii) iff’ (X) = 0(p), there are p roots of (*) corresponding to X when 
f@) = 0p") 
and no such root when f(X) = 0({mod p*) 


Remark: By repeated application of this theorem the problem reduces to solving 


f(&) = 00). 
Example 6. If 44 = 1 x 3 x 5... x (op — 2) where p is an odd prime, show that 
M* = \(mod 16) 
M = I(mod p) 
Solution: We shall show that 
M‘ = \(mod 16) 1) 
M = \(mod p) (2) 


To prove (1) 
(M, 16) = 1, B(16) = 8. Hence by Euler’s theorem 
M* = +1(16) 
But, M4 x —1(mod 16) because if M* = —1(mod 16) then M? = J—1 (mod 16) which 
is impossible. 
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Re M* = \(mod 16). 
To prove (2) 
: M = (p-2)x (p-4)* ..%5*3X%1 
M =(-1l)®- 22x46... x (p —3) x (p— 1)(mod p) 
We get M=1x2*x3x4x5..x(p-1)x CI@7 
= (p - 1)! -1)®~ (mod p). 
Now we know that (p — 1)! =— 1(mod p) (Wilson) 
M = (-1) (1)? 9? = £1(mod p) 
M* = \(mod p). 
Example 7. If (X + 1) (X+ 2)... (X¥+ p- 1) =X?7! +4, P72 + +A 
And p is an odd prime, prove that 
, = 0(p), for r = |, 2, ..., p—2 and Avy =-— 1(p), [Left as exercise] 


Example 8. Solve: f(x) = x° + x — 19 = 0(mod 7°) 


p-l 


Solution: Let us first consider the congruence 


x3 +x-—19 = 0(mod7) w(**) 


We observe 0, +1, +2, +3} is the complete set of residues (mod 7) and checking these 
integers, it can be seen that 


=-—l, —3(mod 7) are the two roots of (**) 


Now f'Cl) = 4 = 0(mod 7) 
fC) = 73) 
and 4t— 3 = 0(mod7) 


has the unique solution ¢ = —I(mod 7). 
Then by above theorem 


x = -8(mod 77) 
is the root of (*) corresponding to the 
root x =—I(mod 7) of (**) 
Again f' G3) = 0(mod 7) 
and fC) = 0(mod ?), 


Hence there are seven roots of (*) corresponding to the roots 

—3(mod 7) of (**) given by 
x =-3 + 7t(mod 7) with ¢ = 1, 2, ..., 7; and they are 
x = 4, 11, 18, 25, 32, 29, 46(mod 77) 

Thus (*) has eight incongruent roots (mod 7°). 


x 


Example 9. Solve: x? — 2x + 6 = 0(mod 125) 
Solution: /(x) = x -2x+6=x-2xet+1e O(mod 5) has two solutions 


x =1,2. 
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or 


or 


Consider x=] 
Then SQ) =5 =0(mod 5) 
f'() = 1 ¥ O(mod 5) 
there is a unique roo for x = | [Theorem 3.4 Note] 
1 + ¢, = 0(mod 5) 
Now we get ¢, = —1; hence 
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x, = 1 + St; = 4(mod 25) is a solution of f(x) = 0(mod 25) 


Again, 
S(-4) = 46 and the solution of 
—2 + 461, = 0(mod 5) 
-2 + t, = 0(mod 5) is 4, = 2(mod 5), 
So that required solution is 
x =-4+25.2 =46(mod 125). 
Next we consider 
Xx =2 
Then f(2) = 0 = O(mod 5) 
f 2) = 10 (mod 5”) 
The congruence 
2+ 10¢, = O(mod 5) has no solution 
Hence the given congruence in this case also has no solution 


Thus the given congruence has only one solution 
x = 46(mod 125). 


Example 10. Solve: x° + 3x + 1 = 0(mod 75) 


. Solution: Let f{@) =x? + 3x+ 1 = 0(mod 75) 


Here we solve the following two congruences 
x3 + 3x +1 = 0(mod3) 
x? +3x+ 1 = 0(mod 5?) 
It can be easily seen that (ii) has only one root viz., x = 2(mod 3) 
Now to solve (iii) we give attention to 
x3 + 3x + 1 = 0(mod 5) 
This congruence has two roots, viz x = 1, 2(mod 5) 


i) 


(ii) 
(iii) 


...{iv) 


Now f' (1) =6 * O(mod 5), f(1) = 5.1 and 64+ 1 = O(mod 5) has the unique solution 


t =—Il(mod 5). If follows that 
x =—4(mod 57) is the root of (iii) 
Again f’ (2) = 0(mod 50 and f (2) % 0(mod 5) 


So there is no root of (iii) corresponding to the root x = 2(mod 5) 


Now we solve the simultaneous congruences 
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x = 2(mod 3) 

x = —4(mod 5?) 
So by Chinese remainder theorem 
We get the only root x = -4(mod 75). 


3.3. PRIMITIVE ROOTS 
We have already discussed 
(i) Euler's Theorem: a”) = I(p), a?) = 1(mod m), (a, m) = | 
(ii) Fermat’s Theorem: @ = a(mod p) V a 
Definition: If (a, m) = 1, then the least positive integer r such that a” = 1(mod m) is called 
the order of a(mod m) 


or, we say that a belongs to the exponent r(mod my if r is the smallest positive 
integer such that a” = 1(mod m) 


Euler’s theorem states that such an r exists, where r < ®(m) 

e.g., m=T7 

1 = order of 1 mod 7, «: 1! = 1(7), 1 = smallest such that 1” = 1(mod 7) 
3 = order of 2 mod 7, «: 2? = 1(7), 3 = smallest such that 2’ = 1(7) 

6 = order of 3 mod 7 -- 3° = 1(7), 6 = smallest such that 3” = 1(mod 7) 
3 = order of 4(mod 7) «. 4° = 1(7), 3 = smallest such that 4” = 1(mod 7) 
6 = order of 5(mod 7) «. 5° = 1(7), 6 = smallest such that 5” = 1(mod 7) 
2 = order of 6(mod 7) « 6* = 1(7), 2 = smallest such that 6” = 1(mod 7) 


Remark: If (a, m)=d> | 


Il 


then there is no such integer r, for a’ = I(m) -. a =1+4Am, 2X Zor, a —Am=1 
Now (a,m) =d 

“. d| a; m gives d| a’ ~ 4 m or, d| 1 and is impossible 

Hence there is no such integer. 


Definition: If order of a(mod m7) is equal to ®(m), then a is said to be a primitive root 
of m, e.g., 3, 5 are the primitive roots of 7 


Theorem 3.5. If (a, m) = 1 and if r is the order of a(mod m), then 


(i) 1, a, a, a, ... a’ ~ | are incongruent mod m 
(ii) If ne IN and n> r, then there exists a unique integer s in 0 < s < r for which 
a” = a’(mod m) 
(iii) a” = 1(mod m) if and only if r|n 
(iv) If 5 = a(mod m), then the order of b(mod m) is equal to the order of a(mod m) 
Proof: 


(i) If not, suppose a" = a’(mod m) withhO<u<v<r-1 
Then 0 <v—wu <n», and 
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a= 
= git -" 
= a".a”~™ (mod m), 
(a,m) = | 
is (a",m) = 1 
We get 
a” ~" = I(mod m), which is impossible 
v—u <r = order of a (mod m), 
Hence. 
(ii) 3 unique qg and s such thatn=rg+s,0<s<r 
Then d=d@*s =a 
= 14° 
= a‘(mod m). 
or a" = a'(modm). 
(iii) By (ii) above a" = 1° iffs=0,ie, n= rq iffr|n 
(iv) ff 6 = a(mod m) then, b” = a’(mod m) for every re N 
Thus, b' = 1 iffa’=1. 


Corollary 3.6. If 7 is the order of a(mod m), then r | B(m) 
Proof: By Euler’s theorem a”) = 1(mod m) 
By (iii) a" = |(mod m) iff r | n, 
*. comparing we get 
r| Dn). 
Remark: For any given integer a prime to m i.e., (a, m) = | there is an unique order 


r(mod m) which is a divisor of D(m) 


The question arises whether each positive divisor of ®(m) and in particular D(m) 
itself must be the order (mod m) of some integer a. 


The answer is in negative. 
Definition: If order of a (mod m) = ®(m), then a is said to be a primitive root of m. 


e.g., order of 5 mod 7 is 6(= 7 —1) = ®(7)). 
; 5 is a primitive root of 7(i.e., 5° = 1(mod 7)) 
order of 2(mod 7) is 3 (23 = 1(mod 7)) 
2 is not primitive root of 7 


If a is a primitive of m, then the integers 1, a, a’, ..., a” are incongruent mod m 
by the theorem (i) above. 


Consequently, these integers form a reduced set of residues (mod m). 


In other words the congruence classes consisting of integers prime to m are the 
classes 
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(aa aan 
It follows that, 
If a is a primitive root of m then G,, = 1, a, a’, a’, ..., qr) =1y 
the multiplicative group of congruence classes prime to m is cyclic. 
Conversely, if this group of order ®(m) is cyclic and is generated by an integer a then 
it has order O(m) (mod mm). 


Remark: A positive integer m has a primitive root if and only if the multiplicative group 
G,,, is cyclic, 
Note: 


(1) The every positive integer m has not a primitive root. 
(2) m= 1 is a trivial case. 
(3) m=2 gives, 
(2) = 1, (1) and 1! = 1°) = 1(mod 2) 
af m = 2 has a primitive root 1 
m = 4 gives, (4) = 2,(1,3,) 1! = 1(mod 4), 2! = 1(mod 4), 2? » 1(mod 4) 
1 and 2 are not primitive roots mod 4 
3%) = 32 = 1(mod 4), 3! = 1(mod 4) 
3 is a primitive root of 4 


m = 6 gives, (6) = 2, (1, 5,) 5! = 1(mod 6), 5% = 5? = 1(mod 6). 
5 is a primitive root 
m = 8 gives, (8) = 4, (1, 2, 3, 5, 7), 3! = 1(mod 8), 3? = 1(mod 8) 


order of 3(mod 8) is 2 #4 
3 is not a primitive root of 8, 
5! = 1(mod 8) 
5* = 1(mod 8) 
order of 5(mod 8) is 2 # 4. 
So 5 is not a primitive root of 8. 
7 = 1(mod 8), 7? = 1(mod 8) 
order of 7 mod 8 is 2 # 4 and 
So 7 is not a primitive root of 8 
Thus 8 has no primitive root. 


Exercise 11. For m = 9 students are asked to verify. 
Theorem 3.7. 


(i) If a belongs to exponent h modulo m, then h | D(m) 
(ii) a4 = a(mod m) iff A | (ij - 


ii) @* belongs to th t —1—(mod 
(ii) elongs to the exponen h ras m) 


> 
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Proof: 
@) Done 
(ii) 7 > k, say, (a, m) = 1 
Then, @ = a(modm) 
if and only if dz 1(mod m) (a's 1(mod m) 
where A is the order of a (mod m)) 
if and only if h| G — &) 
(iii) (a'y = 1(mod m) 
if and only if A= 1(mod m) 
if and only if h\ kj 
if and only if SL _—_ = pare J 
(h,k) (h,k) (hk) 
: k h k 
i.e., j ‘- | —— ,-———-_ ] = 1 
Gam t | 
the least value of j = Tae 
and 


the order of a* is : 
(h,k) 


Theorem 3.8. If the order of a and 6 modulo m are A and p respectively and (A, 2) = 1, 
then the order of ab modulo m is Ap. 


Proof: Suppose the order of ab modulo m is k. 


a = |, bY = 1(mod m), 
2 (aby# = (a*)#(bH)* = 1(mod m). 
Hence ki Ap 
Now (aby = (ak = ph 
or, Lae (mod m) 
or, b = 1 (mod m) 
or, p | kr 
Then, as (A, nu) = 1, h | &. Similarly 4 | k 
Hence Au | k 
: k=hp 


Example 12. If k (> 1) and x are positive integers then show that (k” — 1) is a multiple 
of n 
kK" — 1 = O(mod (k" — 1)) #’ & 1(mod m) (where m= k"- 1) ...(1) 
Now k” =1 (mod m) ifr<na 
Because if k” = 1(mod m), for r<n 
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Then K-11 =O0(mod &*- 1) kK -1|K-1,r<n 
which is impossible. 
n is the least positive integer satisfying (1). 
In other words » is the order of k mod m. 
n | B(m) (by the former theorem) 
i.e., n| O(K’ — 1), ie., BCR’ — 1) = ng. 
Example 13. If p and q=4p+ | are both odd primes, then 2 is a primitive root of q. 
Proof: -. (gq) = 4p, the order of 2 modulo q is only one of the following numbers 


1, 2, 4, p, 2p and 4p 
As p is prime, p = 1(mod 2) and q = S(mod 8). 


2 
2 ae sho rac 
(2) =(-1) 8 we see that 2 is a quadratic no residue of q; thus 
Pp 


2? =~-1(mod q) [Ref: chapter vi] 
Hence the order of 2 modulo g is not 2p. Evidently it is not the factor 2 or p or 2p, 
nor | or 4. Therefore the order of 2 modulo q is 4pie., 2 is the primitive root of q. 
Lemma 3.9. If p is an odd prime and d| p — 1 (d@ > 0) then 
(i) The algebraic congruence x? — 1 = 0(mod p) has exactly d incongruence roots, 
and 
(ii) (da) of these roots have order a(mod p) 


Proof: Consider 


x4_ 1 = 0) AL) 
Now d|p-1 
or, wY-'_ 1 =O4-1) f(x), 
where f(x) = xP + Pod tt 
or Y-!_ 1 = 0p) (2) 


and (2) has p — | incongruence roots mod p.[by Fermat’s theorem] 
If a is one of them, 
then #-'-] =(d-1) f(a) =0(p), 
Consequently 
p| a — tor, f(a) 
i.e. Either a! ~ 1 = 0(modp) 
or f(@ = 0(mod p) -. p is prime. 
Thus each of p — | incongruent roots of (2) is either a root of (1) or a root of the 
algebraic congruence f(x) = 0(p) ... (3) 
But (1) has not more than d@ incongruent roots (former theorem) 
(1) Has not more than p — 1 — d incongruent roots 
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And all together they have p — | roots 
But d+(p-—1l-da)=p-1 
it follows that 
(1) Has exactly d incongruent roots. 
Suppose now that one of these roots, b, say, has order a(mod p), 
Then 1, 5, 67, .., 6%~ | are all roots of (1) and incongruent (mod p). 
Thus they form a complete set of roots (mod p) of (1) 
If 6% is one of them and has order d'(mod p), 


Then ((6%)41 = B41 = 1(mod p) 
But d is the order of 6 i.e., 64 = 1(mod p). 
: d| ad, 


Thus, d, is the smallest positive integer such that d | ad). 
It follows that 
d, = diff (d,a)=1. 

*" there are ®(d) values of x such that (x, d) = 1, 

*, if the algebraic congruence (1) has one root of order d(mod p), then it has 

@(a) incongruent roots of order d (mod p). 
Theorem 3.10. The necessary and sufficient condition that a is a primitive root of m is 
that 

| a i 

form the reduced system of m. 


Proof: Suppose that a is a primitive root of modulo m. Then (a, m) = 1 
And any two integers among 
a, a, .., a™ _.(*) 
are incongruent modulo m. [For a’ = a@/(mod m) (i # /) or, ai ~/ = 1(mod m), i-j<@(m) 
and this is not true as a is a primitive root modulo m.] 
Hence the set (*) is a reduced residue system of m. 
Conversely, 


If (*) is a reduced residue system of m, then any two integers of the system are 
incongruent modulo m. 


Thus a = \(mod m), 0 < k < ®(m) 

Hence the order of a modulo m is ®(m) 

Thus a is a primitive root of m. 
Note: Ifa isa primitive root of m, then the reduced residue system of m can be expressed 
as a geometric progression of the form a, a”, ..., a sid 

And this is useful in many cases. 


Theorem 3.11. If m= p;''. p5?...p,* has a primitive root then m must be of the form 


ras p* 2p* 
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Proof: Suppose a is a primitive rot of m. 
Then (a,m) = 1 


Hence, (a, Py) =] 


by Euler’s theorem, 


ah?) = 1(mod p, ) 


Suppose M= [aor Js A py! ) {L.C.M] Then 
a” = (mod p, ), 
Hence a’ = 1(modm) 


. ais a primitive root of m, so B(m) | M 


.* O(m) = o( 2; Jes (py! ) is the multiple of M, M| ®(m) and hence M = D(m). 


[o(o%" alee") = a(n" )..0( ae") 


Thus o( ps }Ag o( og! ) are relatively prime. 
Again &(2') = 2" |, &(—p’) = p’~!(—p — 1), p is an odd prime. 
Hence 


(i) The number of odd prime factors of m cannot be greater than 1. 


(ii) If odd prime factors and even prime factors exist simultaneously, then the power 
of an even prime factor also cannot be of greater than 1. 


(iii) Hence if m has primitive roots then m must be in one of the following forms 
2* pk, pk 

The following result shows that 2*, p*, 2p* are the only integers with primitive roots 
Theorem 3.12. An integer m has a primitive roots if and only if m = 2, 4, p* or 2p* 

where p is an odd prime and & is a positive integer. 
Proof: (A) m=2" 

(i) If k = 1, then m = 2, O(m) = |. and clearly 1 is a primitive root. 

(ii) If k = 2, then m = 4, O(m) = 2, and 3 is the primitive root. 

(iii) If k > 3, then @(m) = 2*-! 

Now reduced residue system of m is made up of odd integers 

m = 2* has no primitive roots 


if a2"? = I(mod 2) a(*) 
We now prove this by induction. 
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It is clear that 
a* = 1(mod 2?) 
(*) is true for k = 3 
Assume that the result is true for k. 


= ae 
Now at! = (a) = (1 + 24? = (mod 24 * ') 


(*) is true fork + 1. 
Thus the result is true by induction. 

2*, for k = 1, 2 has primitive roots; but for k > 3 there are no primitive roots. 
(B) p", 2p", where p is an odd prime and x is a positive integer, have primitive roots. 


Proof Consider p", where p is an odd prime. 


Casel n=1, i.e. for p 
Take d= p— 1 in the lemma 3.9 
there are D(p — 1) incongruent roots of x’~ ! = 1(p) of order p — 1(mod p). Thus 
the prime p has P(—p — 1) i.e., B(D (p) incongruent primitive roots. 
Case ll p",n2>2 
Let g be a primitive root of p 
ie., g?®) = 1(mod p) 
and @(p) is the least positive integer to satisfy this equation. 
And this gives 
g?~!— 1 = 0(mod p) and (g, p) = 1. 
We show that g can be so chosen that 
g?~!— 1 x 0(mod p’) 
Now, g +p = g(mod p) or, g + p is also a primitive root of p. 
And 
(g+pP-'-g -'=(g+p)-8) (gtpP 27 +etpP*gt..+ 9-7) 
= p(g?~2 + pN, + g?~? + pN, +... + P~%) 
= p((p - 1)  ~7 + P(N, + Ny +...) 
= p(-g?~? + Np), ne N 
oF Ieper ate aes pe tages : 
= -pg?~ *(mod p’) 
% 0(mod p’) 
[ (g, p) = 1 gives p does not divide g and, so — g?~ 7 
or = (g +p ~'—1 & (ge?! — 1) (mod p’) e 
Hence the primitive roots 


4 


gand g+pofp 
cannot both be the roots of the algebraic congruence 
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x?~1_ 1 = 0(mod p’) 
Thus we may suppose that g can be so chosen that 
g?~'— 1 % 0(modp’) 
We now deduce by induction that 
for all n > 2, gP"*(P-)_1 x O(mod p’)...2) 
I. This result is true for n = 2 


II. Assume that (2) is true for n 
Then, on noting that 


gp” (p~1) = go(p"') 
= 1(mod p”~ Ny 
And g?" (P-1) = 4+ k,p"~', where K,, is a constant and (p, K,) = 1 


We sencge te) eGer tea) 


=(1+K,p"~'p 

rea ae Ki+ Pp” 
where K, Pa a K, + PGs Ky? il! K Pp? - In -p 

= K,(mod p) 
and so Pt K+, “p4+K, 
i.e., (p, K,41) =1 


Consequently, g?”'(?-) — 1 x O(mod prt) 
Suppose now that 
g has order d(mod p”). 
d| ®(p") = p"~'(—p - 1) wi) 
+" dis order of g(mod p”), 
gf = (Mod p”), 
we also have 


g” = (mod p ) 
But g is a primitive root of p 
and ..., g?PxX=P - 1) = 1(mod p) 
and (p — 1) is the least such positive integer, 
p-l||d ..{ii) 


(i) and (ii) give d is of the form 
(p - 1)p°, @ = I)p', @ = 1p’, ... (@- Vp"! 
It follows that 
d=p'(p- 1) withO<r<n-1_ 
Ifd#p"~'w-1), 


ALGEBRAIC CONGRUENCES AND PRIMITIVE ROOTS 117 


then d| p"~*(p- 1) 

and so, ge! (P-) = |(mod p”) (. g@ = 1(mod p”) 
And it contradicts (2) 
a= Np ="1) 
and 


g is a primitive root of p” 


Hence, 
p” has primitive root, n > 2. 


Case Ill 2p” (ne N). 


Let g, be a primitive root of p”, 


then g, + p” is also a primitive root 
Let g be the odd integer of the pair g, and g, + p” 
and 
(g, 2p") = 1. 
Suppose now that g has order d(mod 2p”), 
Es d | (2p"). 
Then, g? = 1(mod 2p") 
so that g? = \(modp”). 
Also g?") = 1(mod p”) 


and ®(p") is the least such integer 
and this gives 


@(p") | d (i) 
d| ®(2p") = &(2) ®(p") = Hp") ii) 
. (i) and (ii) give 
d = (") 


Consequently 

d = D(p”) = B(2p"). 
ne g is a primitive root of 2p” 
Thus 2p” has primitive root. 


Theorem 3.13. If g is a primitive root of p, then when g?~ | & (mod p’), g is a primitive 
root of p*; when g? ~' = 1(mod p?), g + p is a primitive root of p 


Proof: Given that 
g is a primitive root of p 
i g?~! = 1(modp). 
Then, g?~! x 1(mod p?), or g~! = Kmod p”) 
Now g?-! = 1(mod p*) or @ ~! =1+ ph pth. 
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Suppose the order of g modulo pe be A, then A | ap") ie. X | p*~ lp — 1). Write, 
Besley 
Now gt = 1(mod py or, gt = 1(mod p) and hence, 
(p-—1){ A, orA =(——-1)t. 


Thus 
pi-\p- 1) =As 
or pep =) =(- 1) 6s 
or p* ~! = gs, 
ie. t=p,e<k-1. 
Hence 
A = p(p-1) 
Ife<k-1,thene+2<k 
and hence g* = l(mod p** 2). 
But gh = gh (Pl) = (gpl)? = 
(1+ hp)” = 1+ hp** \mod p**?), 
Then hp? * | = O(mod p® * 2). 
Hence, h = 0(mod p) 
And this is not true of ph x 0(mod p*) 
: e=k-—1. Thus 


A = pk-'p - 1) or A = Op") 
Hence g is a primitive root of p* 
Now g + p: is also a primitive root of p 


or g —' = 1(modp) 
(g+ppP-'-1=g?-!-1+4 pe - 1g? ~? = pe — 1g” ~ (mod p’) 
(g, p) = 1, 
pt @~? and 
(g + pP~' = (mod p’) 


From above it is seen that g + p is the primitive root of p* 
Hence the result. 


Theorem 3.14. If a is a primitive root of an odd prime p, then 


p-| 


(a?) = —1(mod p) 


dare 
Proof: Suppose (azo) 2 = 1(mod p) 
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’ p-| 2k +1 (p-1) 
Then (ae) 2 =a ? = 1(mod p) 
+" a is a primitive root of p, 


2k +1 


must be an integer, and is not possible 


wet 
Hence (ae) 2 =-1(mod p). 


Example 14. Find the primitive root of 41 


Solution: Here p=A4l 
p-| =< 
POE ee 
2 
Now 32 = 9, 34 = 81 =— 1, 3° =-9, 316 =], 3% = _], 


40 
Hence 3 is not the solution of the congruence x 2 = x*? = 1(mod 41). 


-] 
As ne 8, and 
5 
22 = 4,24 = 16, 28 =256 = 10, 
40 
we see that 2 is not a solution of the congruence x 5 = x® = 1(mod 41). 


Hence, 35.28 = -3. 10 =11 mod (41) 
is a primitive root of 41. 
Example 15. Find the primitive root of m = 3362 = 2.41?. 


Solution: Computing 11* = 121, 11* =14641 =-488, 
11° ==325; 11'!° = 105625 =-278, 
1179 = 77284 =~ 42, 11° = 1764 =83, 


we see that 1140 & 1 (mod 417). 
Hence 11 is a primitive root of 417. 
** 11 is odd, 11 is also a primitive root of m = 2.417 


Example 16. Find all the primitive roots if p = 17 
Solution: Here p— 1 = 16= 2 


As 3? = 9, 34=81 = 13, 3° = 169 = 16, 
38 = 1(mod 17) and hence 3 is a primitive root of 17. 
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Moreover, °‘." 6(p — 1) = 23 = 8, and 
1, 2, 3, 5, 7, 9, 11, 13, 15 
is the reduced residue set of p — 1 = 16, all primitive roots of 17 are 
3! =3, 39 =27= 10, 3° = 90 =5, 37=45 = 11) 3° =99 = 
3'! = 126 =7, 3'3 = 63 = 12, 3) = 108 =6, 
ie., the integers 
‘ 3, 5, 6, 7, 10, 11, 12, 14. 
Hence the result. 
The following result gives us the number of primitive roots of an integer m 


Theorem 3.15. If m has a primitive root, then it has a total of o(o(7) incongruent primitive 
roots. 


Proof: Suppose g is a primitive root, then 


(m)-1 
2°, g', x, eng g? 7 .(*) 
form a reduced residue set modulo m. ° 


“: mand its primitive roots are relatively prime, all the primitive roots of m are all in 


Oe 

Suppose the order of g’ modulo m is k 

Then (2’)* = gi* = 1(mod m) 

v(m) | ik or, Sig [if Gi, d¢m) = a 
om) i 

‘But (g') d =(g 9m) \a = 1(mod m) 

or k | mm 
= bem) 
d 


Thus, the order of g’ modulo m is o(m) if and only if d= 1 


Hence, for any integer ij in the reduced residue system of $(m), the integers g’ are 
all primitive roots of m. 


. we have $($(m)) incongruent primitive roots. 
Corollary 3.16. Any odd prime p has $(p — 1) incongruent primitive roots. 
Proof: Take m = p. ° 
Example 3.17. Using the concept of primitive root prove that 
1” + 2” + 3”... + ( — 1)" =— 1 or O(mod p) according as p—1|norp-—1 + in 
Case! p-l1|n 
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or n=(p-1)k 
Fermat’s theorem states that 
(a, p) = | 
gives a*?) = 1(mod P) 
or @ ~ | = 1(modp) 
or dP ~ kt = 1'modp) 
or a” = 1(modp) 
Putting a = 1, 2, ..., (@ — 1), we get 
1” = 1(mod p) 
2” = 1(mod p) 


(p — 1)” = 1(mod p) 


dee ae +(p-1)" 

= (1 + 1 + to( — 1) terms) (mod p) 
= (p ~ 1) (mod p) 

= —I(mod p). 


Casell p-—lta 


If g is a primitive root of p, 
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Then gr) = 1(@) and g(p) is the least positive integer to satisfy this 
relation 
or g? ~! = l(modp) 
: g" =1(p)_ [- 1 is not a multiple of p — 1, because p— 1 + n 
Now the two sets ~ (g, p) = 1 
g, 2g, 3g, ... (p— Ig ** g is a primitive root 
and 1, 2,3,...@(-1) 
are equivalent (mod p) 
ie., jg = (mod p), i,j € {1, 2, ..., p— 1} 
or (jg)” = (mod p) 
p-l p-l 
or x (ag)" = ¥ a” (mod p) 
a=] a=} 
p-l p-\l 
or & (ag)” —& a” = 0(modp) 
a=] a=] 
poi ; 
or (g"?—1) X¥ a” =O(modp) *. 
a=] 


or x a" = 0(mod p) 


[- g"— 1 & O(mod p)] 
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or 142743" + (p — 1)" = 0(mod p). 


Example 18. Show that the product P(of the primitive roots of p is) = 1(mod p) except 
when p = 3[p is odd prime], 


i.e., P = the product of the primitive roots = 1(mod p) 
{Recall theorem: If a has the order A(mod m) and (h, k) = d, then a has the order 


* (mod m) 

Corollary If gis aprimitive root of m, then gk is also a primitive root if (k, D(m)) = 1 
Proof Put A = ®(m) in the above theorem and replace a by g 

Note If m-is a prime p, (i.e., m = p) then, cor becomes, ; 

if g is a primitive root (mod p) then gf is also so, if (k, p= 1) = 1] 

Solution: If gis a primitive root of p the set of primitive rots of p is congruent (mod p) to 


g', g%, g®, ..., x, where a, B, ..., | are prime to p - 1 and < p— 1 ‘ 
[for p = 13 they are, g', g°, g’, g!1] 
Now if & < p — 1 and (4, p — 1) = }, then, (@- 1-4, p-1)=1 
Hence, the above series can be distributed into couples such as 
g', gP- I) 1; gt, perio «, g, ger iak 
Now ghg?—!)—# = gp-! = g®) = I(mod p). 
Pieter) (ea liad Gage =) 


JL... mod p) 


ul 


= I(mod p). 
The only exception occurs 
when k =(p-1)-k, 
or k = <p ~ 1), where (&, p- 1) = 1, 
or (4 =1) -1) = -1)=1 
5) P—1),P ) P ; 
p =3. 


3.4 THEORY OF INDICES 


Primitive roots lead us to another interesting concept analogous to that of logarithm. This 
is known as indices. Before going to the discussion of indices we first have a look into 
the technique of how to write the set of reduced residue set of any m. 


Note: We know that if m has primitive root, then its reduced residue system can be 
expressed as the powers of its primitive roots g, viz., 
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{g°, g! ..., g%"~} and this is the simplest form. Now the question arises when 

primitive root of m does not exist. We also know that for any odd integer a, 
a?'~* = (mod 24, k > 3. 

In other words, the order of any odd integer modulo 2* is not greater than 2*~ 2. If 
it is possible to find an integer whose order is exactly 2*-2 then we can use its power . 
to express one half of the reduced residue system of 2“; for the other half we can take 
their negatives to suppliant it. In this way it is seen that-the reduced residue system of . 
2* is not fundamentally different from the reduced residue system formed by. the powers 
of the primitive root. And this is also in the simplest form. 


Theorem 3.17. The order of 5 modulo 24(k > 3) is 2-2 


Proof: It is sufficient if we show that - - 


52*~> x 1(mod 24\(for then, the order of 5 modulo 2 is 2*- 2) 
So we show that ; 


ak-3 


5 = 1 +2*-'(mod 24, (for k 2 3) (1) 
_ Proof: Will be by induction. 


It is seen that, for k = 3, ¢1) is true. 
We assume that (1) is true for k — 1 


2k-4 


ie., 5 =] +2k-14Qk-1) 


2k-3 2k-4 


or 5 = (57° "2 = 1 + 2*- '@mod 24) and thus (1) is true. 


Thus completes the proof. 
Theorem 3.18. The-set {+5°, +5!, ..., £5 2* ~2_1) forms the reduced residue system of 2“ 


Proof: As 5 = 1(mod 4), obviously for any * we have 5! = ‘I(mod 4) 

Hence, — 5/ = -I(mod 4), and for any two different integers i and j we have 
5* x — S(mod’ 2"), This means that among the integers 

£59,251, 5279-1 
any two are incongruent modulo 2+, and sich of them is relatively prime with 2* and hence 
the result. 
Note: If m = m,m,, (m,, mz) = 1, and thé reduced residue system of m! and m? are, 
respectively 
By Ay» +» Ay(m,) by 5B 35 vs tha y and if‘a;= 1(mod.m;), 6, = 1(mod m,) 
The (m,) o(m,) = o(m) ee : 
a,b», Pl, Qi siey o(m,); = I, 2, ney o(m) 

form a reduced residue system of m = mm). It is because, * (a;, m,) = 1, we may ee 
assume that (a, m,) = 1; hence (a, m) = 1, Similarly, (6, oe = 1 Consequently (a,5 


ppm 
= |, that is a,b; and m are relatively prime. Moreover, if 
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a,b, = a,b, (mod m), then a,b; = a,b,(mod m,), and hence 
a; = a,(mod m)) i.€., a; = ay 
Similarly b, = by. 
Thus among the integers ajb; no two are congruent modulo m.]} 


these (m) integers a,b, form a reduced residue system modulo m. 
Example 19. Find the reduced residue system of m = 40. 


Solution: We note, 40 = 5.23; and the suitable reduced residue system of 5 and 23 
respectively are: 
1, 9, 17, 335 1, 11, 21, 31 
the residue system of 40 is seen from the following table: 


x 1 9 17 33 
1 1 9 17 33 
1] 11 11x9 = 19 11x17 = 27 11x33 = 3 
21 21 21x9 = 29 21x17 = 37 21x33 = 13 
31 31 31x9 = 39 31x17 =7 31x33 = 23 


Thus the reduced residue system is: 
1, 3, 7,9, 11, 13, 17, 19, 21, 23, 27, 29, 31, 33, 37, 39. 
Index: Suppose the integer m has a primitive root g. Then the set 
S = {g°, gl ..., g"-} forms a reduced set if residues (mod m) 
If a is any integer with (a, m) = 1 then 5 (a unique)r € {0, 1, 2, ..., 6(m)— 1} for which 
a= g’(mod m) 
Definition: The integer r is called the index of a to the base g(mod m); and we write ind, 
a or, simply r = ind a, when the base need not to be specifically mentioned. 
The definition clearly implies that 
; ind a = ind b @ a= b(mod m). 
Some properties of indices are as follows: 
Theorem 3.19. (i) ind(ab) = ind a + ind b(mod $(m)) 
(ii) ind a” =n ind a(mod $(m)) n> 1. 
(iii) ind,a = ind g, a.ind g g,(mod 9(m)) 
where g, is also a primitive root of m. 
(iv) ind 1=0 


(v) ind(-1) = 5 Hm, if m>2 


Proof: Let a = r and ind 6 = s; then ab = g” * ‘(mod m). 
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Consequently 
ind (ab) =r + s=inda + ind } (mod $(m)) 


and a" = g""(mod m), and so 
ind a” = nr = n ind a(mod $(m)) 
(iii) Let indy @=1 
and ind g g, = % 
then a = g, (mod m) 
and g, = (mod m). 


thus a = g“(mod m) and 
sy ind, a = 1a = indg, a ind, g,(mod $(m)) 
(iv) «: 1 = g°, it follows at one that ind 1 = 0 


(v) if m=4 
then 5 Hn) =] 
g=3 

and —1 = g'(mod 4). 


Thus (v) holds for m = 4. 
Now the case m = p” or 2p”, where p is an odd prime and n > 1 
In each case, 


1 1 
ght) _|= Ga -1) Gq + »| = 0(mod m) ..(&) 


1 $(n) 
We now show that g2 -l,p” |=1 w*) 


Suppose this is not true. 


1 
Then Pp | ao =f, 
29m) 19cm) 
Now (g2 + 1)-(g2— - 1) = 2, and p 2 3. 
+ o(m) 
Consequently p| g? +1. 
1 
It follows that | pat -1 
1 
>o(m) 
and .., g2 — 1 = 0(mod m), 


We observe g is odd if m = 2p”. By this contradicts the fact that g is a primitive root 
of m. 


126 . NUMBER THEORY 


Hence (*) is true. 
It follows from (&) that 


1 
59 eae : 
a2 m = —]1(mod m) and this implies that ind(—1) = = (7). 
Using the concept of indices and primitive roots some congruence equation may be 
solved easily. Some examples are discussed below. 


Example 20. For p = 13 g = 2 is the primitive root and we observe the following: 


@=i,g=2,2 =4, 9 =8, 21 =3, 2 =6, gs = 12, 


g'= 11, g% =9, g =5, g!=10,gl= 


Table 3.1. 


patriots ta{sfe} | s]s [ol n} a 
nae] o |r Js Jez fo} s Juda | s] ofa] o | 


We already known that if the order of a modulo mm is 4 then ar = as(mod m), if and 
only if r = s(mod), so in case of prime m a = 6(mod m) if and only if ind a = ind b(mod 
om) 


Now to solve: 11x = 5(mod 13) 


Solution: given that 


11x = 5(mod 13), now taking indices, 

ind 11 + indx = ind5(mod13) 
From the above table we get 

Ind 11 = 7, ind 5 = 9, 
Hence, 7 +indx = 9(mod 13). 
From the table, x = 4(mod 13) 

or ind x = 2(mod 13) 
x = 4(mod). 


Example 21. Solve: 5x? + 3x — 10 = (mod 13) 
Solution: 5x? + 3x — 10 = O(mod 13) 


or 8.(5x? + 3x — 10) = 8.0(mod 13) 
or 40x* + 24x ~ 80 = O(mod 13) 
or x? — 2x — 2 = 0(mod 13) 
or (x — 1)? = 3(mod 13), 
Taking indices, we get 
2ind (x — 1) = ind3 (mod 13) 
or 2 ind(x — 1) = 4amod 13) 
Hence, ind( — 1) = 2 or &(mod 13) 
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From the table 
x—-1 =4or9(mod 13) 
the required solutions are 
- x = 5, 10(mod 13). 


Example 22. If p is an odd prime, a + b = p, show that 
‘ : p-l 
ind a — ind 6 = 3 tmod (p ~ 1)) 


Solution: -: a =— (mod p), ind a = ind(-1) + ind d, 


and hence 
; ; p-i 
ind a-ind b= Fi nod (p — 1)). 


Example 23. Solve the congruence 7x = 13(mod 18) 
Solution: 18 = 2.3 and 2 is a primitive root of 3, it follows from the result: 
Ifp is an odd prime then each integer of the form 2p” has primitive root g if g = odd{g,, 
g, + p"} where g, is a primitive root of p". 
that S is a primitive root of 18. 
The cu.rresponding index table for integers prime to 18 is: 


Nov 7x = 13(mod 18) if and only if x.ind 7 = in d 13 (mod $(18)) = 6). 
Consequently we have to solve the linear congruence 
. ' 2x = 4(mod6) 
This, and ; 
the given congruence, has two solutions, x = 2 and x = 5(mod 6). 


1. Solve the following: 


(i) 3x!4+ 4x!3 + 3y!2 + ay! 4 x9 + 298 + 4x7 + x84 3x4 +23 + dx? + 2x = (mod 5) 
(ii) 2x!7 + 6x!6 + x14 + Syl? 4 3x!) + Dy! + x9 + 5x8 + 2x7 + 3x5 + Gxt + 6x7 + 4x? 
+x +4 = 0(mod 7) 
(iii) x!? = 37(mod 41) 
2. If p is prime, then show that 


-1 
17.3? .@—2P = (1) (mod p) 
+1 


27.42 .(p—1)? = (<1)-2 (mod p) 
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. Show that if p is a prime number, 7 | (p — 1), then x” = 1(mod p) has n solutions. 
. Solve the following: 


(i) x4 + 7x + 4 = 0(mod 27) (ii) x? - 5x + 7 = 0(mod 9) 
(iii) x4 — 8x3 + 9x? + 9x + 14 = O(mod 25) (iv) 6x? + 27x7 + 17x + 20 = 0(mod 30) 
(v) x2 +x*—x-—1 = 0(mod 15) (vi) 4x? + 3x + 43 = O(mod 125) 


. Find the roots if any of the following congruences 


(i) x* — 3x + 1 = 0(mod 5) (i) x° + 3x9 —x + 2 = O(mod 11) 
(iii) x? + x2 + 1 = O(mod 7) 


. Deduce that x? + x? + | is irreducible (mod 7) and find the factorization into irreducible . 


factors of x* — 3x + 1(mod 5) and x° + 3x°> —x + 2 = 0(mod 11) 


. Solve the congruences: 


(i) x3 + 2x —3 = 0(mod 9) (ii) x? + 2x — 3 = O(mod 5) 
(iii) x? + 2x — 3 = O(mod 45) (iv) x? + 4x + 8 = O(mod 15) 


EXERCISES 3.2 


. If p,, py are odd primes a = a,(mod p,), a = a,(mod p,), and the order of a, modulo 


Pp, is A,, the order of a, modulo p, is A, prove that the order of a modulo p,p, is 
the least common multiple [A,, ,] of A, and A. 


2. Find the primitive roots of 23, 54, 529, 1058. 
3. If g and / are two different primitive roots of a prime p, show that 


10. 


ind,a= ind, a.ing, g [mod (p — 1)] 


. Solve the congruences 


(i) x°° =17(mod 67) — (ii): x = 23(mod 109) (iii). 3x = 5(mod 13) 


. How many primitive roots does the prime 13 have? 
. If a belongs to the exponent # modulo m, prove that no two of a, a, a’, ..., @’ are 


congruent modulo m. 


. If p is an odd prime, how many solutions are there to x’ ~ ' = 1(mod p); 


to x’?! = 2(mod p) 


. Prove that if p is a prime and (a, p) = 1 and (n, p — 1) = 1, then x” = a(mod p) has 


exactly one solution. 


. Given ab = 1(mod m), and that a belongs to the exponent / modulo m, prove that 


b belongs to the exponent A. 


Then prove that if a prime p > 3, the product of all the primitive roots of p is 
congruent to 1(modulo p). 


Prove that if a belongs to the exponent 3 modulo a prime p, then 1 + a+ a” = 0(mod 
p), and 1 + a belongs to the exponent 6. 


QOQ 


ARITHMETIC FUNCTIONS 


4.1. ARITHMETIC FUNCTIONS 
An Arithmetic function is an important function with many interesting properties fre- 
quently occurred in number theoretic investigations. 


Definition: Any function f; N — C ( the set of complex numbers) is called an Arithmetic 
function (A.F.) 
Example 1. f N > N: f(1) =n, f(n) = 1”, are arithmetic functions, but, f(”) = log n 
(1 é€ N) is not an arithmetic function. 
Definition: Multiplicative Arithmetic functions: 
If f() is an A.F. such that f(mn) = f(m) f(n) where, (m, n) = 1, then f(n) is said to be 
multiplicative arithmetic function (M.A.F.) 
Example 2. If f(n) = n, then, 
S (mn) = mn = f(m) f(r) so f is multiplicative. 
And if, g(n) = 2n, then, 
g(mn) = 2mn # g(m) g(n) 
g is not multiplicative. 
{we shall call f and f(n) as functions in the same sense.] 


Definition: Totally multiplicative Arithmetic function 


If f(n) is A.F. such that f(a) = f(m) f(n) for all m, n, then f(n) is said to be totally 
multiplicative arithmetic function. (T.M.A.F.) 


f(n) = n’ is totally multiplicative. 


Note: The following are two basic properties of multiplicative functions; 
1. If fand g are multiplicative functions such that f(p') = g(p') for all primes p and 
all integers i, then f(m) = g(n) for all positive integers. [Hence f= g] 
2. Iffand g are totally multiplicative functions such that f(p) = g(p) for all primes 
p, then f= g. 
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Definitions of some important arithmetic functions: 
(i) Euler’s toutient function 6: N -—> N such that for any positive integer a, 
o(a) = number of integers n(< a) such that (n, a) = 1,7 EN 
(ii) The Arithmetic function a(n) [or, t(”)]: a: N > N such that 
d(n) = number of divisors of n, n € N 
(iii) o: N — N such that ; 
o(n) = the sum of the divisors ofnneN 
(iv) o,: N > N such that 
o,(n) = the sum of the &" powers of. n,n € N 
(v) Mobius function p: N — Z such that, for all n e N 
n(n) = 1 ifn=1 
=0 ifa’|n for some a>l 
=(-l)” ifn =p,p, ... p,, p; are distinct primes 
(vi) en) = 1, ifn=1 
=0, ifn>il,neN 


7 


[or, e(n) = 2} neN] 
n 


(vil) (n)= ljneN 
(vill) P(r) = TId,néeN 
din 


4.2, EULER’S FUNCTION 
®:N->N: O(n) = 1 ifn=1 
= the number of a(< 7), such that (a, n)= 1, ifn>1 
Theorem 4.1. For any prime p, 
Op) =p-1- 


Proof: Since p is a prime, 


Each of 1, 2, 3, ..., 9 - 1 is relatively prime to p i.e. for each integer a, 1 sas p-1 is 
such that (a, p) = 1 
Hence @(p) =p. 


Note: No composite number m exists such that ®(m) = m — 1 and this was conjectured 
by Lehmez more than half a century ago and it is yet to be established. 


Theorem 4.2. (1) is multiplicative. [i.e. if (m, n) = 1, then (mn) = &(m) (n)] 
Proof: Given that (7,7) = 


We consider the product mn. Then the first mn numbers can be arranged in 7 lines, each 
containing m numbers. Thus 
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1 2 ss thsads ; k eed m 
m+, mt+2 paar ‘ mt+k sition m+m 
2m +1, Qm+ ez sees : 2m+k soeesees 2m+m 

(n—Vnt+l, (a-Dm +2 secrstes (n—-1)m+k sectas — (a-l)m+m 


Now we consider the vertical column beginning with k. 
If (A, a) = 1, all the terms of this column will be prime to m 
but if & and m have a common divisor, no number in the column will be prime to m. 
Now the first row contains P(m) numbers prime to n, 
@(m) vertical columns in each of which every term is prime to n, 
Let us suppose that the vertical column which begins with & is one of these. 
This column is in A.P., the terms of which when divided by n leaves remainders 
0, 1,2, 3,4, ..,2-2,n-1 
Hence, The column contains P(m) integers prime to n. 
Thus in the table there are 
@(m). P(n) integers, which are prime to m and also n 
and therefore to mn; 
i.€., D(mn) = O(m) Pin). [Second proof] 


Proof: To prove the theorem we first note the following lemma. 


Lemma 4.3. If S) = (Xoy Xs Xq_ «+ Xp — F IS a c.s.r. (mod m) 

and Sy = Wor Vy Yor +s Yq — pF IS ac.s.r. (mod n) 

then, S = {nx, + my; | x; € Si; € S,} is also a c.s.r. (mod mn). 
Proof: Now, (nx, + my, mn) = | 

if and only if (nx, + mY», m) =1 

and (nx, + mY n)=1 

if and only if (nx, m) = 1 

and (my, n) = 1. 


So, on the left hand side there are (mn) integers and on the right hand side there 
are D(m) P(x) integers. 
and .. D(mn) = Pim) P(r). 

If p is a prime then @(p) = p -1 

Number of a’s (< p and (a, p) = l)isp-1 
Expression for D(p") 


The numbers from 1 to p® are as follows: 
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I, 2, 3,-~,~p-llppt+il,-,-, 2p, 2p+1,--, 3p, - —pp 
pti, pt+2--- = 5 = See =4 4575 pp =p 
p + 1, Pp + 2,--- —) 3 5 7? OT? OT 3 a SS ga Poa sy pA 

; : = - re = Sy se? Si. a p--! 
pe! + ly p*'+2,-~-, ~~) 7} 7) ~~) ~) ~) ~} ~~) 7 ~) ~~) =s: p* 


[total a — | rows] 
In each row there are p numbers a’s such that (a, p*) # 1 
there are in total p*~ ',p = p* numbers a such that (a, p%), # 1 
@(p") = p* — (the number of a’s such that (a, p*) ' 1) 


oe ae ee = o*(1-4) 
BP 


Now if = p'g” ... then, 
= O(p!g” ...) = &(p!).(g”) ... [© is multiplicative] 


-pi(1-4] ' (1-2) or -(1-4)(-4). 


i 
3 
| 
a 
| 
wa [- 
Nee” 


| 
or, P(n) =n nf = +) p’s are distinct prime factors of x. 
P 


[Third proof of the multiplicity of D] 


Proof: Suppose a = po pS ks and b = qh! qh? wget 
. is a s 
ie, a= |] p,”.6= TI q,,” 
n=l m= | 
r 1 5 Bm l 
O(a) = IT p,"|1-—], &@)= Tl Gn [1-2] 
n=l n m=| Im 
: Fe oaths Se if res a, B 
Since,(a, 6)=and ab= J] p,” Gn = Ths rg 
n=l m=\ n=|,m=1 


ss ay Bm 1 
(ab) = TT pytayn | 1-— 


u 
— 
v 

x 
3 
= 

I 

== 
ams) 
= 
3 


P(a) P(d). 
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Example 3. Solve for x, y, z: : B(x — 5) + B(3y — 5) + O(Sz — 18) = 3 ....(i), where ® is 
the Euler function. 
Solution: @(n) = number of a (< xv) such that (a, n) = 1 
=lifn=1 
Since, B(n) € N therefore, 
(i) will be satisfied if and only if B(x — 5) = 1, BBy — 5) = 1, O(5z — 18) = 1 
Now, @(x — 5) = 1 or, x- 5 = 1 or 2 or, x = 6 Or 7 
@(3y — 5) = 1 or, 3y-—5 = 1 or 2, but 3y -5 #2, 3y-5=1 or, y=2 
@(5z — 18) = 1 or, 5z — 18 = 1 or, 2, but Sz — 18 # 1 (since z € N) 
§z-18 =2o0r,z=4 


x=6 x=7 
the solutions are y=2;7, y=2p>. 
z=4 z=4 


Example 4. Solve the simultaneous equations: 


P(x) + Diy) =2 i) 
@(2x—1)+ O2y)=3 « ...(ii) 
Solution: From (i) we get B@&) = 1 > x=10r2 
and, Oi) = 1 or, y= 1 or 2 
Then putting x = 1, y = 1 in (ai), @(1) + O(2) = 3 which is not possible 
and, (2.1 — 1) + B(2.2) = B(1) + O(4) = 3 is true. 
et x = 1, y =2 is a solution and x = 2, y = 1 is a solution. 
and @(2.2 ~ 1) + B(2.2) = (3) + P(4) #3 
x=1 x=2 : 
y= a ye , are solutions. 


Theorem 4.4. Prove that ¥o(d) =n 
d\n 


Proof: [Method of modified induction] 
Let, 1 have only one distinct prime factor with some positive power 
i.e., suppose, n = p*, a € N 


O(a) = O(1) + Op) + Op”) + ... + 6% 


d|p* 
=l+p—1+... + p%-p*7! 
=n 
1.€., the result is true when n is a power of a prime. 


Let us assume that the theorem is true when vn has & distinct prime factors. Then 
consider an integer n, which has (A + 1) distinct prime factors. 
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Let p® || N (i.e, p* | N and p**! + N) 
or N = p®%.n, say where n has 4-factors. 


Now if d runs through the divisors of n, then pid (0 <i<.q) runs through the divisors 
of n. 


$(d,) + o(p'd,) + ... + O(p"d,) 
PCD = $(d,) + O(p!d,) + ... + 9(p%d,) 
he. Bo oe SP eB ee 
(d,) + o(p'd,) + ... + O(p%d,) 
Ho(d)+ ¥ Mpd)+ & o(p2d)+...+ Zo(p%4) 


d|n d|n 


XO(d)+ ¥ O(p)o(d)+ ¥ O(p?)o(d) +...+ LO(p™) o(d) 
d|n d\n d|n d|n 


I 


Xo(d) + O(p) ¥ o(d)+ B(p?) ¥ O(a) +... + B(p*) H(A) 
d{|n d|n d|n d|n 


Ed) 1 +40) +09 +. + 10° 


= np* = h 
or “o(d) =N. 
d\n 
Hence by the principle of induction the theorem follows. 
Example 5. Prove that } a= Lapa; (a, n)=1 
lsa<n 2 


Solution: We have 
(a, n) = 1 gives 
(n-a,n)=1 


Conclusion: If a is a set of integers such that (a, n) = 1, 1 < a <n then, n - a is also - 
the same set as a 


i.e., Ya =a, tat..t+a 
(a,n)=llsa<n 5 ) 
_ =(n-a) + (n-a) t+... + @— agyy) 
2 Xa =nt+nt.....to O(7) terms. 5 
(a,n)=l,lsa<n x 
=n O(n) 
] 
- or ya = —nV(n). 
lsa<n 2 
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(a, b) 
((a,5)) 


Theorem 4.5. Prove that o(ab) = $(a)o(d) 


Solution: Suppose (a, b) = d 


5, 


If a= Py! ha ,b= qq! Pe: ie 


b 5, 
then, (ab) = OCP; PA I! Ty") 


ab |] [i - +) p’s are distinct prime divisors of ab 
plab P 


or 


1 l 

tei ta 

Oe) n(v-2) 7) | 
p\ab 


, where d = (a, b) 


ab P II [ -1) 
pl\d P 
(a) o(4) 
gle OD oe Be Aas 
an pO a 
d 
(a,b) 
h b) = aE a 
Thus, Hab) = Hao) D #29) (a,b) 


Example 6. What are the positive integers a, 5 that satisfy the expression 


(ab) = o(a) + (6)? 
. Solution By theorem 4.5 


é(ab)= Hao where d = (a, 5) 
o(a) + o() d 


This gives, ~(ayo(b) = ua) 
A dd) | 
ss (a) 6(6) O(a) (a) () 
il, ih _ oa) _ 406) 
or fi + ra d, where, m gay?” = Atay: 
Since 


- m, n and d are positive integers, 
only possible values of m, n and d are: 
d=2,m=n=1 (*) 
or d=1,m=n=2. w(**) 
For the case (*), 
o(a) = (6) = 2 and then, a= 6 =2 
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For the case (**), 
o(a) = 6(b) = 2, then one of a, b is 3 and the other is 4. 
Thus the possible values are (2, 2), (3, 4) and (4, 3). 
Example 7. Prove that if $(n) | n— 1, then there exists no prime p such that p |n 


Solution: Suppose n = p%q° ... -*, where p, q, ... r are all distinct primes and a > 2. 
[so p* | n] 


Now $(p7) = p* — p?~ | = p(pt— | — p*-) 
And 

“ P| 9") | 6) 

Hence 


P| $n) and p Ff n-1. 
o(”) en— I. 


Example 8. Prove that if 7 is to a prime and $(n) | m — 1, has at least three distinct 
prime factors. 


Solution: Suppose n has two distinct prime factors 


And since, $(”) |  — 1, by the preceding example 
n = pq, where p and q are primes. 


a pq-1 


= 6) @-D@-D 
_ P9-~p-q+itprq-2 
(p-)q-) 
_ (P-)G-) il ee mee: NaS 
(p-)@-) (p-)@-) (-Y)@-) 
anges ees 
q-\1 p-l 
As o(n) | 2-1, a is an integer 


: + an < 3, if p and q are primes. 
p-l q-l 


Moreover, | < 1 + 


—— + — = | or 2 which is possible only when p = g = 2 or p = q = 3; but 
P-l q- 
our assumption says that p and q are distinct. Hence n cannot have two distinct primes. 


So n must have at least three distinct primes. 


4.3. DIVISOR FUNCTION 
d(n) [or, t(”)]: d : N — N such that d(n) = number of divisors of n, n € N 
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We note that 
An) =lifn=1 
= 2 if n = p(a prime) 
> 2 if n is composite 
Expression for d(n) 
_ Since 
1, p, p, »» p*~}, p® are the divisors of p% 
’ Xp") = a + 1, p is a prime. 
In particular, d(p) = 2, where p is a prime. 
And so on. 
Kp" q°) = (a + 1B +1) 

If. n= Py! P> 7 
The divisors of n are 


Therefore the number of divisors is (a, + 1)(a, + 1) 
Thus, d(n) = (a, + I)(a, + 1) 


Similarly if n=p;! p;?..p,”" then 


dn) = d( py" p3?...p;") 


=(@,+DO,+1)..@ +), @PR=LGFD 
K4) = d(2*) =2 + 1 =3, d6) = d(2.3)=(1+ I)(1 +1) =4 
4320) = a(2°.37.5') =(5+ 1G +1) (1+ 1) = 6.4.2 = 48 


Theorem 4.6. dis a multiplicative A-F. [To prove that d(mn) = d(m) d(n) if (m, n) = 1] 


Proof: Let, m= py! Ps Pit Pp; , p’s are distinct primes; a’s are positive integers 
n= qh qh? igh , q's are distinct primes; B’s are positive integers. 
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d(mn) = a pi! ps? “pe qh! qe ange! ) 


=(a,+ 1), +1)... (a,+ 1) 6, +) @,4+1)..8,+) 
= [(a, + 1) (@, + 1)... (a; + I) (B, + 1) (By + 1)... (B+ YD), 

[since (p,,9,)=1] V1 srsi,l<s<l 
= d(m)d(n). 


m 


d(m) 


Solution: Suppose m = p? q? ... r° 


Example 9. Show that o(m) 2 


Then, (mdm) = nf ss at - +) at 2 *\ +1)(6 +1)..€e +1) 
Pp q r 


[A = the number of distinct prime factors of m] 


21- 


1 
{Note: If p > 2 then, -— = = or, | — J 
Pp 2 


N|— 


EA 

Pp 
p(m)dm) 2m; 

gives, dC) 2 poe 


d(m) 


+a(n) : n d 
Example 10. []d =72 {Hint: If d is a divisor of n, then so is also 7 (LHS)? = n%")] 
d|n 


Example 11. Prove that d(n) is odd if and only if 7 is a perfect square 


Solution: Suppose n= p,"! p,?...p,, 


i 


Then, a(n) = {py p3?...p7') = (a, + 1) (a, +1)... (a, +) 


Now d(n) is odd if and only if (a, + 1) is odd for each i 
i.e. if and only if a, is even for each i 
i.e. if and only if a, = 2k, for each i 


k 2k, k 2 


2k, 2 k k, 
Thus, n= py py Pp; | = (pi! p?? ep, ) = m? 


Hence d(n) is odd if and only if 1 is a perfect square. 


Example 12. Find the smallest positive integer having only 10 positive divisors 


ARITHMETIC FUNCTIONS 139 


Solution: Suppose n = p’.¢° ... r° 
dn) = d(p7.¢° ... Y) = T](a +1) = 10 = 1.10 
a 


or = 2.5 
(a+ 1)(6+ 1) = 1.10 
or = 25 


In the first case, a = 0, b = 9 give, n = q° 


In the second case, a = 1, b = 4 give, n = py" 
the required smallest number, 
n = 3.24 =489. 


4.4 THE FUNCTION o 
o:N—- N such that 
o(n) = the sum of the divisors of n 


= Yd 


d\n 
= ¥d,, (1 <i<a) 
d; 


= 2d,, d, € S, where S = {d,, d,, .., a} is the set of divisors of n. 
d, 


e.g., o(1) = 1, 022) =1+2 =3, 03) =1+3 =4, 014) =14+2+4=7, o(S)=1+ 
§=6 6(6)=14+2+3+6= 12 o(7)=1+7=8 of) =1+2+4+8=15 
Expression for a(n) where n is a power of a prime 


We note the divisor of p® are: 


1, p, ..., p™ 
pt! =| 
Hla pip ty e. ep = 
Pp _ 

We note here that the divisors of p%g® are 

lp... p* 

q Pq P°g 

qd? pa? .... p* 


o(p* g®) =(lt+ptptp+..+pY(l+qtgtget.. +) 
atl _ Bl _ 

| dbs 1 bse 
p-| q-1 

Example 13. Find the smallest positive integer with sum of all its divisors is 15. 


Solution: Suppose 7 = p’.q° ... 
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pera 
Then, o(n) = o(p*.q° .. 1°) = T]————- = 15 
p p-t 
a+l_y b+1_4y 
or pea et. aaa eee =15=15x1 
p-1 q-1 
or, =3x5 


p=2,a=3; q = 2, b =-1 (not allowed) (other factors do not occur) 
the number is n = 2? = 8, 
Example 14. Find o (2520) 
Solution: Divisors of 125 = 5° are 5° 5! 52, 53. 
So, o(59) =1+5+57+53 
Divisors of 34 x 5? are: 
BPs 59) gt 89 9? 150-3? 05° a? 5° 
BP x53) x:$', 37 mS! 3? & S),.39 x5! 
BP 35203 $2. aA x59? a S43" K Se 
3° x 53, 3! x 59 22 x 53, 33 x 53, 34 x 53: 
so (34 x 53) = (3° + 3! + 32 + 33 + 34) x (59 + 5! + 5? + 53), 
Using the above result: 
0(2520) 


0(2? x 3? x 5! x 7!) 

DF Se 2 Sal ped 
x x x 

G1 3 Sl TA 


= 15x 2 x6 x 8 = 9360. 


Theorem 4.7. o(n) is multiplicative (i.e. (m,n) = 1 then o(znn) = o(m) o(n)) 


Proof: Let, n= Py" ps aepy! ,m= q? qh sgh! : p’s and q’s are different primes and 
a’s and §’s are positive integers 


Now, o(mn) =o( pr ane aa Ha ee ae 


= x. 
Pp, -! P71 q, -1 q, -1 
re a, +1 B; +1 B, +1 
a2 a gery esl oe : 
P,-! pP\-1 q, -1 q,~1 


= o(n) o(m) 
But it is not totally multiplicative. 
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Example 15. m = 18, 2 = 30. here, (m, mn) ¥ land, 


o(18 x 30) = 0(540) = (23 x 33 x 5) = 1680 
And, 018) 0(30) = o(2 x 32) o(2 x 3 x 5)=3 x 13 3 x 4 x 6 = 2808. 
: o(mn) # o(m) o(n)). 


Expression for o(n) 


\ 2 pir! a4 
If n = pj! p;?...p,", then o(n) = [] ———— 
’ i=l Pj-l 
Proof: Here n = p;! p;?...p-’, and o(n) is multiplicative. 
We have therefore 
; ; par! - 
0(”) = o(p;' pp) = To(p,') = ,o(1)=1. 
i=l i=l p71 
Definition: (1) If o(#) < 2n, then 7 is called a deficit number 
(2) If o(#) = 2x, then n is called a perfect number 
(3) If o(m) > 2n, then n is called an abundant number 
Example 16. ofl) =1<x1 1 is deficit 
o(2) =3<2x2 .. 2 is deficit 
03) =4<2%x3 .. 3 is deficit 
o(4) =7<2x4 «.. 4 is deficit 
o(6) =12=2x6 .. 6 is perfect 
o(14) = 24<2x 14 «. 14 is deficit 
o(8) =15<2%x8 «. 8 is deficit 
o(24) =60>2x24 ., 24 is abundant 
o(12) =28>2%x 12 «. 12 is abundant 
o(28) = 56=2%x28 .. 28 is perfect 
Example 17. Show that every prime power is deficit 
p* +14 
Solution Suppose n = p* then o(p*) = ee 
Pp —_ 
Now 2p* — 1 < p* + | since p * 2. It follows that p**! — 1 < 2(p*! — p*) 2pkp - 1), 
pees -| 
so that Seon 2p* = 2n. 


Hence n = p* is deficit.// 


Example 18. Show that if 7 is an odd perfect number then 7 has at least three different 
prime divisors. 
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Solution: First suppose that n = p*, where p is a prime and a is a positive integer. Then 


at+l atl 
—1 
a(n) = 2 2s es : << so that o(n) # 2n and n is not 


p-1 p-\ p-l ji 2/3 
perfect. P 


Next suppose 7 = p” ¢? where p and q are primes and a, 6 are positive integers. Then 


says ae me eee | = "pq 
p-\ g-1 (p-1q@-1) (p-Iq@-) 
n n 15n 


Hence o(n) ¥ 2x and n is not perfect. 


Theorem 4.8. If n is even and perfect then, n = 2?~ !(2? — 1), 2? — 1 and hence p is a 
prime (cf. Mersenne prime) and conversely. 


Proof: n is even gives n = 2* 1, where / is odd, k € N, 


Obviously (2%, =1. 
By definition,  2n = o(n)=o(2*/ 


or 2k +1) = 9(24 of) 
geri —] p04 
sierra pe o() = (2**! — 1) ofl) ets 
or 2etly= kt! _ 1) a) 
or Qh ene Peed) 
or 2** 11 gl) (since, (2*, 2**! - 1) = 1) 
or o(/) =2**'4 sayteN 


“. (*) becomes 
Paik eon Ogi ens i) aan 
So 1 = (2**1 _1)¢ and off) = 2** 14 
Now we find ¢ 
If t # J, then / has at least the divisors 1, 1, 12**!-1 
Now, o(/) >1+/+2¢+(2**!—1) 
[because of the fact that there may be some more divisors 
=1+e2etlio ge e+ 2htl_y 
= (t+ 1)2F*! > 22et! 
=oa(/) 
o(/) > o() and is impossible. 
t is not greater than /, so, t = / 
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po2etl iy, of) = 2 tf, 
If / is composite, the divisors‘of 1 are J, 2k+! _ 1, some other divisors(s) 
off) =1+ kt! 1) 4+..>14+ Q4t!-1) 
= 2* = o(/) and is not possible. 
1 is prime. 
so, / is of the form 2p — 1 
ie., k+1=p [Ref: Mersenne prime] 
: k=p-1 
n = 2k.1 = 2P-'(2P-1) 
Converse: Let n = 2?~ '(2? — 1), 2? - | [and .”. p] is prime. 
To prove that, » is a perfect number. (of course even) 
i.e., to show that 


o(n) = 2n 
Now n =2P~'p,, say p, = 2? —1 is a prime. 
Obviously, 
(2?-',p) =1 
or a(n) = o(2P~ “D) = 6(2?—') o(p,) 
p-itl 
— ——— + p,) 
= (2? — 1\(1 + Py) 
= (2P — 1)2P 
= 2.2P “!(2P — 1) 
= 2n. 


Now the problem is to find all the positive integers n > 1 which are equal to the 
product of their proper divisors., 


or i.e., to find m > 1 such that []d = n° 
d\n 


Theorem 4.9. Ifn> 1, [[d =n? then n = p’, P1P» (P\P» p’s are primes) 
d\n 


Proof: Let [ld = 7’, to prove that n = p® or p,p, 


d\n 


Remark: If d runs thro’ the divisors of 7 so does ao 


Now, n’ = ny? = TI¢@ [71 


or n’ = 7%) 
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or 4=d(n) = d(2% p2q%3 3) (where n = 2%! p%2q%...) 


= d(2% )a(p )a(q% je 
= (a, + 1)(a, + 1)(@, + 1)...(a, + 1) 
we get, (a, + 1a, + 1)(a; + 1)...(a, + 1) 
=4 
Now, if a, = 1, any other of a’s will be equal to | and the rest will be zero, i-e., all 
the a’s but one (in particular say a,) will be zero then n = 2p (of the form p'p") 
(i) if a, = 3 then the rest of the a’s will be zero and then n = p 
(ii) if any a say a, = | then any other a say a, = | and the rest will be zero. Then 
n= pq, ie.n= p OF P\P>- 
Example 19. If o(n) is odd then 7 is of the form #? or 247 


Solution: Let o(n) be odd; to prove that n = k* or 2k*, ke N 


Let n = 24 p'q™ ...,a © {0} UN, J, m € N, p, g odd primes 

or, o(n) = 0(2%,p'g"...) = 0(2% o(p’),0(¢") (1) 
Since o(7) is odd, the right hand side is odd. 
Now o(2%) = 27* 1! _ 1 is always odd and 


i+] 
op! =2—=1tptptpt+..tp! is odd 
Pp — 
if and only if p + p? + p+... + p! is even 
if and only if / is even(say) = 2k,, k, € N 
Similarly, m is even(say) = 2k, 


Case I: Let a be even, say 2k 


or n= 2 plq™ 
= 22ko ph grt tes 


s (2K pi gt ay 
= P, say. 
Remark: This is also true if a = 0, 
Case Il: Let a be odd, say 2k, + 1; 
Then n =2%p'q™ 


=9.97*0 pe quia iw 


= 2.(2'o .p* gh my 
= 2K, Say. 
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Conversely: Let n = #: to prove a(n) is odd 


2 
ee (2% phigh a) = 22k pki gk 


a(n) = o(27h )o(p> ) re (q?" ee 


= (22h! = —— 


= (22+! 1) x(1+ p+ p? +..4 pre) x... 


= and odd number (since each factor is odd). 


Similarly, n = 2k, then o(n) is odd 
2 
Let n= 2.(2'e p* qk se) 


Then yn tart pg AF ah... 


2k +1 _y 
Py eee 


q-1 


a(n) = o(2 2ky +l ) o( p24 ) o(9 a 


= (2740+? _ i) (1 + p+p?+...+ ph )x a 


every factor is odd, so also o(n). 


Example 20. Find the smallest positive integer with sum of all its divisors is 15. 


Solution: Suppose n = p,q? ... r° 


a+l_y 
Then, a(n) = o(p%.q? ... r°) = (i 
p p-ti 
atl b+1 
-1 a 

Be SS S154 

p-l q-1 

or = 3.5 


or p = 2, a = 3; q = 2, b = —1 (not allowed) (other factors do not occur) 


. the number is n = 2? = 8. 
Example 21. Show that if m is prime then 
(m) + o(m) = mdm) 


Solution Suppose m is a prime. 


Then, o(m) = m — 1, o(m) = m + 1 and d(m) = 2 


And the result is then obviously true. 
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Example 22. If m is an integer of the form p* for some prime p and some integer k, then 
(m) + o(a) # md(m) 
Solution: 
Case 1 Suppose p = 2 

Then, a2) = 2FF 1 1 < gtr l= 2 3F 


Case Il p is any odd prime 


pt_-t 
k+l_y k k 
op = 2 = re Pee i a3 k < pf 
p-l 1 l ae: 
1- 1- 1- 
p p 3 

Hence, 
For m = p* (k 2 2, p 2 3) 


(m) + o(m) = o(p") + o(p') < pk + 2p = 3p* = 3m = m d(m) 
So, (im) + o(m) # mdm). 


4.5 THE FUNCTIONo,(n) 


Definition: ofn) = yd* 
din 

o,(”) = Yd 
d\n 


6,6) = Ld* =1+2*+34+64 
d\6 


0,(8) = Dd? = YIP +2°4+ 45485 
d|8 d|8 
o,{1) = 1, Vk. 


Expression for o,(n) 


park 4 
o O) = vdk = 1k + pk + p* + p%= ; 
d|p% p-l 
The above result is sufficient to prove that 
Theorem 4.10. ,(n) is multiplicative. 
Example 23. o_(n) = nt o,(n) 


-k 
onl 


d|n d|n d 


Solution: o_{n) 


rnd! =nt*yd*. 
din d|n 
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4.6 THE MOBIUS FUNCTION p(n) 
Definition: Mobius function y(”) is defined by 


un)=1 if n = 1 
=0 if @|n  forsomea>| 
= (1) ifn =p, p, ..., P,, p, are distinct 


Theorem 4.11. The function u(”) is multiplicative 


Proof: Suppose m= py P,? pe and n = qi qs? are 


If any of a, or B; is greater than 1, then 
UGnn) = 0 = wn) w() 
and if a, = 0 also B, = 0 for all J and j, then 
u(mn) = (-1)"** = pn) p(n). 
Thus the result follows. 


primes 


gh’, (m,n) =1 
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Theorem 4.12. If ” has k distinct prime factors an its divisors are arranged in an 


ascending order as dj, dp, ..., d,, (d, < d, <...<d,,), then 


@ wd,) + wd.) +... + w(d,,) = 0 
Gi) | wd) [+] WG.) |+ | HG) |= 24 


Proof: 


Case |: Suppose n = p, a prime. Then k = 1, 1 = d), p = d, and has only two divisors. 


. u(d,) = 1, w(@,) = -1 
and hence u(4,) + w(d,) = 0 
and | w(4,) |+| w(@) | = 2 


a 


Case II: Suppose ” = p 


Then the divisors are 


a 


DEP csc 


And we note: (1) = 1, n(p) =—1, n(p) = pp?) = ... = w(p%) = 0 
u@,) = 1, u(@,) = -1, w@;) = W(d,) = ... = HG,,) = 0 


Therefore, u(d,) + u(d,) + (a3) +... + UGd,,) = 0 
And, | wd.) | + | wd) | +... + | HG@,,) | = 2 = 2% 
Case Ill: Suppose 1 = p).p, ... Py 
Then the divisors of n are 
PyPz -» Pp 


P\P2 P\P» PP nee Py PR 
P PoP3> PyP2P4> > Pk — 2Pk - Pe + PiP2 +» Pk 


148 NUMBER THEORY 


Now 
(1) = 1 
wl) = wl) =... = nC) =-1 
H(p,P,) = W(p\P3) = --- = WP, — P,) = | and these are “on in numbers 
L(P\P2P3) = M(P2P3P,) = --- = WP, — 2Py — 1P,) = | and these kc, in numbers 
M(p,P> --- P,) = +. = (-1)’ and these are aC. in numbers 


u(d,) + w(d,) +... + w(d,,) 
= HC) + Yelp; ) + 2 Mees) » ETP 
t it it ft 


And, | 1(d,) | +| w(d) [+--+ | w@,,) | 
| = [HOD I+ Eley) +E laCrppy)I+-- 


=1+4c,+..=(1+ If=2# 


4.7 THE FUNCTION Pin) = [Id 
din 


: a(n) 
Theorem 4.13. Prove that P(n) = n 2 
Clearly, 
P(p) = p 
~ Suppose {a,, @,, ..., Ayn} is the set of all the positive divisors of 7, 
Then, 


non n 
{@5, Ay, «+5 Axn)} = (2 ah ais | 


> > > 
a, a 44(n) 


(Py = (« rai B) (04 a) 


=nn...,n =n 


——— 
d(n) times 
or nnn = nh) 
a 
d(n) times 
d(n) 


Therefore, P(n) = n2- 
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We note the following table of 
o(n), d(n), a(n), P(n) for 1 <n < 10 


on | om | am | om |r| 


women Au WN — 
FAP ANRPFNN | — 


1 
2 
2 
3 
2 
4 
2 
4 
3 
4 
2 
6 
2 
4 
ae 
4 
5 
2 
6 
2 
6 


Theorem 4.14. If for positive integers m and n, (m, n) = 1 then, 
* Penn) = P(m)*” Pen 
Proof: Suppose m and n are positive integers such that (m, n) = 1 


Since d(n) is multiplicative 


d(mn) d(m) d(n) d(m)d(n) d(m) D(n) 
P(mn) =(mn)~ 2 =(mn) "2 =m 2 n 2 
d(m) d(n) d(n) d(m) 
= P(m)*” p(n)”, 


Note: P(n), d(n) o(n) are not totally multiplicative 
For, m = 525 = 3.52.7, n=231=3.7.11 
mn = 32.52.7711 
d(mn) = 54, o(mn) = 275652, 
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Here, d(mn) # dm) d(n), (mn) # o(m)no(n), 
Moreover:  P(mn) # P(m)*” P~ny*”) 
And, P(n) is not even multiplicative: 


For P(2) = 2, P(3) = 3, but p(6) = 36 
(2,3) = 1 and P(2.3) = P(6) = 36 #6 = 2.3 = P(2)P(3) 
P(2.3) # P(6). 


Example 24. Find all integers 1 such that P(m) = 64 


a(n) 
Solution: n=n2 =64=2% 
nt) = gi2 
Write n=2%, 
Since, d(n) = d(2%) = a, + 1, 24 (4; +1) 
=2!2 gives a,(a, + 1) = 12 
Thus, n = 30 or, n =—4. Hence a = 23 = 8. 


Example 25. If > 2, prove that between 7 and n! there exists at least one prime number. 


Solution: Suppose 
Py> Pz» +> Py are primes not greater than n and q = py. Pp. «-. Px 
Now q has a prime factor p different from p,, thus 
p>nandp<q<ni-l<nal 


4.8 SOME PROPERTIES OF ARITHMETIC FUNCTIONS 
Remark: Many sums can be expressed as double sums. 


Lemma 4.15. Let f and g be two arithmetic functions and m, n { N, then, 


Then, YD f(d) g(D) = a f(4;) g(D,) 
d|m, D|n j#1,2,.,5,K21,2,.48 

Kd, )g(D,) + f(a) g(D,) + ... + f(a, g(D) 

I (dy)g(D,) + f (dy) g(D2) + ... + f(a) Q(D)) 

= f (d;)g(D;) + f(a;) g(D2) + ... + f(a) g(D,) 


F(d)8(D1) + FG.) BD) + ... + f(G,)g(D,) 
= (4) +f) +... +f(@)lg(D,) + g(D2) + ... + gD) 
= F(d;)*  Zad(Dy) = pias Bae) 


Isjss 


Hence, > f(d)g(D) = Xf(d)x Dg (D). 
d|m, D\|n d|m D\n 
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Lemma 4.16. Let S, = {d,, d,, ..., d,} is the set of positive divisors of m 
And S, = {€1, @y, --, €;} is the set of positive divisors of n. 
lf (m, n) = 1, then, the set 
S= {de; | d, S,, e; S,} is the set of positive divisors of mn 
without repetition. 
Proof: To prove this lemma we are to show 
(i) de; | mn V i,j (de; are divisor) 
(ii) If de, = de,, then r = /, s = m (no repetition) 
dit) if f| mn then f= de; for some i, j(no other divisor) 
(i) If d,| m, Vi, e; | n, Vj then de; {mn Vi, j 
di) If de; =de,thend,|de, ~. d,| d, [since, (d;, e,) = 1 for (m, n) = 1] 
Similarly we can show that d, | d; 
3 d,; =d, or, i=r 
Similarly 7 = s. 


(iit) | mn 
Let, (fm) =d. 
Then, d| m or, d= d, for some i 
Again d | f gives f= dx.(some integer) = de, say. 
If we can show that this e e€ S, i.e., e | m then we are through. 
Now (fm) =d 
3: (4.2) Z 
dd 
or (e, d,) = 1 


And f | mn gives dje | mn 
or e | an = dn. 


e | dyn and also, (e, d,) = 1 
e | nand so, e= ey for some j € {1, 2, ..., s}. 
f= de,. 


Theorem 4.17. If f(n) is a multiplicative arithmetic function then so is also zr I (a) 
d|n 
Proof: Let, F(n)= Xf (d). 
d|n 


We prove that F(n) is multiplicative. 
Let S,, S,, S be as in the lemma. 4.16. 
We are to prove F(m) F(m) = F(mn) if (m, n) = 1 and if f(7) is multiplicative. 
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F(m) F(m) 


[zraxzro)-( 2S(ai)* > rep] 
d|m d\n sjsl 


lsisk 


fd) flej)= =X f(dye;) 


Isisk,lsjsl . — GeS;,€ j8S2 


zal MED = BLO 


F(mn) = Fi oe F(n). 


Corollany 4.18. Prove that o(”) is multiplicative 


o(n) = Xd, and f(n) = n which is obviously multiplicative. 
d|n 
LSf(d) = Xd 
din d\n 


is also multiplicative, 
Thus o(”) is multiplicative. 


Example 26. The identity function e(n) = [+] is totally multiplicative. 
n 


Solution: Take any m,n e N 


(i) Ifm>1,n>1 


then e(mn) = j=] =0=0.0 
m 


il 
TI 
3 |- 
cn a | 
rn | 
3 fi|— 
to 


4 


e(m)e(n) 
(ii) If m=1,2>1 


then e(mn) = Fab =0=10= [=] 


(iii) If m=n= 1, 


then e(mn) = Fa =l=1L1= Be = e(m) e(n). 
m |Ln 


Note: It is already seen that (7), o() d(n) are all multiplicative, but P() is not. Moreover 
none of them is totally multiplicative. 


Definition: If f(”) and g(n) are two arithmetic functions then their product and quotient 
are defined as follows: 


(fg) (n) = f(n) g{n) and (Z]m - PAU) 


g(n) 
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Example 27. (/g)(n) and @o are multiplicative as well as totally multiplicative if f 
and g both are so. (left as an exercise). 
Theorem 4.19. If fis any arithmetic function such that fis multiplicative then (1) = 1 
Proof: (left as an exercise). 
Theorem 4.20. fis an arithmetic function such that f(1) = 1; 

Then 

(i) fis multiplicative if and only if 


LO PY =L( pit) fee") 


for all primes p, and a; 2 1 
(ii) If fis multiplicative, then fis completely (totally) multiplicative if and only if 
S(e") =f(e)* for all primes p and all integers a > 1 


Proof (left as an exercise). 


Definition: Let A denote the set of A.F’s. then obviously A + ® 
Let us define an operation * (called convolution) on A such that 


far) = ES (2) 


Properties 4.21. f* g = g* f [* is commutative] 


f* a0) = EH@) (7) 
7 25) (4) 
= g*f(n) 
or j*g=ets 


Properties 4.22. If f and g are multiplicative arithmetic function then so is also f* g 


Proof: [Remember the Lemma 4.16: Let (m, n) = 1 If S, = {d,, a>, d,, ..., d,} and S, = 
{e,, Coy C35 v5 e,} are the sets of divisors of m and n respectively, Then S = {de, | 4; f 
S,, e; 1 S,} is the set of divisors of mn without repetition.] 


Then, (f* g)(m) x (f* gX(n) 

= f(a) (=) xr fl) (2) 
dim —— \/ cen e 
x rane)» x repa( 2) 
Isisk : d; Isjsl ej. 


i Jj 
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Wi - G ve | yee, (2) 
Isisk,isjsl e 

x (ae pa( {2 
Isisk,lsjsl i) ey 


{l 


= d : mn 
ree vena d 
= soo = 

D|mn 
= (f* g) (mn) 


or f* gis multiplicative 


Properties 4.23. * is associative [i.e., (f* g)*h = /* (g*h)] 


Proof: (ft a) * Min) = Esta) (A) (2) 


PCM OLO) 
= Lhe stgN(d) 


It 


Lhe) > : Fal ¢ } 


de=n 


= Zhle)x Ufa) 
de=n d=kl 


N 


Lh(e)f (A)g(/) 


de=n,kl= 


ZACe)S (k)g) 


It 


= AOR La (/)ar(e) 


POLLO e 


US (k).g*h(m) 


km=n 


7 zseH(er(Z)] 


= (f* g* h)Xn) 
or (f* g) *h = fg *h). 
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Properties 4.24. Existence of identity: 
If fis any arithmetic function and e is such that 


1 forn=1 
e(n) = 
0 forn' 1 
then (f*e)(n) = z sdye(4) 


= f(e(n) +f ay 2] se one{ =) 
} 
=f(1I)0+f(d,).0+...+04+f(n).1 


=0+f(n).1 
=f(n) 
= f(n) 
or, f*e=lf 
Similarly we can show that f= e * f 
Therefore, e is the identity with respect to *. 
Note: /(n) = | Vn &N, which is an arithmetic function 


Then (f* 1) = x si 2) = Sf (a) =(1* Pin) 
d\n d din 


Definition: If * g =e = g* f then g is said to be inverse of f and is written as g = f! 
Remark: (1). For every arithmetic function its inverse may not exist 


(2) A, the set of arithmetic functions is a commutative semi group under * 


Note: If we define the operation addition as (f® g)(n) = f(n) + g(n), then A will be an 
integral Domain under ® and *(proof is left as an exercise.) 


Theorem 4.25. An arithmetic function fhas a multiplicative inverse if ad only if f(1) # 
0. If an inverse exists it is unique. 


Proof: Suppose f has an inverse g. 


Then f*g =e 
And f(DgQ) = (F* g)() = e(1) = 1 gives f(1) # 0 
Conversely 


Suppose, f(1) # 0 then from f(1)g(1) =f* g(1) =1 we get g(1) 

Now we calculate , 

g(2) as follows: ; 

ee ee : 2 __ £(2)8(0) 
= e(2)=(f* gX2)=f 2)a(1) +f (g(2) gives f(1)g(2) =-f @)g(1) or, g(2) =— 


f() 
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This way we evaluate g( /) (for / = 1, 2, .... 2-1) 
Then we note: 0=e(n) =(f* gn) = 2 sae 4) 
d|n 


In the RHS expression g(n) occurs only in one term viz. f(1)g(”). 
Hence the above equation can be solved uniquely for g(n) 
Thus the result follows. 


Note: the product * defined above is known as Dirichlet product. 
The Dirichlet product of two totally multiplicative functions need not be totally 
multiplicative. 


Theorem 4.26. If g and f* g both are multiplicative, then fis also multiplicative. 
[g and f* g multiplicative => f multiplicative] 


Proof: Suppose fis not multiplicative and h = f* g 
Since f is not multiplicative, we have two positive integers m, n with (m, n) = 1 
such that f(mn) # f(m) f(m) 
Consider {mn | m,n N, (m, n) = 1 and f(mn) # f(m) f(m)} 
And choose the smallest of this set, say mn 
I. If mn = 1, then (1) #f(1) fC) gives (1) ¥ 1. 
Now WA) = f(g) 
or l= J) _ [since g and A are multiplicative,], a contradiction 
Thus A is not multiplicative. 
ll. If mn > 1, then, 
JS (ab) = f(a) f (6) for all positive integers a and 5 with (a, 6) = | and ab < mn 
A(mn) = & f(abye{ 2 mt f(mn)g(1) 


a\{m 


b|n 
aub<mn 
ee faswe = Je (? }« f (mn) 
oe 
ab<mn 
=: fare 2 )z EF e{ 2) — Fm (0) + smn) 
= h(m)h(n) —f (mf (n) +f (mn) 
# A(m)h(n) [Since f (mn) # f (m)f(n) in general] 


And we meet a contradiction. 
Hence, fis multiplicative. 


Note: As for each f we have a g such that f* g = e and if fis multiplicative, by what 
we have proved above g is also multiplicative. Thus we get the 
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Theorem 4.27. If f is multiplicative then so is its inverse f". 


Theorem 4.28. Given that fis a multiplicative arithmetic function. 


fis totally multiplicative if and only if f!(n) = y(n) (n) for all n > 1 


Proof: Assume that fis totally multiplicative and A(n) = p(n)f(n) 


or 


or 


or 


Now, 


(h* fyn) = ¥ meas (=) 
d\n d 
=> nasiars() 
d|n d 


= Dp(d) iC x *) [ fis totally multiplicative] 
d|n 
= Duld)f(n) 
d|n 
=f(n) Su(@) 
d\n 


= e(n) (for f(1) = 1, e(n) = 0 for n> 1] 
Hence, h=f- l 
Conversely, 
Suppose = f'(n)- = p(n) f() 
To show that fis totally multiplicative, it is sufficient to show that 
Se’) =SQY [for prime powers]. 
Now f'@) = wyfr) 
(f* f-'Yin) = e(n) 


z (4)r@ =0 [n> 1] 


>» AZ masa =0 
d|n d 


Now taking n = p’, we have 
HDS) S@)" + we) S@)F@"~ ') =0 
And this gives f(p”) = f(p) £(P" ~'). 
Hence, SO) =f pF 
So, fis totally multiplicative. 


158 NUMBER THEORY 


4.9 MOBIUS INVERSION FORMULA (MIF) 


lf n=} 
Theorem 4.29. Pu) Of nol 


Proof: For n = 1 the result is trivial. 
For n> 1 the proof will be by induction on different prime factors 
I. Suppose n = p* 
Then, Pe = (1) + h@) + HQ?) +... + HO) 
pe 


=1+(C¢1)+0+..+0 
=1-1=0 
II. Assume that the result is true for integers with at most k distinct prime factors. 
i.e. suppose 
n= ap", where o is an integer with k distinct prime factors and p { a. 
Now, 


Du(d) = Lu(d)+ Du(pd)+ Lu(p2d)+...+ Cu(p2d) 
d|n d\a dja d\o d\a 
= Yu(d)+ Da(p)p(d) + Luly? wd) +...+ Culp? ud) 
d\a d\a dia d\a 
= Yu(d)- Lyd) =0. 
d\a d\a 
Theorem 4.30. Mobius inversion formula: F(n) = > f(d@) if and only if 
d|n 
= ¥ F(d *) = d F(4) 
S(n) z ( (4 au ) 7 


Proof: (f* J(n)= ¥ sa) 
d|n d 


= FI@ 
or F(n) = Pd (da) =(* DM), 
so F=f* 1. 
Then, F¥u=(f* D* p= fr yp) [/* p = e] 
=pe=f 
or SM) = (Fw) 


=> rau (2) 


d\n 
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Next, we have, f(n) = ¥ F(d)u (=) = (F* p(n) 
d\n 


or f=F*Fu 
or f*1l=(F* wt] 
= (F* (u*)) 
= Fre 
=F 
or F(n) = (f* Din) 
x sayi(4 } 


d|n 


us @). 


d\n 


Definition: If f(”) and g(n) are two arithmetic functions satisfying the condition f(7) = 


x g2(d), then we say that {f(n), g(n)} is a Mobius pair. 

d|n 

Theorem 4.31. If one of the functions in the Mobius pair {f(7), g(7)} is multiplicative, 
so is the other. 


Proof: Suppose g() is multiplicative, and assume 


(m,n) = 1 
since (m,n) = 1 and e| m,h | n, then (e, 4) = 1 
Then by Theorem 4.17 f (Hi is multiplicative 


Suppose, 
J (n) is multiplicative. Now by MIF ° 


g(n) = zncay{2) 
d\n d 


e(mn) = zudys( ” 


| mn 


As above, 


g(mn) 2 Zutons mn) = Dy Encencnys( (3) 


[m e|m h{n 


[fis multiplicative] 


“= uios(2 } Enos (#) 


e| m 


i 


g(m) g(n). 


Hence g is multiplicative. 
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Theorem 4.32. The pairs 
{n, e(n)}, {d(n), 1} and {o(n), n] are all Mobius pairs. 


Proof: We know that 


n= Fae) and d(n)= 2 1 


din. 
and ‘o(n) = Ld 
d|n 


Thus by definition of Mobius pair the given pairs are all Mobius pairs. 


Example 28. Prove that if f(”) is multiplicative, then 


Zw) f(a) = TT{l- f(p)} 
d|n pin 


Solution: As f(n) and 1(”) are multiplicative, so is al-- ‘cir product p(n).f(7) 


Now the pair F(n) and p(n).f(n) form a Mobius pair, where F(n) = DY p(d) f(d) 
d|n 


We note that 
If p is a prime then, 


[Fe) = Xd) f(a) 
d |p? 


= HOD) SC) + BO)S@) + HO”) IO?) +... + HOD) 
=f(1) -f(p) = 1 —f£(p), for nonzero multiplicative function f(1) = 1] 
Now suppose, 
n = p%q? ... r°, then 


F(n) = ree. P)=FY).F@)... FA) = 1S} 1-£Q} -- SO} 
= tl f(p)) 
p\n = 


Example 29. Prove that 


n= ude } 


d\n 


Solution By definition: o(n) = > d 
d\n 


Applying MIF, we get, 


= Bt 
- ulado( d } 
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Example 30. Prove that] = > ncaa 2 } 


k\n 

Solution: We have, din)= ¥ , (1 = Rk) 
fm 

or =z ackyu( 2 )- 2 ncaa 2) 
kn kn k 


Example 31. Prove that > pom | “|. 1 valid for all n. 


min 


Note: [=| = the greatest integer (< ay. 
m m 


Solution: We have ¥1(d) = : ; ; is 


or Lu(d)+ Lu(d)+..4+ Lud) =1 
dj! d|2 dln 


Now integers < n and divisible by m, are m, 2m, 3m, ... BE 
n 
when we break up (*) 


H(1) will occur H times 


Reatranging (*) we get, 


y(1) x Biro. E |+- + p(n) x E 2) a1, 


or Lp(m) x 2 ]-1 =1, 
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Example 32. Prove that ©(-1)“6(d) = — 2m [m is the largest odd divisor] 
d\n 


Solution: 
Case |: Let be odd. 


in this case m = n. 
Since n is odd, each divisor d is also odd. 


Then ¥(-1)? O(a) =-Y O(a) 
=-n 
=n—2n=n-— 2m, where m = n is the largest odd divisor. 


Case Il: Let » be even and n = 2%m, where 27 | | n 


and 
m is odd 
Now if dis an odd divisor of n(and this is a divisor of m) then 


pedo) = acy = {(-1)! (1) +... + C1)” 0m} 


And if d is an even divisor of ” hen 
Z(-1)4 @(d) = C1)? 62) +... + 192%" OR) 
d\m 


In general 


Pas (d)= {(-1)! O(1) +... + C1)” O(n} + (C1? (2) +... + (-1)?*™ O24) 
= -—[O(1) +... + B(@m)] + [OQ) +... + (2% m)] 
[D(1) + ... + D(m) + (2) + ... + (2%m)] - 2[(1) + ... + O(m)] 


Xuo(d)-2 Uo(d) 
d|n d\n 


Hl 


ll 


=n—2m. 


Example 33. >0(d) =n, deduce that 
din 


x” x 
I~x" (1-x)? 


if |x} <1, then > o(”) 


Solution: LHS = 3X 


= Eon) x(x") 


LO(n)x"[1 4x7 4274x3440.) 


i 
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= O(1) [x +27 +3 +] + (2) [x2 + x4 + x94] 

+ 03) PP +x54+ 7 4+] +. 
= @(1).x! + [O(1) + O(2)}x? + [O(1) + ©(3)] x? 

+ [@(1) + (2) + O(4)}x4 +... 


= Y o(d)x+ ¥ o(d)x? + Do(d)x3 +... 
dal d|2 d|3 

=xt2x7+ 3x94 4x44... 

= x[x + 2x + 3x7 + ...] 

= x(1— x). 


Example 34. We know thatn = ¥4(d) = > i@ and F(n) = ¥f(d) gives 
d\n d|n d|n 


fM=> ucayr(2) 
d|n d 


. 1, ) _ 5 HC) 
Then, o(n) Os ; e rr 
n__ ~H?(a) 


Example 35. Prove that 


o(n) din O(a) 


2 
Solution: We know that (7) and (7) are multiplicative and o(m) ¥ 0, ue is 


(n) 
pw? (d) 
multiplicative and thus > $d). = G(n) is also multiplicative (by Theorem 4.17) 
d\n 


a) %2 


So, Ifn = p,' P, nips then 
Gon) = G(py py? ...po") = G(p}!) G(p3? )....G( per ) 
[Note: for a prime p anda EN 


= u(d) _ w2(1)_, p?(p) u?(p*) 
G = = rei’ s ae 
ON a GUY Oy 


_1)2 
<2 +0+0..40=1+ ee 


164 


NUMBER THEORY 


| EXERCISES 4.1 | 


Prove that the number of divisors of ” is odd if and only if ” is a perfect square. 
If the integer &k > 1, prove that o,(m) is odd if and only if ” is a square or double 
a square. 


. Given an integer n > 1, prove that there are infinitely many integers x satisfying d(x) 


=n 


. Prove that if (a, b) > 1, then o,(ab) < 0,(a) 0,(5) and d(ab) < d(a) d(b) 
. Prove that if 7 has r distinct prime factors, then o(n) = n*~. Prove that there are 


infinitely many integers for which (7) is a perfect square. 


. Evaluate 9(19), (49), (243) and @( 1024), 
. Find the least positive integers ” such that 


(a) p(n) = 100, (6) 9(n) = 1000, (c) o(n) = 10000, (d) e(n) = 100000 


. Show that if m and 7 are positive integers with m | n then, p(m) | @(n). 


8. Prove that o(m) = d(m) (mod 2) where m is the largest odd factor of n 


14. 


15. 


16 


17. 


18. 


. If o(”) = 2n then, 7 is a perfect number. Prove that if 7 is a perfect number, then 


1 
Lets 
djnd 


. Evaluate o(210), (100), and (990) 
. Evaluate d(47), d(63), and d(150) 
. Prove that for each integer 7, there exist integers n, and n, such that 


d(n,) + d(n)) =n. 


. Prove that there are infinitely many integers n for which (7) is a multiple of 10. 


[Hint: 9(11") = 117-1177! = 1177! 10] 
Prove that there are infinitely many integers m for which @(m) is a perfect square. 
[Hints (27"*!) = 22" +! _ 22" = 27" (2 — 1) = 2" = (2n)?] 
1 
Prove that ey fla a(n) [Use arithmetic mean is greater than or equal to the 
geometric mean.] , 


If d is a positive divisor of a positive integer m, then prove that the number of 
integers in the complete residue system modulo m, which with m, have the greatest 


common divisor d, is (2) 


Show that > o(d)p(d) = 0 if and only if 7 is even. 
d\n 


If m is odd, find m. 
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19. 
20. 
21. 


22. 


23. 


24. 


25. 


26. 


27. 
28. 
29. 


30 


31. 
32. 


If b(m) is odd, find m. 
Show that there is no integer m such that o(m) = 14. 
If m is a positive integer, prove that 


_ o(m)_ when m is odd 
bm) = 26(m) when m is even 


Prove that the necessary and sufficient condition that a positive integer equals the 
product of all its positive divisors (excluding itself) is that this positive integer be 
a cube of a prime number or a product of two distinct primes. 
Find all positive integers x, such that 

x0) =y 


Prove that for any prime p and n= 4,6,22 the following congruence is satisfied 1 o(n) 
= 2(mod $()) 


Find all positive integers m and prime numbers p such that o(m) = bis 
P 


Prove that for any integer &, however large it may be, there exist infinitely many 
numbers a such that no one of 


at+l,...,a+k-—1 is prime 
Find the six smallest even perfect numbers 
Find the six smallest abundant positive integers. 


Show that any multiple of an abundant or a perfect number, other than the perfect 
number itself, is abundant. 


Two positive integers m and n are called an amicable pair if o(m) = o(n) = m + n. 
Show that each of the following pairs of integers are amicable pairs. 
(a) 220,284 ° 
(b) 1184, 1210 
(c) 79750, 88730 
Show that if n = p%m? is an odd perfect number where p is prime, then n = p(mod 8) 
A positive integer is superfect of o(o(m)) = 2n 
Show that 
() 16 is superfect 
(ii) If n = 27 where 27* | ~ | is prime, then 7 is superfect. 
(iii) Every even superfect number is of the form n = 27 where 27* ! — 1 is prime. 


If f is multiplicative then prove that 
(i) f~'(n) = w(n)f(*) for every square free n. 
(i) £-'(p*) = (PY —F(e*) for every prime p. 
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10. 


11. 


. Prove that > u(d)— =n I] (-3] ; 
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Assume that f is multiplicative. Prove that fis totally multiplicative if and only if, 
f7'(p) = 0 for all primes p and all integers a > 2. 


If fis Completely multiplicative, prove that 


S(g* h)=(f. g)*h, for all arithmetic functions g and h, where f.g denotes the ordinary 
product (fg) () = f(n)g(”) 


-If fis multiplicative and if f. (u* po!) = (fn)* (fu), then fis totally multiplicative. 


If fis totally multiplicative, prove that 
(fgy! =fg"', for all arithmetic function g with g(1) # 0 
If fis multiplicative and (f{y7')"! = fu, then prove that f is totally multiplicative. 
A multiplicative function is called strongly multiplicative if f (p') = f(p) for every 
prime p 


on) . 


Show that f(”) = —— is strongly multiplicative. 
n 


-1 ; seg 
Show that yh = ie where p runs over the prime divisors of n 
tin f p P 


Suppose f(n) and g(v) are multiplicative and that f(y") = g(p’) for each r and each 
prime p. Prove that f(#7) = g(n) for all 7. 


Prove that the following pairs 
{n, o(n)}, {d(m), 1} and {o(”), n} are all Mobius pairs. 
Prove that if f(”) is multiplicative, then 


ud) f(d) = T{l- f(p)} 
d\n pin 


d\n pin P 


. For each positive integer n, show that p(n) H(n + 1) y(n + 2) p(n + 3) =0 
. For any integer n > 3, show that Dyk!) =1 
k=) 


. Letn= Pi ps? oe be the prime factorization of the integer n > 1. If fis a 


multiplicative function that is not identically zero, prove that 


Pei = (1-f(@))) Gd -f@,)) .. dU -£@,) 


. Let S(m) denote the number of square free divisors of n. Establish that 


S(n) = Elu(ai= 20 


where o (n) is the number of distinct prime divisors of n. 
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6. The function A is defined such that 


A(1) = 1 and A(n) = Cire ce if the prime factorization of n > 1 is 


= a) G2 a, 
n= Pi P2 oP, 


Prove that 
(a) A is,multiplicative 
(b) Given a positive integer n, verify that 
. Arn : 
TA(d) = ta n=m* for seme NNeser TS 


d\n 0 * otherwise 


[The function A is known as the Liouville A-function] 


OOO 


FAREY SEQUENCES, CONTINUED 
FRACTION, PELL’S EQUATIONS 


5.1 FAREY SEQUENCE 


Farey, a mineralogist, wrote down the following ordered pattern of non negative reduced 
fractions between 0 and 1, with denominators limited by a number n - called the order 
of this chain of fractions known as the Farey Sequence (F.S.). 


Rac 
11 
011 
| Aen eer ry 
cee Gnas | 
Fi: Gide bce 
es a ae a | 
r, G4 41231 
1°4°3°2°3°471 
fr. 21112132341 
5° 1°5°4°375°2°5'3°4°571 
rf 2LLILL21323451 
6° 1°6'5'4°3'572°5°3'4'56'1 
etc., 


We have constructed the above table in the following way: 


. 0 
In the first row we write FF 


For nv = 2, 3, ... 
We use the following rule: 


+ Uy 
1. Form the n" row by copying the (n — 1)* in order, but insert the fraction ov 


: : a : 
between the consecutive fractions and i of the (n — 1)" row if b + 5’ <n. Thus, 


: . 04+1 
since 1 + 1 <2 we insert 
1+1 


between cand ~ and obtain - ~ 7 for the 2"4 row. 
Similarly the 3“ now. 
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0+1 2+1 1+1 1+2 
2. To obtain the 4" row, we insert ——— and but not and ——— etc. 
1+3 3+1 34+2 2+3 


*all the fractions that appear are in reduced form 


: a a : 
**all reduced fractions 3 such that 0 < ; < 1 and b < n appear in the n™ row; 


7 a a ee 
eit ries rs are consecutive in the n™ row, then ab'— a'b = 1 and b + b'>n. 


1 
Definition: If 4 and— are two terms of an F.S. then as is called the “mediant” 
m 


between He and as 
k m 


Theorem 5.1. No two consecutive terms of F,, have same denominator. 


t 


h 
Proof: Casel Ifk> 1 and ; and | are two successive terms of F,, having the same 


denominator then h’ > h (since, FS is an ordered sequence) 


we h+i<h'<k 
ifkz1 
h h h+i h+l of 
But th —_—< < = FI 
ee k k-1 k-1+l kk 
h h h' 
k k-1 k 
.. the term & i comes between 2 and - 


f 


: h h : : ; 
Since, = and are two consecutive terms, two consecutive terms cannot be with 


same denominators if k > 1. 


Case ll If k = 1, then 1° term : will be ° = 0, the next term is > 0, 
its numerator > 0 
i.e, 21 
and since, it is a proper fraction its denominator is < 2 
Therefore, the two consecutive terms have different denominators. 
We state the following 


Theorem 5.2. If : and are two successive terms then kh’ — hk’ = 1 


: hh 
i.e., =—] 
kk’ 
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Theorem 5.3. ie 2 i apd are three successive terms of F,, then sis = bth 
KN" k' kK" k +k’ 


The two theorems 5.2, 5.3 are equivalent 
Theorem 5.4. Theorem 5.2 is true if and only if 5.3 is true. 
Proof: (5.2)) = (5..3) 


Assume Theorem 5.2. 


Therefore 7 and = being two consecutive terms 


kh'—k'h=1 (i) 
h'' h' 
And roarg being two consecutive terms 
We get k"h' —- Kh" = 1 »dii) 
Solving (i) and (ii) in terms of h” and k” 
h" h+h' 
Meee Kk kek 
5.3 => 5.2 


Proof: We assume that Theorem 5.3 is true. 


wm , a h Ud 
fie., if eee are three consecutive terms in F.S., then LES a 
RRR kK" ok +k’ 
We are to prove theorem 5.2. {i.e., if = are two consecutive terms of an FS to 
prove 
hh 
kok’ 
i.e., h'k — hk’ = 1 
01 
Now Fy = => 
VS a 
Ol) _ 
ce 
0141 
Fy = Poh a. 
ae a 
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1 1 
2 3 
Assume that the theorem is true for n — 1, 


.  whh ; 
i.e., if —,— are two consecutive terms of F,_ |, 
k k' n- 


then kh' — kth = 
And to deduce that the theorem is true for n. 


=—l, i.e., the theorem 5.2 is true for n = 1, 2 


di) 


Let 7 belongs to F,, but not to F,,_ , and it es in the antesval (2. e ) 


Obviously k"” = n, and both k, k’ k”. 
Since, the theorem 5.3 is true, 
h' kh" 


h" 
i Be pie and = — is irreducible 
kok ke 


h+h'=Kh" k+ k= KEN 


Now & and k’ each less than k" gives k + k’ < 2k" and k + k’ = Ak" 


r= 1 
: k+k'=k" and h+h'=h". 
Hence, 
kh" —k" h=kh+ h)—h(k + k) 
=kh'—k'h 
I 
Similarly k"h' — kth" = 1 
Hence Theorem 5.2 is true for F,. 


Hence by method ot induction, the theorem 5.2 is true for all n < N. 


Theorem 5.5. Proof of theorem 5.2 and 5.3 


Proof: As we may see easily that the theorems are true for F, and F, 
Assume that they are true for F,,_ , and prove that they are true for F,, 


or 
or 


, 
Suppose that -, = are two consecutive terms in F,, 


elt ett 
k k"' k' : 
From first inequality we get 
kth< h"'k, 


kh" — k"h>0 
kh" — k"h=r>0 
And similarly from the last inequality we get 


on 


_ , but separating 5 in F,,. 
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h'k" > h"'k' 
Wk" = h''k' > 0 
or Wk" — hv'k'=s>0 
: kh''—k"h=r 
consider Whi Ake } (P) 
Solving the equations (‘Y) in A” and k” and remembering that hk' — h’k = -1 
h" =sh+rh' 
k"' = ks + rk’ 
(h"", k") = 1 gives (r, s) = 1 
hh wh+ar' 
Let S = 4—|—=——_, A, penN,(A,p)=1 
i {214 ieee 
" h+ rh 
Now, Fr = TE € Shor, (= 1 nse N 
And Ah 2 bth + Ah ‘ He 
ko otk +Ak' ok! 
whtdAh . 
also -_—_—_~ is in its lowest term, 
yk + Ak! 
Because if d| ph t+ Ah, pk + Ak’ 
Then d|k (ph + Ah) —A(pk + ARQ Hr 
Also, d|W (wht Ah) — k(uk + Ak) =p 
(A, 1) = d, but (A, p) = 1 
d=] 


Thus every fraction of S appears sooner or later in some F 7 F>7n- 1) and plainly 
the first to make its appears is that for which & is least i.e., for which 1k + Ak’ is least 
is for which A= 1 =p 

This fraction must be fe i.€., ae oe 

k"' kK" k +k! 

And by theorem 5.4, it follows that theorem 5.2 is also true. 


which is the theorem 5.3. 


Note: The mediant of ud and lies between (2.4) 
k k' kk’ 


Corollary 5.6. The denominators of two adjacent fractions of an F.S. of order n add up 
to at least n + 1, 


, 
i.e., If 2 and are two consecutive terms of a Farey sequence of order n, then k + k'> n. 
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Proof: The mediant 


h+h' h h' hh 
——— of — and — falls i i Sas era 
‘Tak ) k he falls in the interval (2 =| 
If the theorem is not true 
i.e., if k+k' sn 
+h! 
then, belongs to F,, 
k+k' 
er , ; h h' 
and will lie somewhere in the interval Pe 
which is a contradiction 
docs pl h' ; 
Since ry and are two consecutive terms. 
5.1.A: Application of Farey sequences: 
Theorem 5.7. If (a, 5) = 1, then Diophantine equation 
ax + by = 1 ..(1) is solvable 


Proof: Assume without loss of generality 0 < a < b (if necessary | a| , | b]) 


(a, b)=1, S isa proper reduced fraction and consequently it appears in some 
Farey sequence (€.g., in F,) 


Let us now take an adjacent fraction 2 28 


h 
by theorem 5.2, 4 = -l 
k ob 
or ak — bh =1 (2) 
Comparing with (1) 
we get x=k 
and =—h 
is a solution of (1) 
Hence (1) is solvable. 
Eucild's Lemma 5.8. If (a, 5) = 1, a| bc then a|c 
Proof: Consider the equation 
ax + by =| w(1) 


By theorem 5.7, (1) is solvable, say (xp, Yo) is a solution of (1) 
axy + byy = 1 and 
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So, acx, + beyy =c¢ 
But, a | bc gives be =ak,ke Z 
; acxy + akyy =c¢ 
or a(cxy tkyy) =c 
ale. 


Corollary 5.9. If p is a prime then 


P| @j.a, .. a, 
Gives p divides at least one of ai. 


Theorem 5.10. If (a, 5) = 1, then the solution of ax + by ...(1) 


are given by 


ie - ~ a ..(2) where (xg, Yo) is a solution of (1) andre Z 
=Yo- 


Proof: Since by theorem 5.7, (1) is solvable 3 x9, yp €.2 such that ax, + byy = 1 ...(3) 
Now that (2) is a solution of (1) can be verified by putting the value of x and y 
For, LHS = ax + by 

= A(Xq — bt) + bY + at) 
= aX — abt + by, + bat 


= ax, + byg 
= 1=RHS. 
Again ax + by =1 AL) 
axy + byy = 1 ...(3) 
a(x — Xo) + B(y - yo) = 0, 
or a(x — Xo) = bY — yo) (4) 
“ a| bY ~ yo) 
Now (a, b) = 1, 
By Euclids Lemma, 
(4) gives y-Y=a,te ZL 
and a | yo — y gives Y-Yo =at,te Z. 
“. yY =yq + at 
putting the value in (1) 
xX =Xq — Ot, 
ake a t € Z where (%, y,) is a solution of (1). 
Y=YVor- atl? 0? 70. : 


5.1.B Approximation of an irrational by rational 
Let y be an irrational number such that 0 <y <1 
We wish to find how closely we can approximate y 
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by a rational number 4 where (h, k) = 1 


In the FS of order N (> 1), we know that we can find two consecutive terms 


ae a c 
bd such that Fi Y 7 
Consider the mediant 
ate 
b+ad 
then y lies on one or the other side of 
ate 
b+d 
a at+ec 
i.e., eith — <y< i 
i.e., either case Pats rasa (i) 
at+c Cc oe 
. <y<— M6 
- bad > a 2 
Since, the mediant is not present in F, we have b+ d2+ 1 
From (1) 
a .at+e aq_ ab+be-ab-ad 
0<y-— < —--— = ——____ 
5b bt+d 5b b(6 + d) 
cd ees! ee ee ii) 
b(b+d) b(b+d) (N+1)b 
From (2), 
peo nye ee eee eee 1 < 1 ee 
d d bt+d ath +d) d(b+d) (N+i)d 


(iii) and (iv) give. 
Theorem 5.11. For an irrational y and a positive integer N, there always exists a fraction 
2 with the denominator k < N such that 
h 1 
| aed be ree 
kK] (N+)Dk 
Thus we can find y in terms of # and k. 


.(v) 


Remark: Our reasoning remains valid if y is not irrational but is replaced by a reduced 
fraction Z with a denominator m > N, so that cd is not found in the FS of order N, then 
m m 


t at+c 
m bt+d 


however it may happen that and this possibility will not allow us to state 


a strict inequality in (v). 
We therefore obtain another. 
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Theorem 5.12. If cs is a reduced fraction of denominator m € N, then there always exists 


als 
k} (N+Dk 


a fraction 2 with denominator k < N such that 


...(Vi) 


Equality takes place here form =N+ 1 


5.1.C: Better rational approximation of irrational number 
If y is irrational, and N is a given positive integer we have got the existence of a rational 


number pe k < N such that Y alt a 
k k} (N4+Dk 
: h 1 
In particular we have -—|<—. 
k| ke? 


Theorem 5.13. If y is irrational, then there exist many fractions 2 such that 


1 
P < ol (much stronger theorem) 


| h 
ys 


Proof: Suppose that in F,, we have . Y ee we wish to show either 


a 1 
teh ek RE Tae 
u 2b? 
c 1 
r —=-y<-> 
? dq) 3a 


If not, suppose 


a 1 
=e > =< 
YS > 2p? 
and Lae > aes 
d 2d? 


then adding we get 
1 1 _ b?+q? 


c a 

qb : 26? 2a? eel P 

d b 2b 2d? 2b2q2 (K) 
Again we have c_a __ bc~ad 

d b bd 
b24d?-2bd(be-bd) _ (b-d)? 
Subtracting, 02 b* +d" -2bd(be-bd) _ ( : ) 
2b2q? 2b2d 


But this is possible only for b = d@ 
and then in addition, 
since, bc — ad = | we get from (XK), 


ac-—a)=1 
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And these give 5=1=d 

But this is not the case (by a previous theorem) since N > | (because for N = 1, it 
may be true) Hence a contradiction. 

Hence the theorem. 


Remark Thus we are lead to the question whether many fractions 2 exist with still 


< ar with c > 2 and what the greatest value of c may be. 


better approximation | Y -2 
Cc 
This equation was completely answered by A.Herwitz. 


5.2 CONTINUED FRACTIONS 
Observation 


Note I: Suppose our task is to solve the equation 
x -3x-1=0 (1) 
Now, x7-3x-1=0 


gives x=3+—=3+ 


(2) 


3+— 
x 
In this way if we go on putting 


3 + — in place of x it would continue for infinite times. And wilt give us to some 
x 


definite value? 
Let us view this from another anlge as follows: 
The numbers we get from the equation (2) we write as 


l 1 1 


3,3+-—,3+ 9 BM =, sevteseneeteettneee etc. 
2 3+ £ 3+ : i 
2 3+ 3 
And the above numbers thus we get are 
3, 10. 3.333 ..., 33. 3.3, a 3.30303, ... etc. 
3 10 33 


It is interesting to note that the above numbers are approaching the positive value 
of the root of the given equation (1) 
For we get from the given equation 


ge? +8 = 3.302775 ... @ 3.303 
Therefore, we now come to know that 
1 3+3 
34 ————_—_—————— = 
1 2 
sae 
3+ 
BA seecceee 


and this type of fraction is called a continued fraction. 
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Definition: i.e. a fraction of the type 


is called a continued fraction. 
Usually a,, a, 5,, 53, 53 ... may be any real or complex numbers 


However, our discussion would be only for the case where the continued fraction is 


of the type 
1 


which in short may be expressed as 
[@,, ay, 23, .., a] 


or 
Now we note how a rational number can be expressed as a continued fraction [When 
some number a is expressed as a continued fraction, it would be called the expansion of 


the continued fraction] 
2 sen 2t+ se =2t eee 1 =2+ — 
— 3+— 3+— 3+ 
9 9 9 444 
2 2 
= [2, 3, 4, 2] 
Similarly 


29 = [0,2,3,4, 2] 
67 
That finite continued fraction of above type denote a rational number is easy to 
follow. Now before going to prove that any rational number may be expressed as a finite 


continued fraction, we attempt to have a look at the usual division operation. 


Note Il: Let up, u, € N. then by Euclid algorithm (with usual notation) 
Uy =UjAg tu, OSU, <u, 
uy = una, +u, OS u, <u, 


Uy = U,Q,+ uy, OSU, <u, 
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Rewriting this we get 


Op = —~ = Oy + — 


I 
£ 
+ 
| 


i} 
& 
+ 


Il 

g 
w 

+ 


i} 

g 
w 

+ 


On 
So, 


& 
N 
iS 
oO 
+ 


WW 

Q 
oS 

+ 


so, Gy Sag ee 


Definition: This is called finite continued fraction (C.F). 
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Note: Here a, € {0, N) and all a,’s ¢ N 
CF. is 


a,t+ 1 


ee ee 
N-1 By 
dogs ole golly Gs, cA 
= [9 Ay, Qy, 23 5...) Ay] 
Definition: a’s are called Partial quotients of the C.F. 


Observation: 


qd) [a; a), Qa, a3, eety ay] 


1 
= | Ag Qj 5@7Q3,...4ny _2,4y_9,+— 
an 


= [4o, Gy, Ay, 23, +5 Ay _ 9 [Ay _ > Ayl] 


= [Aq Ay> As Ay +5 Air [Aj 4 > Aj 4 20 o> Ay] 
(2) Again if a, > 1, then 
[qs Ay, Bay Az, -+y Ay 42 Ay) = [Gq, Ay, Aq, Gz, «+» Ay, Ay — 1, 1] 

Also, [@9, @}, Gp, 35 ++» Ay _ yo Ay» 1] = [g, @), Gy, 3, Ay _ > Ay + 1] 
Definition: Such a C.F. is called a normalized C.F. 
Remark: Given a rational number a, Aa finite (simple) Continued fraction [a 9, 21, 2, a3, 
. Ay _ 1, Ay] with a; € N, either N = 0, or N > 0 and ay > 1 
Remark: If [a 9, a), 2, 43, .-, Gy _ 1, 4y] is not normalized, then 

Q = [Ap,4},4,43, ..., Ay _ 1, Ay] 


| 
= | Gq 24] 147 543,..Ay_2AnN_y>t —— 
; ay 


Properties 5.14. If N 2 1, a = [ap, a), Qy, 43, ..., Ay _ 4, ayl is normalized then, 
ay <a< a +] 
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Proof: Now, a = Q + mt 


G = [A9,A),45,43, ..., Ay _ > Ay] = [49,4,] 


1 
ay + ao 0 <a, = (45,45, ..., ay] 
1 


I 


a, > | (since it is normalised) 
If N > I, then a, =a,+—+ >a,21 


a, > 1 
*, in any case, a, > I 


I, F 
‘*, —— is a proper fraction 
a 
1 


and 
ay + we a, + | which gives 
a 
I 


ag <a<aytl. 


Remark: a = cE -4]- [a] 


Theorem 5.15. Every rational « has exactly one normalized continued fraction (NSCF). 
Proof: Suppose a has two NSCF, 

[Ags@ 29,035 +) Ay _ ys Ay] = & = [9,515,535 -s Oayy_ p> On 
Case (i) 

Let N = 0 Then, a = ap (an integer) 

M>0O 

; by <a<byt 1 

*. @ is a fraction, a contradiction. 

So M> 0, i.e., M = 0 and then a = 0 

: a5=a=b)=1 

Hence, a has exactly one NSCF. 
Case(ii) Let N>0, M> 0, 


I I 
Then, [4 9,4;,45,43, --. @y _ 1, Ay] = 4g + — = bg + p. .(1) 
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ay) = [a] = 60 
or ay = 5 
.. From (1), he eee gives 
a, By 
a, = B, 


ce OL = [4),45,43, ..., Ay), , = [6),62,53, .-. Oy) 
Exactly in a similar argument, a, = 6, and so on: 
; ay = by 
Corollary 5.46. Every a has exactly two SCF. One being normalized and the other not 
normalized. 
Proof Let a = [4,4),47,43, ..., Ay _ , Gy], an NSCF (ay > 1) 
and a = [bp,6,,54,53, --> Oyp 1] 
[69,5,5,53, Seay bap I]J=a= [4,4 47,43, sy An > An_ pp 1] 
By the previous theorem we Conclude that 


ay = by 
a, = 5, 
a, = by 
ay = by 


5.3 NOTION OF CONVERGENTS AND INFINITE CONTINUED FRACTIONS 


Till now we have seen that continued fraction expansion of a rational number is simple 
and finite. On the contrary in case of an irrational number, continued fraction expansion 
is infinite, of course, simple. 

We know that a number not possible of writing as the ratio of two integers is known 
as an irrational number. 


J/2 is an irrational number /2 > | and 1 is the largest integer which is less than /2 


Therefore, 42 =1+0a,0<a<1 
Let isl rena ek tana chien 
X92 Xo 
1 
a Par 
V2 =1+ : . Here, /2 + 1 > 2 (the largest integer). 
pera 


x= v2 412242 


%3 
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or = J =J/2+1>2 


A 


V2 =1+ oe and when we continue in this manner we get 
2+——=— 
42 +1 


42 = [1,2,2,...],=1, 2] 
Now The equestion is : Does [1, 2, 2, ...] respesent /2 ? 


Since, x=I1+ 
| 
2+ i 
2+ 
0. eee 
1 
= 1 
We get x=l1+t 
2+ - 
2+ 
QD wssseee 
1 1 
=] + —— =] + 
sg 54G=1) rae 
or x-1= J 
x+1 
or x =2ie,x= 2. 


Definition: An finite sequence a),a,,a, ... of integers, all positive except for ay, deter- 
mines an infinite simple continued fraction [a 9,a,,a, ...]. The value of [a),a,,ap, ...] is 


defined to be lim [ap,a), ... a,] 
n7>o 
If ag,a), ... is an infinite sequence then 
1 1 


ao —,; 


weve = [0g ,Aqy 0-9 Aye +] 
is called a simple infinite continued fraction. 


a Pj ; 
Definition: c; = —’s are called successive convergents to 


i 


a = [49,4 ,44,43, ..., Ay] 
Suppose ap, 2, @>, ... be an infinite sequence of integers, all positive except possibly 
a. 
Then we define two sequences of integers 
{p_ 2? P_ \> Po» P\> P2 ee 
and {9_ 25 V1 Vor V1 Ya» 
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inductively as follows: 
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= ay _\9n-~2 + InN-3 
= a4y—1 + In-2 


p»=9 q_7 
p= q_| 
Po = 4oP_; + P_2 Io 
Py = 4,Po + P_y and q| 
Py = np; + Po 92 
Py-1~=4y-\WPn-2+Pn-2 In-1 
Py = 4Py—\ + Py.2 In 
For the C.F. ; 
A = [49,41 ,07,03, ..., Ay] 
The successive convergents are: 
Po Pi 
qo 1 
a 
Now Cy = PO [ay] = . 
: qo .] 
Py 1 
eyo Sag al = ag 
1 7} 0 0 a, 
Aga +1 
’ a, 
_ “Pot P-i 
2199+ 9-) 
a, Pot 
Thus, Cc, = Phe [@9, 4,] = pala oS 
4199+ 9-\ 
P2 1 
Cy = —— = [49,1,09] = ay + 1 
92 a,+— 
a2 
7 @, Aga +ay +a, 
aja, +1 aay +1 
_ a (aga, +1) +a, 
a,a, +1 
GaP t P2 
429; +90 
ay p, + 
Thus, cy = fis [4 9,4) ,@,] = sr a ta 


92 429, +99 
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A, DP» + 
Similarly, pen Lae Be 1m 
93 4392 +9 


Py _ UPi-1 + Pi-2 


qj 4,9;-1 + 9-2 
61 
Example 1. ae [1,3,1,2,4] 


Solution: came Z 
q0 1 


P| _ 3x14+1 _4 


qj 3x1+0 3 
Po _ 1x441 =255 


9; 2%443 1’ 
Py _4x14+5 61 


q4  4x114+4 48° 


Theorem 5.17. p; 4 1 9; — 91+ 1 Pi = (-1)' . (*) 
Bs “ Pis1 Pi Q341Pi + Pi-1 Pi 4,,,D; 2D; D;- D; 
Proof: LHS''= | , ESN Go tg |e pth j i-l i 
° Bt Vint 4 i419) + Gi-1 9i 95419; qj qj-| q; 
a Pi Pj Pi-1 Pj Pi-1 Pi =(1) Pi Pi-\ 
*l)g, a;| \in-1 | [4-1 9 45 Gi-1 
Pi-\ P,-2 
=(-17 
9-1 W-2 
re P.2 0 
= (1) 9-1 9-2 (-1) 0 1 = (-1)' 


Remark: (1) (p;, 9,) = 1 Vi 


Otherwise, if G.C.D = d # 1, d| +1, impossible 
Hence. 
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(2) It is obvious that q, 2 0g, = 0 only when i = -1) 
(3) Dividing (*) by 9,9, , , (i 2 0) we get 


P; ‘ _1)\f 
heey an Pi: = Gat) (a) 
Fiat 4 9i4i 4) 
Since RHS is positive if 7 is even, and negative if / is odd. 
Po cPL Piy Pa Ps, Po 
qo q\ q 92 943 42 
1.€ Po < P2 < Pa < 
qo G2 44 
and pid at eee > 
q 93, 5 
= _ Pi ; 
Theorem 5.18. c; = [4,4 47,43, 244 fi) 
9; 


Proof: It is true when i = 0 for then cy = ay 


Po _ 4P_)+P-2 _ 4G_; _ 4-140 © 
and ee oe 
Qo 499_, + 9_2 q_2 a).0+1 
Suppose, the theorem is true for i i.e., assume that 
Py _-UPIA-1* Pi=2 
qj 4;9;-1 + 4-2 
Now, Cipy = [49:41 149,43, --» Bp A; 4 1] 


C; = [ag,4),4,43, ..., a,] = 


] 


= [9,01 ,05,43, oy G4 1 a + 


Git 


1 
a, +—-—— Pj-1 + Pi-2 
[., +] , OS Gi4j44 4 Pj + % 41 Pi-2 


1 (4;4; 41 +1)9;-1 + 9)419;~2 
aye Gi-1 + %-2 


i+] 


Bin (49-1 t9i-2)4 95-1 4M + G-1 Vi 
Hence by method of induction the theorem is proved. 


Theorem 5.19. If. is an irrational number then the corresponding continued fraction will 
be infinite. 


Proof: Let a « O° and [a] = ay 
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F 1 
Since, & =a) + a',0<a’< J and put, a’ = — 
a) 
Therefore, a, > f“and a ,£0° = 


aad: @ 1 
Similarly, a, =a, + —, a, > 1 and a,£0° 
a) 
a, =a, + , O14 ,> 1 anda, , O° 
Ont] 
Therefore, 
1 1 1 1 
a =a, + — re 


Obviously, POs @, a4,& Z,a’ seN, 


qo 
1 
Lal = a + — > vee 
q a) 
On+1Pnt Pn-1 
eo = 
Ons19n tIn-1 
Pr — alimit asn—> oo 
Vn 
We claim that this limit is a 
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(1) 


...2) 


Ph _ OnetPnt Pr-i Ph _ Ont 1PnIn + Pa-19n ~%n419nPn — PnIn-1 


An On 419 tIn-1 Gn 9n(%n419n + In-1) 


Pn-19n ~ PnQn-\ = (-1)” = +1 


Gn (On 419n + 9n-1) 9n(Cn419n + %n-1) Gn (On 419n + 9n-1) 


Here denominator > 4,9, + 


Since 9n+1 = 9n4+19n + In — 1 
1 
One 1 74,4 1, Because a, ., =a,41 + 5 
n+2 
Therefore, 
a Pn < l 
Vn WnIn+l 


188 NUMBER THEORY 


Now q,, is increasing and when q,, increases indefinitely as n —> 
We get 


a et — 0,asn— 0 
Gn 
Therefore, 
lim Bie a 
nao Fn 


Note: The representation of an irrational number by an infinite continued fraction 
suggests a question: what is the meaning of aj,qa,, ... ? 


Consider any sequence ),4),45,,,, ; Ag& Z, ay,dy,.. EN 

Can we attach a meaning to the infinite continued fraction? 

If we can, will the resulting number be irrational? and will this continued fraction 
coincide with the one obtained by applying our former process to the number in question? 

In fact if one forms a continued fraction from any infinite sequence of natural 
numbers a,,@>, .. preceded by any integer a,, then the corresponding sequence of 
convergence has a limit. 


Consider Po | Poe = 


, +. (the sequence of even convergence) 
%o 92 4% 


Now we have the sequence P2n_ is increasing, bounded above and all of these < es 
q2», 1 
Therefore this sequence has a limit 


one P2n+) ae 
Similarly the sequence formed by the odd convergence > has a limit. 
Gon+} 
Py, _jya-t 
Since ee es a shows that the difference between two consecutive 
Vm Ym-1 GmFm-\ 


convergence has the limit zero as m —> 


Therefore, the limit of the sequence of convergence is the value of infinite continued 
fractions. 


Theorem 5.20. The value of any infinite simple continued fraction [a9,a,,a,, ...] is 
irrational 


Proof Let a = [a9,4,,45,...] 
It is observed in the Note above that 


PO Peed P68 po PRPS PS Lt: 
“Ty 92 94 46 97 45 930 
And hence, 


FAREY SEQUENCES, CONTINUED FRACTION, PELL’S EQUATION 189 


Pa ae Prot 


< 
Qn Vn+l 
or 0<la-71<lnai-l, wA(*) 
Also we know that 
Pati Pn a =D (**) 


VWn+1 Vn Wn419n 
Therefore multiplying (*) by q,, and using (**) we get 


Pre -| 
= (99n + 1) 


Gn+ 


and “  0<|49,0—-p,|< 


(RR) 


n+} 
a F a... 
Suppose a were rational, say oa = ° with integers a and 5, b > 0. 


Then, (***) becomes 


0 <|q,a- p,b| < 


n+l 


Now it is possible to choose n sufficiently large so that b <q, , , (for the integers 
q, increase with n) i.e. then, 


<1 


0 <|4,4-p,b|< 
n+1 
or 0 <|q,a — p,b| < 1 and this is not possible. 
Thus the value of any infinite simple continued fraction is irrational.// 


Now we look at the two different infinite simy le continued fractions to see whether 
these converge to the same irrational number! The answer is negati¥e and this becomes 
clear from the following. 


First we prove the following. 


Lemma 5.21. If a = [a9,a),a, ...] is a simple continued fraction, then [a] = ag. And if 
l 
Gt, = [4,4,43, ...], then a = ay + Pa 
1 
Proof: As above we know that 
; l 
Po 2geel Le., a) <a <a, + —. 
qo q\ a 


Now a, 2 | gives ay < a < a) + | and hence a, = [a] 
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: ‘ 1 
Also, a = lim [a,a,,4), ...,a,) = lim | ag +-———— 
no no [a,,4z,...,4, ] 
1 1 
lim [ay 1p +--+ Gy] a, 


Theorem 5.22. Two distinct infinite simple continued fractions converge to different 
values. 
Proof: If possible let 
[a9,@),@5, ...] = [bp,b1,59, ...] = a 

Then by lemma 5.3.5 [a] = ay = by 

and eT ee ee Se ee ee 
[a,,a5,...J [b, 55,.-.] 

Hence, [a),q,, ...] = [5),5,, ...]. Repeating in this way we finally get a, = 5, for all n 

(by mathematical induction) 


5.4 APPLICATION TO EQUATIONS 
Consider the equation ax — by = | AL) 


Let 


Now, c, = . = = where p,, = a, 9, = 5; (a, 6) = 1, (&,, 9,) = 1 
n 
and we have, Pn %n—-1 7 4n Pn-\ = (-1)"> 1 
or aG,-;~ 5 Py, = Cl"! (2) 


Hence, if we take 
x =4,_, and y = p,_| 


we get, {9,-1> P,y-1} i8 a solution of 

the equation ax — by =(-1)"~! (3) 
If n is odd, (3) becomes ax — by = 1 and which is (1) and 
Hence X=q,-1 

and PSP i 


is a solution. 
If n is even, we can still find the solution by taking 
x=b-q,_, 
Ya Py. 
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Thus ab — 4, _ 1) ~ a — p, _ 1) = 49, | + bp, _, 
= (aq, _| ie bp, _1) 
=—-(-l)=1 

Le. a(b — q,_,) - a-p,_\) = 1 


Theorem 5.23. If (a, 6) = 1 and 


a 

— = [dp,@),d5, ..., a 
‘2** | 9°*2> > “yn |p 

b q; 


Then (i) (GY, _ 1» P, — 1) is a solution if n is odd 
(ii) (6-4, _,,4-p,_,) isa solution if n is even. 
Example 2. Solve 61x + 48y = 1 


Solution: The convergents are 


LD d 19 SY, } 
17473711748" 
Solution is CS beg = aS Say 
y=a-p,_,=61-41 = 47 
2 , x =37 
i.e. . phar 
Example 3. Find out one solution of 51x — 7ly = 1 
fe gg Leos : =O+ i =O+ z 
b I a (e20 1+ 1+ 
1 51 Sl 7411 
20 20 
1 1 
1+ 1+ 
ee 2+—! 
20 9 
sme 1+ — 
11 11 
ane 1 2% 1 
1 1 
1+ 1 1+ i 
2+ 2+ 
ee i 
u 142 
9 9 
=0+ — =0+ — 
1+ i 1+ i 
2+ 2+ 
1 
1+ 1+ 
l 1 
Ita 1+ 
4+— 


a,|,¢;= Pie i=0, 1,2, 2,0. . 


191 


192 NUMBER THEORY 


4 = 511012, 1,1, 4,2] 

6b 71 

Po Ku 8 P; 1x0 +1 1 P2 2x1+0 Z 
% 1’q, 1x1+#0 1’ q, 2x14) 3 


Ps _ 4*5+3 _ 23 pe _ 2*23+5 _ 51, 


a5 4*744  32'qg 283247 71°" 
Sh gy = Tl = 32 S39 
y=a-p,_, = 51-23 = 23 
x= a 
y=23]° 
Example 5 Find the integral solution of the indeterminate equation 


205x — 93y = 1 


Solution: Here,205= 5 x 41; 93 =3 x 31 and these are relatively prime. 
So the given equation has solution. 


Now we consider the continued fraction a = [2, 4, 1, 8, 2] and this has an odd 


number of partial quotients, but this can be replaced by 


205 
93 
The convergents are computed as follows: 


= [2, 4, 1, 8, 1, 1] the equivalent expansion with an even number of quotients. 


Here n = 6, p, _ | = Ps = 108 = yo, 9,_ 1 = 95 = 49 = Xp, and hence, 
205x —93y = 1 
x =X, + th = 49 + 93¢ 
Y =Yo t+ ta= 108 + 205t, t= 0, +1, £2, 


As a check, 
Let t=1; 
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then x = 142, 
y = 313 
and 205(142) —93(313) =29110—29109 = 1. 


As a general check we have 
205 (49 + 932) — 93(108 + 2054) = 1, 
Since the terms involving ¢ cancel. 


Example 5. Find the general solution of the equation 
205x — 93y =-1 


Solution: Here the number 205 and 93 are relatively prime, hence the given equation has 
solution. ; 


The continued fraction expansion of is 


205 _ 
93 
and has an odd number of partial quotients, so (—1)” = (-1)° = —1 as required. To find 
the convergents we set up the table = 


(2, 4, I, 8, 2] 


Now we see that 


hence a particular solution of the given equation is x) = 94 = 44 and y) = py = 97. -- 
The genera! solution, therefore is 


X =X) + th = 44+ 93t 
Y =Yo + ta = 97 + 2051, t = 0, +1, +2... 
As a check take ¢ = —1; then 
(x, y) = 49, — 108), 
and 205(-49) — 93(-108) = —10045 + 10044 =-1. 


Note: Equation of the type 


ax + by =c, (a, 6) = 1 
Once we have learned to solve the indeterminate equation 
ax + by=1 
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where a and 6 are relatively prime integers, it is a simple matter to solve the equation 
axt+by=c 

where c is any integer. 

For suppose that (x9, Yo) is any particular solution of ax + by = 1 

Then we have ax, + byy = 1 

Multiplying by c we get 

a(cx,) + b(oy) = 

so that (cx, cyp) is a particular solution of the given equation. Thus the general solution 
will be 


X = CX) + bt 
y=Cyy t+ at, 
t = 0, +1, +2.,.... 


To find general solution of the type 
ax + by=c 
first we find a solution of 
ax + by = 1, (a, 5) =1 


To do this, expand z as a simple continued fraction with an even number of partial 
quotients. From the table of convergent read off p,_, and q,,_ . 
Then aq,,_, ~ 5p, _, = 1 as before. 


This trick now is to write the given equation as ax + by = c in the form 
ax + by =c.l = c(aqg,_, — op, _ ,) 
Rearrange the terms to obtain 
a(cq,_., ~*) = by + CPy —1) = 
So, b | LHS but (a, 5) =, and 6 + a; so, b| cg,_, -x 
So that there is an integer ¢ such that 
cq, _; ~* = tb, (**) 
or x*cg,_,— tb (t**) 
Substitute (**) into (*) to get 
a (tb) = by + ep, _ 4); 
And solve for y to obtain 
y =at~ cp, _ ,(&) 
Conversely, for any integer ¢, a direct substitution of (***) and (&) into ax + by gives 
ax + by = a(eq, _ , — th) + (at-cp,_;) =... ¢ 
So the equation is satisfied. Thus the general solution of the equation ax + by = ¢ 


x=cq,_,— tb 
y = at—cp,,_,, where ¢= 0, +1, +2,... 
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Note: We observe the following: 


Consider the rational number of the type Zz (q > 0) 
q 


P_ rn 
we get —=a,+—, O<r,<¢q 
q q 
p 
Ifr,=0,then  — =[a)] 
q 
i 
If r, # 0, then Pag +teag++tr>0 
q q q 
| 
‘ 
As before, Looe a, + 4 0 Sr<r, 
Ifr,=0,then © =[a,,a)] 
2 ‘ q 4) 
feeOihen, “eee genens 
Wry # then ri = ay oe ry rn qd 


me 

rn 

Proceeding this way we get a sequence of positive integers viz. 
r Pry P13? ry? 

And such a sequence cannot be infinite. 


Suppose r, = 0 and then, 
Pp. 
ri = [),€7,03, ..., Ay] 


In above a@,,a5,a3, ..., a, are Called partial quotients. 


cy = a, 
fac 
2 | 
a 
1 
c, =a, + ae etc. are convergents. 
a,+— 
2 
a3 


Example 6. A farmer bought a number of goats and swine with rupees 80.00 per goat 
and rupees 50.00 per swine and in total he had to pay a sum of rupees 810.00. 


How many goats and swine the farmer bought? 
Solution: Suppose the number of goats is x and the number of swine is y 
Then we get 
80x + SOy = 810 
or 8x + Sy = 81 (1) 
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[As the value of x and y will be only the positive integers, from’ the above equation, 
by trial end error, we get the solution as follows; 
we go on putting the values 

x = 0, 1, 2, 3,..., 10 

and the corresponding values of y will be those where 81 — 8x would be multiple of 5 
and therefore y = 13 and 5 

Thus, the required solution would be 

(2, 13), (7, 5). 

It is observed that the procedure is not a suitable one. 

Now we take help of continued fraction as follows: 

Our first step is now to solve the equation 


8x + Sy = 81 
We first note that (8, 5)=1 : 
And we take continued fraction expansion of this number as follows: 
8 l 
= = | +—— =[1,1,1,2] 
5 1 
1+ 7 
1+— 
2 
Here, there are 4 convergents. 
3 
viz. = ese s. c= s 


It is seen that from c, = 5 we get a pair (2, 3) and this pair is a solution to the 


equation 
8x + Sy = 1 
for, 8x2-5x3=1 
Now, 8x + Sy = 81 gives, 
8x + Sy = 81 (8 x 2-5 x 3) 
or x = 162+ 5¢ 
y = -243 - 8 
and this true for ¢ = 0, +1, +2, +3... 
for tf = -32 we get x=2,y= 13; 
t = -31 gives x=7,y=5 ete. 


Example 7. Sailors, coconut and monkeys problem: 

The following problem is of considerable age and, in one form or another, continues 
to appear from time to time. 

Five sailors were cast away on an island. To provide food, they collected all the 
coconuts they could find. During the night one of the sailors awoke and decided to take 
his share of the coconuts. He divided the nuts into five equal piles and discovered that 
one nut was left over, so he threw this extra one to the monkeys. He then hid his share 
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and went back to sleep. A little later a second sailor awoke and had the same idea as the 
first, 

He divided the remainder of the nuts into five equal piles, discovered also that one 
was left over, and threw it to the monkeys. Then he hid his share. In their turn the other 
three sailors did the same thing, each throwing a coconut to the monkeys. Then next 
morning the sailors, all-looking as innocent as possible, divided the remaining nuts into 
five equal piles, no nuts being left over this time. The problem is to find the smallest 
number coconuts in the original pile. 


Solution: Suppose x is the original number of coconuts. 


1 
The first sailor took 5@ — 1) Coconuts and left te — 1) 


Similarly the second sailor took ' 


1] 4 4x-9 16x — 36 
—_ E (x-1)- | 2 Coconuts and left four times this number, or ad a 
515 25 25 


Similarly, we find that the third, fourth, and fifth sailors left, respectively, 


64x -244 256x-1476 1024x — 8404 ae 
125 625 3125 ; 


Now the number of nuts in the last pile must be a multiple of 5, since it was divided 
into five piles with no nuts left over. 


‘ 1024x — 8404 _ 
ence a A 
e 3125 - 


where y is some integer. Multiplying both sides by 3125 we obtain the indeterminate 
equation 


> 


1024x— 15625y = 8404 w(*) 
As (1024, 15625) = 1 the equation has solutions. 
We seek a particular solution (x,, y,) of the equation 
1024x— 15625y = 1 C*) 
To this end, the convergent of the continued fraction 
1024 


Sem (0, 15, 3; 1, 6, 2, 1, 3, 2, 1] 
15625 


are calculated 


Pt eb epee 
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The convergent cy yields the particular solution x, = gy = 10849, y, = py = 711 of 
equation (**). 
Hence Xp = 8404x, =91174996, 
Yo = 840y, = 5975244 will be a particular solution of equation(*). 
The general solution is 
x = 91174996 + 15625¢t 
y = 5975244 + 10241, t=0, 1, 2, ... 
Keeping in note that the values are positive, the possible value of ¢ will be -5835 
and we finally obtain 
x = 91174996 —91171875 =3121 


y = 5975244 — 5975040 = 204, which means that the original 
number of coconuts was 3121 and each sailor received 204 in the final distribution. 


5.5 QUADRATIC IRRATIONALS 
+J/D 


P 
Definition: A number of the form ————., where P, D, Q are integers, and where D is 


a positive integer but not a perfect square, is called a quadratic irrational, or a quadratic 
surd. It is the root of the quadratic equation 


Ox? — 2PQx + (P? - D)=0 
There are irrational numbers, which are not quadratic. The number x = 3.14159 ... is 
one example. The irrational number /2 is the solution of the algebraic equation x? — 2 
= 0 and is therefore called an algebraic number. Thus 


Definition: An algebraic number is a number x, which satisfies an equation of the type 
px" + a,x" 1 + a, = 0, where ap, ap, ... are integers, not all zero. 

A number, which is not algebraic, is called a transcendental number, The irrational 
number 7 is transcendental. 


We note the ICFs for J2,J3,V5 ... etc., . 


ICF for V2 
[V2] =1 
V2 =1+a0<a'<la'e O 
1 
=1+—,a,>l,a,¢ 0 
oy 
1 
or — = J/2 -1, 
Oy 
or a, = V2 +1, 
or a, =2+a",a'e O 
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or 


ICF for /3 


or 


or 


or 


or 


or 


LCF for /5 


Therefore, 


= —— = —___ = ———_ = J2 +] 
@=-2 241s? “W241 
=I1+ i 
2+ 
1 
2+ 
2 FE issies 
= {1, 2, 2,2, ...] 
= [1,2] 
[V3] =1, J3=1++,0,>1, a, <€ & 
Qa) 
_ 1 _ V34i 
3-1 2 
l,a,=1l+—, a >1l, ae 0 
a,-1 ~ W341 ae at 2 
oe 
[o,] = 2,0,=2+—, a,>1,0,60° 
a3 
a,—-2 4B 40-2 as =i 2 
oe ie es a 
1+ 2+ 14+ 2+ 


v3 


[V5] 


=[l, 1,2, 1,2,..]= [1,1,2] 
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Definition: The type of infinite continued fraction in which partial quotients are repeated 
after certain term is called a periodic continued fraction. 


Definition: If an ICF is periodic from the very beginning, it is said to be purely periodic. 


A purely periodic ICF is of the form [ay ,a,,43,...,4, ] 


Example 8. J2 =[I, 2] is periodic 
For, V2 =1+ Ace 
2+ I+ 2+ 
J2+1=1+1+ Je = [2, 2, .:.] = [2] is purely periodic 
2+ 14+ 2+ 
je sotalol t.. ei a itepenadie 


24+ 44+ 24+ 440 


J6+2=24+2+ at, in [4,2] is purely periodic. 
2+ 44+ 2+ 44+ 
Some result. 
Note: We note the numerators p, and the denominators q,, of the convergents c,, = Pn 


er ; F q 
of the infinite continued fraction F 


[api }y ay Gia] 


satisfy the result Pa4n—| — Pn—1Un = 1)” 
Pn-1 _yyn-l 
and this gives, il ae ey or and this gives 
Yn Yn- GWnAn-| 
(-1)""! 
Theorem: 5.24. c,—c,_; = ~——_, n22 
Wn @n—-| 
a,(-1)" 
Theorem 5.25. c,-—c,_ 5. = ————, n23 
GnIn-2 
Pn-2 — PnIn-2~ Pn-24 
Proof: GiGi gee Oe oe ed ao 
Gn Gn-2 GnIn-2 


Putting Pn ~ Fn Py | Pad Gn ~ Fn In - 1 + On - 2 we get 


Pn&n-2 ~ Pn-2%n = (4, Pp] ts Pn-2) Yn-2 — Py-2 (4, Wn-1 > In-2) 


= 4, (Py | Gn —-2—~ Pna-~24n- D a,(-1)"~! 
and therefore we get finally, 


a, (—1)"-2 
WnIn-2 
_ 1)"a, 
WnIn-2 


Cn “n—2 
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Note: If « is a periodic infinite continued fraction then a is a root of some equation of 
the type 


ax’? + bx +c =0 (1) 
abceZz 
a>0 
b? — 4ac > 0, and is not a perfect square. 
Obviously a € O° 


Example 9. Let a=4+ 
1+ 34+ 44+14+3+ 4+ 
Spee N Ue Ol Ge neniadic) 
1+ 3+ a4 
190+5 
or a= 
4a +1 
or 4a? — 180-5 =0. 
or a is a root of 4x7 — 18x -5 = 0, 


and, « is a quadratic surd 


Theorem 5.26. If a is a purely periodic infinite continued fraction then a is a root of 
some equation of the type 
ax’ + bx +c =0 (1) 
a,bceZ, 
a>0 
b* — 4ac > 0 
and is not a perfect square. 


Proof: Suppose a = [ap ,a),42,...,4,] 


= [09,01 ,Aq, ».-, Ay O] 


OP, + Pa—| ‘ee 
= ——————__ [a purely periodic ICF] 
Og, = Gn-1 
OF z 07g, + 09, _ 1 — Oy — Py 1 = 0 
Therefore, o is a root of the equation 
Vik + Gn—-1 — Pn) ¥—Py-1 = 9 sa). 


Thus o is either a quadratic irrational number or a rational number, but the later is ruled 
out by what we have already proved that the value of any infinite simple continued 
fraction is irrational. 


1 F 
Next a =a) + —~ >a, 2 1 gives, a> 0 
a 
1 
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, 
where mand ™ are the last two convergents to [b9,b,,52, .... 5;) 
q q 
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Now suppose a periodic ICF is 


B= [49,5155 seey bj, Ag 14) 42+» Ay] = [59,0202 teey b, a] 


But a is of the form 


am +m 
aq +q' 


J 


a+b 


c 
possibility of a being rational can be ruled out. 


, and hence is of similar form because, as with a, the 


Definition: (1) has two roots a and a’, say (a # a) 


They are called conjugate of each other 


Theorem 5.27. Let a = [a),a),a,, ..., a,] is purely periodic, 


Then (1) a >I 
(2) -1] <a’<0 (i-e., a is reduced) 
Proof: 
(1) a =a,+121>a,21 


Theorem 5.28. If a and a’ are the two roots of the equation (1) 


or 


And a is purely periodic, then 


a =a,+—~->a21>a> 1. 
bo 
(ii) OQ = [9,4y,Ay, «+» Ay] = [G94 Aq, «+» Ayy OL] 
= ap, ae Pn-} 
aq, +4n-| 
aq, + OG, — 1 — OPy - Py ~ 0 
Therefore, a is a root of the equation 
SO) = 97? + Gn — 1 — Pn) ¥ — Pn 1 = 0 w(*) 


The other root is a’ 


It is enough to show that (0) < 0 and, f(-1) > 0 
Now SO =-p,-; <9 
And SC) =4, ~ (Qn —1— Pn) -Pn-1 


Wn ~~ Un —-1 + Pn ~ Pp 1 29 


But f(-1) = 0 gives a € Q, a contradiction. 
Therefore, fC) > 0. 
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Definition: A quadratic surd is said to be reduced 


If (1) a>l 
(2) . -1 <a'<0 
Now is a root of 
ax* + bx +c =0 
a>0 
bceZz 
b? ~ 4ac > 0 
and a is not a perfect square. 
oe —b + Vb? —4ac 
2a 
_ P+JD 


, sayP =~ b, D=b* —4ac, Q=2a, 
where Q > 0 and P,Q, De Z, D>0 


ae -b +Vb? —4ac 


2a 


-~b-Vb* -—4ac 
a’= reo (a>a) 
a 


, 


The above supposition gives that 
() P<JD,0<P< JD 
(i) P>0.0'<0>0<P<JD 


Now, a>l,-l<a'’>ata’>0 
or 2(P/2) >0 or P>O0 
+J/D 
a> 1] gives Le or QO<P+4D, 
2_ 2 _ p72 _ 4 
Resin yt a Ld LL, Pe 
Q Q 
Q|P?-D 
. i) 0<Q<2J/D 
(iii) Q|P?-D 


Hence we get. 


Lemma 5.29. (i) 0<P< JD 
“@) 0<Q<2VD 
(i) Q| P - D. 
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(1) 
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+/D ! 


P 
Lemma 5.30. Let a = ser be reduced with Q| P?— Dand ay =[a], a=ay+ | ~ 
1 


Then a, is reduced and we can write 


P.+VD ; 
a, Pag. a ed Cpe Qed hg 
1 
Proof: —- =a - a) 
bed 
1 P*+R*J/D 
Gives a, = SS Pe ee: 
a — ay Q* 


Since a, ', the conjugate of a, is obtained from a, by changing the sign of /p, 


—- =O, — dp, since, a > 1, ay 21 


oO, 
So = <-—1, (since, a’ < 0) 
oO, 
P D 
We have pe ga ee 
Q om 
P- D 
egens ajyQ+JD 
a, Q 
D-(P- 
” a= Q _ QD -(P - 499)) 


P-4Q+JD = D-(P-a,Q)? 
Denominator = D - F? + 2a,PQ - a,°Q? 
= Y(Q' + 2ayP — ay’Q) = OO,(say), O, € Z 
Now Q| P*—DgivesQ ; D-P? 
or D-P = VO' P (say), O' e Z 


e P.+VD 


g 
| 
a) 
AS 
m 
N 


and D-P, =99, 
gives Q,|D- Pi or Q; | Pe — D. 


P,+VD 
Then a, is reduced and c, = — 0 P,Q, € 2,9,|D-P, 
n 


Proof: Applying the Lemma 5.30 times we get the result. 
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Lemma 5.32. The CF for a € Q° is periodic 


Proof: Let a = [ao,q,, ... A,, A, 4 1]: 
It is enough to show that 


Fi, j j N, i <j, such that a; = a, 


Y] 
P,+VD : 
By lemma 3, a, = Ppt ND where a, is reduced and P,,O,, De Z. 
2, 
Again we have, 0<P,< aD 
0<Q,<2/D 
4 


only finitely many integers (P,, Q,) since, P,, Q,, are bounded. 
Since the choice of x is infinite (n < N), (P,, Q,,) must coincide for some different 
values. i.e., 3 


i<j such that (P,, Q,) = (Pj, 9) (does not mean the GCD) 


ie, a, =a, [B= ad] 


i I Q,, 
Lemma 5.33. The a, of the last lemma can be chosen to be Oo (=dp) so that CF for a 
is purely periodic. 
Proof: by the last lemma we have, a, = aj, i<j. 
Suppose / > 0 (if i = 0, there is nothing to prove) 


We know that a, = a, + and «’s are reduced. 


Onset 


The same relation must connect their conjugate 


1 
bd 4 aad , 
1.€., (2 iia Bia oe ,0>a' >-1 
Ona 
bate j 
a = aia" 
n+1 
1 i 
and so, = =a, (i) 
One 
Now, O24) =a, + — 
a; 
and a =a eae (ii) 
: J-4 J-l og? an 
dj 


M 


aiid a, -+| [by (i)] 
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as 1 =~ 7 teesi ] a 
l= ee aj _ gives a;_, = a;_, also, a; = a, 
j 
; 1 1 veg 
gives a = ai ...{ili) 
i J 
using (iii), (ii) gives 
O71 “Oj -4 
Applying this i times, we get 
Oig(=a) = O,_ | = Oy (say) 
1 1 1 1 
a =a, + — ae 


ajyt+ apt ay_,t+ Oy, 


Consider N € N, N ¥ a perfect square. 

Now CF for JN cannot certainly be purely periodic, because the conjugate of JN 
is -/N and this does not lie between — 1 and 0 

Let [VN ] = ay and consider JN + ap. 

Conjugate of this number is —/N + a, which does lie between — 1 and 0 


Hence CF for JN + ay is purely periodic. 


If iN 24,42 : “ u : 


1 
Thich. <ionraeson este oot. 


Consequently, the expansion for VN is 
JN = [ay,@) ,4z5..., 2a ], 


where the period starts after the first term and ends with the term 2a, 


Jt as Me ok Ze Zz 
e.g., v2 =1+5—5—... and [V2] 12 -= [2] 


V6 = (2,2,4], [V6] =2, V6 +2= [4,2] 
Example 10. Evaluate the infinite continued fraction [1, 1, 1, ...] 


Solution: Let m=[1, 1, 1, ...]. 
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Then m=m+i/m 
And this gives 
m—m+1=0 
14+ /1+4 1++5 
Therefore, m= ae ae = -_ 


5.6 PELL’S EQUATION 
xr -Ny =] 
NeN 
xyeZz 
Case I: N = a perfect square, say n’, then (1) becomes x? - (ny) =] 
“. (x + ny) & — ny) =1 
or Ss y =] 
y=0 
are the only solution: so we are not interested in this case. 


Case Il: N # a perfect square 


Let [VN ] = ay 
| | | 


] 
Therefore, J/N + Qy = 2a, + —— ee 
a,+4,+ a, + 2a, 
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(1) 


sO JN Sage ee rs ee 
a,;+a,+ a,+2a9 
Now let, 
Py -1 Pn * A S 
——— and — be the two convergents coming immediately before the term 2a, 
Qn-1 In 
Pn-\ 1 1 1 
ie. =a,+ —— : 
Qn a;+a,+ a,_| 
1 1 
Pn =a, + ——— ... 
qn a,ta,+ a, 


By a former formula we get 


On+1Pn t+ Pn-1 
On419n + In-1 


where o,, , ,; is the complete quotient after a, 


Gn 
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or 
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O,4,—=VN +a, 


Substituting this value for a, , , in (i) we get 
VN (VN * 4), bg VN Gn 1 7 (VN ‘3 Ag) Pn Bo ee 
Here JN e€ QO and all others e N 


This gives 
Nq, =~ Pp ae Zena | 

909 n a Gn-1 = Pn 

Therefore, Pn —1 = Nn — Pp 
Qn —1 ~ Pn ~ %09n 
Substituting this in p,9,,_ | - Py—1%n = (-1)"~!, we get 
PrPn ~ 409n) — (N4y - QP) In = CI! 
— Ng? = (-1""7! A) 


If n is odd, (@,, q,,) is a solution of Pell’s equation r—NP=1 
If n is every, we take two consecutive convergents at the end of the next period etc., 
1 1 1 1 1 1 


i.e, VN + ay = 2a), + —— : a er, 
a, +a + a,+2a, +a,ta,+ a, + 


Since the term a, when it occurs for the 2"4 time would be @>,, + 1 if the terms were 


numbered consecutively and therefore to consider the new convergents, we have to 
change nv in (*) into 2n + 1 giving 


2 ere 
Panst 7 NQina1 =D"! 


and therefore, 


Theorem 5.34. (p,,,. |, 92, + 1) iS a solution of Pell’s equation in terms of convergents. 
Example 11. Find a solution of x? ~ 21)7 = 1 
Solution: Here, V=21, 


! 


or, a1 4 == 
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br eatlecet be l 58, 2141) 2141 
2 a)-1 vai+a_ | 2-1 20 4 
5 
1 
or, 7 nai Sar 
3 
l 4 1 
= = = = (21 +3 
i aS a ESE ae : 
or, a ake 
sig eh ace ss Bn SS 
4 a3-2 V21+3-6 21-3 4 
l 
or, ae acai 
5 


a, = -o=1 Waren 


a,-1 5 
or, Os = kt, 
a6 
1 5 
a, = ——— = —=— = J2144 
° a,s—l G24 
l 
or, a, = 8 + — 
a7 
l 1 J21+4 
eo FT eS «KER 
1 ae-8 J21+4—8 5 
or soe A ea 1218) 


1414+ 2+14+14+84+1+— 

a J/21 + 4 is purely periodic. 
Here n= 5 
the convergents are: 


Po. 28 
qo I 
Pi 5 
q 1 
BP goo. 
q2 2 
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P3 _ 23 
93 5 
Py _ 32 
q4 7 
PS: 2 5) 
qs 12 
x=55 
y=12]° 


Example 12. Solve: x? — 29)? = 1 


Solution: ¥29 = [5, 2,1,1,2,10] 
so J29 +5 =[10,2,1,1,2] 
Here n = 4. 

then X =Po,41 = Po 


¥~ Gan+1 ~ 499 
Convergence are 


5 11 16 27 70 727 1524 2251 3775 3775 9801 


x =9801 
y = 1820f" 


Example 13. Find a particular solution of he equation x* — 21;7 = 1 


Solution: Here NV = 21, and the continued fraction expansion of /21 is 


V21 = [4, 1,1,2,1,1,8] = [a,, 47 ,43,44 45 ,46,2a; ] 


and this shows that n = 6, an even number. A calculation shows that » = 6, an even 
number. A calculation show that 


c = 35 
oe 2 
so that x =pe= 55 
and x,? —21y,? = 55? - 21.12? = 3025 - 3024 = 1 
x, = 55 - a . . : 
Hence, y, =12 is a particular solution of the given equation. 
p= 


{Partial quotients begins from a,] 
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Theorem 5.35. If (x,, y,) is the least positive solution of x? — Ny’ = 1, then all the other 
positive solutions (x,, y,) can be obtained from the equation 

x, +y, VN =(, +y, VNY" (8) 
by setting 1 = 1, 2, 3, ... 


Proof: The values of x, and y, are obtained from 


x, + ¥,VN = (x, + y,VN )n by expanding the term 
(x+y, JN J)" by binomial theorem and equating the rational and purely irrational 
parts of the resulting equation. 
For, if (x,, y,) is the least positive solution of P -NyY =1, 
then the solution (x5, y,) can be found by taking n = 2 in (&). 


This gives 
Xq + Yo VN =(,+y, VN YP 
= (7 — Ny,?) + Qx,y,) VN 
So that Xy = xe + Ny,? 
and ar = 2x1, yy. 


Using these values, a direct calculation shows that 
= _ Ny,” = Gi? + Ny,) - N(2x,y,)" 
=x,4+2N x,y)? + Ny? —4N x)? y,? 
=x,4-2Nx,?y,? + Ny,4 
1 1 cA) 1 
= (@?-Ny,’) 
=1 
It can be easily shown that 
x aks Ny,? = (x,? = Ny,?)" = 1 
Thus, x, and y, are solutions of the equation x? — Ny = 1. 
Example 14. Find a second solution of the equation Fe 217° =] 


Solution: A second solution (x5, y,) can be obtained by setting n = 2 in 


Xn tI, VN =) t,dNY" 


where WN = 2] 

Xj =:9) 
and y, = 12 
this gives 


x+y, J21 = (55+ 12/21) 
= 3025 + 1320./9] +3024 


= 6049 + 1320/21 
and this gives that 
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X_ = 6049 
yy = 1320. 
These values satisfy the equation x* - 21ly* = 1, 
Since 
(6049)? —21(1320)? = 6590401 — 46590400 = 1. 


Note: In general, the solutions of Pell’s equation becomes large very fast. 


5.7 FIBBONACI NUMBERS ; 
a | 
Oo B 


A 
The line segment AB is divided at O in two parts so that 
..(i) 


AB: AO = AO: OB 

Suppose 
AO =x and OB = | then we get 

+1 

yt sz ore-~x-1=0 Ai) 
x 1 
Since the root of this equation should be only positive, 
~14+ V5 


so x= 
2 
This value of x is usually denoted by the latter @ and is called the Golden Ratio. 


From (ii) we get 
xv=xt] or,x=1l+— 
x 
and putting ED in place of x we get the following infinite continued fraction: 
x 


x=1+4 me | ee Og Pan a 


1+ 


C,=1, 
1 2 
C,=1+-=4 
2 a ie 
C-1+ 4 =5, 
1+— - 
] 
5 8 13 
Rg eR eg eae 
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The numbers we observe in the above convergents are 
1, 1, 2, 3, 5, 8, 13, ... ete 
and these are given in the following formula: 
Pall Oe gh tae) OW Ot ge PON pak Somme ne, Be 


Sometimes the sequence is assumed to start from 0 and then we write in the following 
form: 
Poa 0 Fee hea 2 te opel 
y 


And this is called the Fibonaci sequence. 


Fibonacci sequence is named after Fibonacci, an Italian mathematician of the 
thirteenth century who used this sequence to solve a problem about rabbit populations. 


Example 15. F, = 1, F,=1,F,=F,_,+F,_4223 
is given as the Fibonacci sequence: 
Prove that 
F\+Fot+F,+..+F,=Faag 
Solution: Since, 1 = F, = 2-1 =F, — 1, the formula is true for n = 1. 
Assume that the result is true for 1, 2, 3, ... k 
Now 
By Fy toch Py Ey Pt oe FB PP ei 
=p go DF Fee 
= peat heey! 


= Fyagn 


Example 16. Prove that F,, , 2 - FF 42 = C1" 
Solution: As before, F,? — F,F,; = 1 - 1.2 =-1=(-1)! 
Hence the result is true for n = 1 
Assume that the same is true for l, 2, ..., k 
Now Ppa — Feat Feng = Fee Fee tooo Feat Peso t Fea 
Fees hea ree 
= (Fy? Fey 2) = Ct = Catt! 
And the result follows by induction. 
The Fibonacci numbers satisfy many identities. 
We note the following example: 
Here the Fibonacci sequence is defined as follows: 


Rah mS, Spy tip aoz for 12 3. 
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Now we note the following: 
fh =i, 
Tt dS 2, 
ft fit =ltlT+2=4, 
fththth=l+1+24+3=7, 
Ltt Ai the Hehe 2 £33 12 


The very pattern of the above arrangement helps us to guess that 
n 
us j =fr+27! 
j= 


Example 17. Prove that in Fibonaci sequence 


Solution: Proof will be by induction as follows: 


1 
We note that Dae = | and this is same as f; +2-—1=f,-1=2-1=1. The inductive 
1 
hypothesis is 


2X Sy =tns2— 
j=l 


Now we show that 


n+l 


>» Sf; =fn+371 
jel 


f; -[ £4 ee 
f= 
=Gs2- ) ther he the hase 


1. Let ands be the fractions immediately to the left and right of the fraction 4 in 


n~1 
the Farey sequence of order n. Prove that b = b'= 1+ 2 7", that is, b is the 


greatest odd integer < n. Also prove that a + a’ = b.] 
a a’ a’ 
2. If rrr are any three consecutive fractions in the Farey sequence of order n, 
a’ at+aq" 


t SiS 
then prove tha i bape 
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3. Given that 2 and = run through all pairs of adjacent fractions in the Farey sequence 
of order 7 > 1. Prove that 
Prove that 


min( 2 2) = = and max (< 4) = x 
b'’b n(n—-1) bb n 


4, f and = are two rational numbers such that ad — bc = 1, 6 > 0, d> 0; n = max(é, 


d). Prove that ¢ and are adjacent fractions in the Farey sequence of order 7. 


5. Prove that in the Farey sequence of order » + | the above-mentioned two fractions 


need not be adjacent. 
EXERCISES 5.2 


1. Expand the rational fractions 14/5, -63/25, 101/201 into finite simple continued 
fractions. 


2. Convert the following expansion of continued fractions into rational fractions: 
[5, 1, 2], [0, 5, 1, 2], [8]. 
3. Let dp, a), ..., a, and by, b,, by, .... 6, , ; be positive integers. Prove the necessary 
and sufficient condition that [ap, a), .... a,] < 59, 5), .... 5, 4 ] are that 
(i) a; = b for 0 <j <n, then n must be even. 
Gi) if r = Min (/) such that a; # b, and r <n — I, then we require a, < 6,, but for 
r odd, a, > b,. 
(iii) in case r = n, then for m even we require a, < 5,, but for m odd we require 
a,>1+6, ora,=1+ 6, with 6, ,, > 1. 
4. Let a,, a,, ..., a, and c be positive real numbers. Prove that 
[a9, ay, ...» &,] > [ap, ay, --» A, + €] 
holds if n is odd, but is false if 7 is even. 
5. Evaluate the infinite continued fraction [2, 1, 1, ...] and [2, 3, 1, 1, 1, ...] 
6. Evaluate the infinite continued fractions: 
(i) [2, 2, 2, ...], 
di [1, 2, 1, 2, ...] 
di) (2, 1,2, 1, ...] 
(iv) [1, 3, 1, 2, 1, 2, ...] 


7. If two irrational numbers have identical convergents O° Zl, upto Pa prove that 


‘ : : , . ; qo 4% Gn 
their continued fraction expansions are identical upto a,. 
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8. a, B, y are irrational numbers with a < B < y. If a and y have identical convergents 
Po Pi 


qo 4% n 
9. Find.the general integral solutions of the following equations. Check each answer. 


(i) 13x-17y=1 

(ii) 65x — S6y = 1 

(iii) S6x — 65y = 1 

(iv) 13x-17y =—-1. 

(v) 65x — S6y =-1. 

(vi) 13x - 17y=5 

(vii) 56x — 65y = -3 

10. Two of these six equations do not have integral solutions. Find the general solutions 

in integers of the others. 
(i) 183x + 147y=9 
(ii) 34x - 49y = 5 

(iii) 183x —174y=9 

(iv) 77x + 63y = 40 
(v) 34x + 49y =5 

(vi) 56x — 20y = 11 


, upto Pa prove that B also has these same convergents upto zie 


1. Prove that F,, (< 7/4)" where F,, is the n term of Fibonacci Sequence 
2. Prove that PF, + Fy + Fet.. + Fy, = Fog, — 1 
3. FEA EP, * BE, te + By kg 
4. FP) + pF y+ PyFy to. + PoyPon se) = Fins 7 
5. The Lucas number L,, are defined by the equations 
L,=1,and Ll, =F,,,+ F,_, for each n 2 2. 
Prove that L, =£,_,+ L,_(" 2 3) 


Prove that Fy, = FLL, 
6. Prove that 
-lp = 
L, + 2L, + 4L,+ 8L,+...+2"-'L, =2"F,4,-1 
7. Write down the first ten terms of the Fibonacci series. Prove in general that any two 
consecutive terms are relatively prime. 


8. Prove that the Fibonacci numbers satisfy the inequalities 


n-| n 
34) char [SEY ite 
2 
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9. 


10. 


11. 


12. 


13. 


14, 


15. 
16. 
17, 


18. 


19. 


20. 


21. 


22. 


Prove that F 


mtn 


prove that F| F,, if m|n 


=F _ iF, + FF, 4 for any positive integers m and n. Then 


(Take n = mq and use induction on q) 
Prove that for n > 2. 


such that 2j < n+ 1 [use the fact that™C,=™-'C. »+™-'C] 
Find the following Fibonaci numbers (f, denotes the n Fibonacci numbers) 


@ fo fs - © ho ) f3 (©) fis ®) As 


n 
Use the fact that f. = f,42 —/4,4, for every positive integer k to find % f, 
kel 


Determine a formula for Lhoj-1 =f, +f,+..+5,— where n is a positive integer 


by examining the value of this sum for all small positive integers. Prove this formula 
using mathematical induction. 


n 
Prove that > i? =f? a Ah sa ke = ff, + for every positive integer n. 
j=l 
Prove that f.,./,1 7 tie = (-1)” for every positive integer n 
Prove that f,..1,4,-S,—14,-2 =fon—1 for every positive integer n, n > 2. 


Prove that fi, +f +--+Sn— Son =f, if n is a positive integer. 


1 1 5 ers Ji : 
Let F = . Show that F” = when n € Z+ 
1 0 AP Sei 


By taking determinants of both sides of the result above prove exercise (15) 
Show that x, = 8, y, = 3 is a solution of the equation 
r-Ty=1 
Show that x, = 18, y, = 5 is a solution of the equation 
x? — 13y* =-1, and proceed to the next period to find a solution of the equation x* 
~ 137 = 1 
Show that x, = 17, y, = 4 is the minimal solution of the equation 
x? — 18)? = 1. 
Find the next two solutions. 
Show that x, = 3, y, = 1 is the minimal solution of the equation 
x? — 107 =-1. 
Find a second solution by setting n = 3. 


QOOU 
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6.1 QUADRATIC RESIDUES 
Consider the general quadratic congruence 
ax” + bx + c = 0(mod m), a ¢ 0(mod m) AL) 

Note: (1) is a particular case of general congruence of nh degree. There we have reduced 
the problem of (mod m) to a series of problems mod p, a prime and the solutions mod 
p were to be found by trial of all residue classes. 

This is feasible for small p but impracticable for large p 

It is that defect which we propose to remain the case of quadratic congruence in the 
sense of proving another way of deciding whether another solution exists. 


Definition: If b = 0(mod m) in (1), then (1) is called a pure quadratic congruence (pure 
QC.) 

i.e., ax’ + c = (mod m), a ¢ O(mod m) is a pure quadratic congruence 
Theorem 6.1. Let p be an odd prime [for p = 2 it is trivial] 


And if a % O(mod p) then, 
ax? + bx + ¢ = 0(mod p) (1) 
is equivalent to the chain of the following, congruences 
uw? = b? — 4ac(moc p) 
2ax = u — b(mod p) 

Proof: By hypothesis (4a, p) = 1. Therefore (1') is equivalent to 

4a’x* + 4abx + 4ac = 0) 
or (2ax + b)? = b? — 4ac(mod P) 
or uw = b* — 4ac(mod p), where u = 2ax + h(mod p) 
i.e. 2ax = « — b(mod p). 


it 


Note: If there is no u satisfying u? = b* — 4ac(mod p) then there is no x satisfying the 
given congruence (1') and if there is a u satisfying 
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2 


u be — 4ac(mod p), then because (2a, p) = 1 there is an x satisfying 


u — b(mod p) and satisfying the given congruence. 


Ii 


2ax 


Remark: The solution of the general quadratic congruence mod m reduces finally to 
solutions of pure Q.C. modulo a prime. 


Hence we may consider a congruence of the form 
x* = a(mod p), (a, p) = 1, p an odd prime. 
Remark: The case a = 0(mod p) i.e., (a, p) # 1) is trivial having the unique solution 
x = 0(mod p). 


Definition: If the congruence x* = a(mod m) has a solution, then a is said to be a 
quadratic residue (q.r.) (R) mod m. 


If there is no solution then a is said to be a 
Quadratic non-residue (q.n.r.) (N) mod m 
€.£.; x* = a(mod 13) 


| Congruence | __ Solution | Rory 
Peeat |e ek war 
err ae ere 


x=9 
x=10 


Thus 1, 3, 4, 9, 10, 12 are R mod 13 

And 2, 5, 6, 7, 8, 11 are N mod 13 
Euler’s Criterion 6.2. 

If (a, p) = 1, p is an odd prime then 

pol 

aisaq.r. (R)\(mod p) if a 2 = 1(mod p) 

po! 
2 


And is a q.n-r. (N) mod p if a = —1(mod p) 


220 


Proof: (a 2— -1\(a 


or 
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ba aa 
2 + 1)=a@’- 1 = 0(mod p) (by Fermat Theorem) (1) 

pet pol 

Le., a 2 =I|(modp)or, a 2 

Let a be a q.r. mod p. 

Then Ax, & Z such that 


ay = a(mod p) 


=-—I(mod p ) 


or a= X97(mod P) 
p-) 
Pot 2 
a2= (x2) =x, ~ ls x2?) = l(mod p) by Fermat’s theorem. 
ia) 
Conversely, Let a 2 = I(mod p) 
If g is a primitive root mod p, then, 
g?) = g-! = 1(p) and p — | is the least such positive integer 
Now a = I( p), where, 2 is of the order of a (mod p) 
-1 
Therefore, A | e gives A | p—1 


p-1=4M, for someteN. 


or gt = gle] ag 
“ g' = a(p) 
-. dt € N such that 
g' = a(mod p) 
jee! pol 
Then g 2 =a 2 =\1(mod p) 
Gives p-tis(p-1) 


eN 


t 

2 

t 2 
(«| = g' = a(mod p) 


*. the solution x* = a(mod p) 


t 
x = g2(mod p) 
Hence a is an R 
Thus, 
p-!i 
aisRifa 2 = I(mod p) 
p-!} 
aisNifa 2 = —I1(modp). 
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Corollary 6.3. (1) If a is R and 6 is R, then ab is also R 


Proof: 
eet 
aisR .«. a 2 = 1(mod p) and 
p-! 
bisR b 2 = 1(modp) 
pat: pal pel pt 
(ab) =a2 a2 b2 #=1.1=1(mod p) 
ab is R. 
(2) If,@ is N and b is R, then ab is N 
Proof: 
p-1 
ais N “ a2 = -l(p) 
- And 6 is R gives b 2 =((p) 
p-!} p-|l p-l 
(ab) 2 =a 2 6 2 =-1,1==-1(—p) 
ab is N. 
(3) if ais N and b is N, then ab is R 
Proof: 
fed 
aisN .. a2 =-l(p) 
p-! 
and bisN .. b 2 =p) 
Bek: . Pole Be! 
(ab) 2 =a 2 6 2 =z-].-121(—p) 
ab is R. 
pal tal 
Remark: We have, (a 2 -1)(a 2. +1) =a@’~!-1 = 0(mod p) Ai) 
p-) p~l 


From (1) it clear that ifa 2 ¥# l(modp),ie,ifp+a 2 —]1 (ie. ais not Ror 
ais N) 
p-l p-l 


Then P| a 2 +lie,a = —1(mod p). 
p-~!l 


Therefore, ais Nifa 2 = -1(mod P) 
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p= p-1 


1 
Theorem 6.4. There is exactly quadratic residue and quadratic non residue 


mod p 


Proof: Let Ry = the number of q.r. (R) 
No = the number of q:n.r. (NY) 


Obviously Ry +N) =p-1 (1) 
prt prt 
Now a is R gives gq 2 = 1(mod p) .. a is solution of x 2 = 1(mod p) 
p~-|l 
RS Se (2 
Ry < FS | Q) 
And a is N gives 
pol 
a 2 =—1 (mod P) 
“. ais a solution of 
pot 
x 2 =-1 (mod p) 
p-l 
No < — oe(3 
3 (3) 
; p-l 
“. (1), (2), G) give Ry = oi a = No. 
Theorem 6.5. If a is R so is also 6 if a = b(mod p) 
Proof: a = b(mod p) givesa=b+aAp,rAEZ 
Pee 
And a is R gives a 2 =1(modp) 
or (b + Ap)? - )? = 1(mod p) 
p-! 
or 5 2 +p = \(modp)peZ 
pol 
or b 2 = I(modp) 
“bis R. : 
Lemma 6.6. The congruence x) = x?-! = 1(mod p) a*) 


has p — 1 incongruent solutions mod p 
viz., 1,2, 3,..,p—-1 
Proof: Because, this set is incongruent mod p and by Euler’s theorem every one satisfies 
(*). 
The set of solution can also be taken as 


$12, 49? 432 ot ey (2) 
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Because 
(i) they are p — 1 in number 
(ii) they all satisfy (*) obviously. 
(iii) they are incongruent mod p, 
For if m? and r” are any two positive roots, m > n, 


then lsn<msP— 
or 0<m—-n<mt+n<p-I1<p 
or m — r* =(m+n\(m—-n) #0(—~) ~. mm # r(p) 


Similarly, if m and 7» are negative, or one is positive, and the other is negative, we 
can prove the result. 


The proof of the following lemma is left as an exercise. 


ft 
Lemma 6.7. The incongruence roots of x 2 = I(mod p) ACP) 


2 
-1 
are given by te Za (2) 


in numbers 


() they are 2 — 


(ii) all of them satisfy (VY) 
(iii) they are incongruent mod p 
Theorem 6.8. (p, a) = | => x* = a(mod P) ... (1) has two solutions 
Bet pet 
Proof: (i) Ifa 2 = 1(>p), then ais a solution of x 2 = 1(mod p) (2) 


as | > , 
. solutions of (Y) in lemma 6.7 So, a is one of 


2 
seg? (Bs). 
3 : : J - 2 


p-l 
2 
Then (1) has the two incongruent solutions, x = 1 and x = —n 


(n # p—n, for n = p—n => 2n = p(mod p) > p | n, impossible 


{p-l 
since , 1sns(2 


Therefore, a is one of 


Let a =r’, lens 


2 
Bet 
(ii) Suppose a 2 =-I(modp) 
If not let x = c be a solution of (1) 


c? = a(mod P) 
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or a= c?(mod Pp), 
p-t 
or a2 = (c2)¥ ~ D2 
= ~' = |(mod p), by Euler’s theorem 
pri 
ie. a 2 = 1(mod p) which is not the case, Hei. e. 


Example 1. If prime p = 1(mod 4) and a is a q.r. of p, show that 
p-—ais also a qv. of p 
Hence show that 


-1 
if a, (i = 1, 2, 3, ..., - ) are q.r. of p satisfying 0 < a, < p, then 
3(p-1) 
a, =p =1) 
f= 


4 
Solution: If x? = a(mod p) has a solution, then a is a q.r. of p 
If a is a qr. of p, then 


p-l 

a2 = I(mod p) and conversely. 

Here p = \(mod 4) ie., p= 4k + 1, ke Z. 
p-| 
cy Talis 
and therefore, 

p-l 

a2 2 1(mod p) which gives, ak = l(mod p) 
p-) 


Now (p-a) 2 =(p-a)*# 


= p*—C,p*-'a +... +a 
= a+ rp 
= a°*(mod p) 
= I(mod p) 
(p — @) is a qr of p. 
Let S =a, +a,+... + ayy 


S=(p-a)+(p-a)+...+ (p— ay) 
2S =p+pt... to 2k terms 
= 2kp 


1 
S= kp = 7p - 1). 
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Ai) 


Example 2. Prove that if r is a quadratic residue modulo m > 2, then 


$m) 
r 2 = (mod m) 
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Solution: Since r is a quadratic residue mod m there is an a such that r= a*(mod m) Again 
a) = 1(mod m) Therefore, r°™ = a2) = 1(mod m) 


om) 
r 2 = 1(modm). 


Example 3. Let p be an odd prime. If there is an integer x such that p | (x* + 1) then 
= |(mod 8). : 


Show that there are infinitely many primes of each of the forms 
8n+ 1, 8n + 3,.8n+ 5, 8n + 7. 


Solution: Left as exercise. 


6.2 LEGENDRE’S SYMBOL 


The Legendre symbol is the special symbol associated with quadratic residues named 
after Adrein—Marie-Legendre, the French mathematician. 


0| if pla 

Définition: (<] = 1} ifais R,(a, p)= 1 [p—a prime] 
, -1} ifaisN 

Theorem 6.9. (1) f(a, p) = 1, then 


p-i 
(<] a 2 (mod p) 


Proof: (<) = +1, by definition 
Pp 


boa 


3 
» (Fe) -(9) 


Proof: : 
(i) if a is R and 5 is R, then ab is also R and then 


P 
Therefore (#) -r=ii=(4](4) 
P P)\P 


(ii) a is R, 5 is N then ab is N 


Ii 


+1(mod p) by Euler’s criterion 


p-l 
| a 2 (mod p). 
P 
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(3) =» 2 (d]---rer 98 


lg) Le )) 
= ae 


(lV) ora flea 
P 


since r* is always a q.r. 


(v) (r,p) = 1 then (=) - (] 
root (5) GI) ) 


p-l 
Example 4. If p is an odd prime, show that > (<] =0 


a=|1\P 
Solution: Out of 1, 2, 3, .... p — 1, half is R and half is V 
Gg 


Therefore, for one half ( 
Pp 


) = 1 and for other half (<} =~] 
P 


P-\g 
Therefore, > | —| =0 


a=i\ Pp 
Theorem 6.10. Let (a, p) = 1. 


If p = l(mod 4), then -a is R mod p if and only a is R 
If p = 3(mod 4) then —a is N mod p if and only if ais R 


pat el pal pal 
Proof: (-£) =(-a) 2 =(-l1) 2 a2 =(-1) 2 (<] 
14 
(i) If p = 1(mod 4) then 


-1 
p = 4k + 1 and therefore, ao = 2k, even 


p-l 
And (-1l) 2) =(-1)2k=1 
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ll 
1 
~~ [8 
—” 


Therefore, (-+] = 
P 


Fae a) 


+1 = +1 so, both + | or both — 1 (ie., both are equal.) 
-ais Riffais R 
(ii) If p = 3(mod 4) then 
p = 4m + 3 and so, 


p=1 . 
oa = 2m + 1 and is odd. 


pal 
So, 0 es Go ae 
Therefore, (-£) = (<) (mod p) 
P P 


Skat 
= _—— =] — 
P, P 

Thus, —a is N iff a’is R. 
Corollary 6.11. if p = I(mod 4) then — 1 is R 
and if p = 3(mod 4)-1 is N 
Guass’ Lemma 6.12. 


Let p be an odd prime and let (a, p) = 1, 4 denote the number of integers in the sequence: 
p-|1 
2 


a, 2a, 3a, ..., a... ..(1), whose least positive remainder mod p are greater than = 


(divisor less than p) then (<) = (-1)# 
v4 
Proof: Let a,, G5, ..., Oy, be those among the least positive remainders of the numbers 


in ...(1) which are greater than = then the remaining numbers are B,, B,, ..., B, such that 


A+ pea. 


tll 
Q 


(<) P*=—1 (mod p) (ii) 
p) 2 
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Next the numbers P-~%,p-Ay .., p— a, By, Ba, .-> By ...{iii), 
p-! 

all occur among | eae Ae Se an" 

Moreover, p — a, # Bip), 
for p-a,= B; 
gives a, + B, = 0(mod p) 
or a; + pq, + B; + pq, = 0(mod p) 

-1 

or as + at = O(inod p) (1 sts, 


since ©, B; are remainder of the form ka are divisible by p] 
or pla(st+d 
p|s +t (since, (a, p) = 1) 
which is impossible. 
Thus the numbers p — @,, p — Q, .... P — Oy Bi, Bas. B are exactly the number 


ere: ae 


in some order. 


a] = 
Therefore, © “—! = 1,23... —— 
2 2 


=(p-— a) (p-%)..(p- a) B, By... By 

= (-0,) (a) ... a,) By By -.. B, (mod p) 

= (-1)P ajay, ... a, B, By ... B, (mod p) 
putting in (ii) and cancelling «’s and B’s we get 


() = (-1)(mod p) => (] =(-1)', 
Pp Pp 


[since, () = +] = (—I)p and both must be same otherwise # (mod p)] 
Pp 


p?- 


Example 5. Show that (2) = (-1) 
Dp 


-1 
Solution: Consider the numbers 2.1, 2.2, 2.3, ..., 2 


i.e., 2, 4, 6, ..,p- 1 


Clearly p = the number of 2x such that a <2x <p 


. Pp Pp 

- ie. f<x<t Pr Ge 
ie, eaguuee (*) 
Let p = 8k+r,r=1,3,5,7 


If r = 1; then (*), becomes 
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ee bez cape lt 
4 2 


i.e., 2k+ 1 sx 4k, 
w= 4k — (2k + 1) +1 = 2k 
Gilt 1, 


2-4 


( aeat eee P 
So, (2) =1=(C1=(-1)e = (-1) 2 
If r = 3 then (*) becomes 


2k+1<x<4k+ 1; Therefore, 1 = 2k + 1, therefore, 


p?-l 


2 Ese 
(2] = (-1)k+ = cy) 8 
If r = 5 then (*) becomes 
(8k + 54 <x < (8k + 5/2, or 2kK+2<x<54k+2 
w= (4K + 2) -(2k + 2)+1=2k+1 
ad Gel aa 


prel p?-l 
So, (2| = (-1) 3 ines 3 
P 
2 2 2 
-1 =] -1 
Note: p= 8k+r, >—— = 8k +2 +— ; = —— (mod 2) 
0) ifr=1 
2 j as 
r“-1 l| ifr=3 
And, =f. 
" 8 3} ifr=5 
6| if r=7 
pe! P-l 1) ifr=1,7ie., if p=+1(mod8) 
_ =(-] = 
Hence “ee Bee ae oe 


Example 6. Show that if p = +1(8) then 2 is R , 
p = +3(8) then 2 is N 
or 
Example 7. Determine the prime for which the integer 2 is R and those for which it is NV 


Example 8. Determine: (2} 
P 


Solution: Here we consider 


-]1 : 
ech ae cea _{l) 


py = the number of these among (1) which lies between > and p = no. of x such that 
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Pe3xy<pie, 2 <x<2 
2 6 3 
Let us put p= 2k +r, r=1,5,7, 11 
(1) r= 1 gives 2k + = <x < ak + = 
ie., 2k+1<x<4k 
”. = 2k and so Cl! =Cl*=1.-. GBip)=1 
(2) r= 5 gives 2k +> <x<dk+ 1+ 


2k+1<x<4k+1 
w= (4k+ 1)—(2k+1)+1=2k+1 


and so | Ch eens (3}-- 


(3) r=7 gives 2k+ 1+ 2 <x<dk+2 +2 


2k+2<x<4k+2 
uw = (4k+2)—(2k+2)+1=2k+1 


and so Gif Sent" =e: « (2}=1 
Pp 
5 2 

(4) r= 11 gives Bera SRE Oa 

or, 2k+2 <xS4k+3 
wu = (4k+3)—(2k+2)+ 1=2k+2 
so Cyt = (-1Ft2=10 (2-1 
p 


1) ifr =1,1li.e., if p=1,11(mod 12) 
(3/p) = 


-1l) ifr=-lie,if p=5,7(mod 12) 
3 is R for p = +1(mod 12) 
3 is N for p = +5(mod 12). 
Theorem 6.13. If (a, p) = 1, where a is an odd positive integer, then 
I 


(<] Z 1 £4] 


P 


Proof: If we divide ja by p, we obtain ja = pg + r, where 0 <r <p and r is one of the 
numbers 


1,09, ..., Oy, B,, B2, .... By, with 
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[as in the proof of Gauss’ Lemma] 


p-l 
Atp= 
vn 


Now ja = pq + r gives 


Fe] -[er5]-« 


ja 
Therefore, ja= |=| ptr 
tw-) — dw-n 
2 ; 2 ja iad us 
Thus py eager > fe La; + DB, 1) 
j= j=l P i=<l + k= 
1 
3(P-)) mM x 
since, / Yr =Ya;,+ XB, 
1 


In the proof of Gauss’ lemma, we established that the number 
PP ~ 1), P— Oy, oy P~ Hy B,> Ba, -» By 
are just the number 


1223 pcx, 5 in some order 


1p-1) 


: -1 
Therefore j =1+2+..+ Ly 
={ 


Jj 


=(p-a)+@-a,)+..+@-a,) +B, +B, +... + By 
a 
= pu a, + ZB, (2) 


(1) — (2) gives 
1 1 
2-9) ia ja : Mm 
(a-1) Sf =py YL {—l-yp+ RL, 
j=l 1 P 1 
Now, a= I(mod 2) > a— 1 = O(mod 2) and p = 1 (mod 2), 2 = 0(mod 2) 
. Therefore (3) becomes 


O=1)' ¥ Be + O(mod 2) 
p 


> B = (mod 2) 
1 P 


de ee 
yr [2] =u 24102 
Pp 
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1 
zP-h ja 
(<) = (~1)! = @ 1 t4 = (1) j eI 
Pp 


Example 9. Determine (=) 
Pp 


-1 
Solution: Consider 5.1, 5.2, 5.3, ..., 5a 
u =no. of x above between, . < 5x <p, i.e., - <x< 7 
Let p=20k+r, r=1,3,7,9, 11, 13, 17, 19 
(i) r = 1 gives 


2k+ <x < dk + <, or k+1 <x < 4k 


w= 4k-(2k +1) + 1=2k 
C1)t = C1*=1 


Therefore, (:] =1 
Pp 
(ii) r = 3 gives 
eee sae aS 
10 5 
or 2k+1 <x < 4xk 
w= 4k (2k + 1) +1 =2k, 
Cll = Clr <1 
5 
Therefore, (=) =] 
P 
(iii) r = 7 gives 
2+ L <x<4k+1 a 
10 5 
or 2k+1<x<54k+1 
, w= (4k + 1)-(2k + 1) +: 1=2k +1, 
GUE 2Gira Sal 
5 
Therefore, (=) =-] 
Pp 


(iv) r= 9 gives 2k + = <x<4k+1 +3, 


or, 2k+1<x<4k+1 
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p=2k+ 1, 
Clyt = (14th = -1 
5 
Therefore, [3] =—| 
P 


(v) r= 11 gives 2k +1 +— <x <dk +242, 


or, 2k+2<x<4k+2 
io u = (4k + 2) — (2k + 2) +1 =2k +1, 
; (-1)# =(-17***! =~] 


(vi) r= 13 gives 2k+ 1+ So <x < ak +243, 


Or, 2k+2<x<54k+2 
: = (44+ 2)-(2k4+2)+1=2k+1 


(vil) r= 17 gives 2k + cx < 4k +3 + 2 


or, 2k+2<5x<54k+3 
. w= (4k + 3)-— (2k +2)+1=2k+2=2(k+ 1) 
DE = Cire =] 


(viii) r=19, 2k+2<x<54k+3 
p= 2k+2 
Therefore, (1)? =1 


5 is Ris p=+1, 3(mod 20) 
and 5 is N if p =+7, 9(mod 20). 


6.3. QUADRATIC RECIPROCITY LAW 


The quadratic reciprocity Law is one of the jewels in the crown of ‘The Queen of 
Mathematics’ the theory_of numbers. 


Quadratic reciprocity law deals with the solvability of quadratic congruences. 


Theorem 6.14. If p and g are odd prime numbers, then 


234 NUMBER THEORY 


(2\(2) = (130? -D3@-P (*) 
AG : 


[Eisenstein Geometric proof of Quadratic Reciprocity Law.] 


Proof: we have 


Comparing (*) and (Y) we have to show that 


1 1 
59-) s(e-) 
2 ip|. 2 k 1 1 
x [2] x 2 = <(p-)@-1) 
1 q a | 4 2 2 

The method will be to count the lattice points in a portion of the xy plane in two 
different ways. 


Consider the rectangle in xy plane bounded by 


The diagonal of this rectangle is y = —x 


0 1 2 3 4 5 6 7 8 9 10 11 


Let T, be the portion of the rectangle below the line OA and 7, be the portion of 
the rectangle above the line OA. 
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Since p and q are primes, > is a fraction, therefore, none of the lattice points interior 


to the rectangle lies on the line y = a . x (or, OA) 


Hence the lattice points, all lie in 7, or 7, To count the lattice points interior to 7, 
we observe that if 1 <j < p/2 


The number of lattice points in 7, that are directly above the point (j, 0) is 2} 
P 


Since the equation of the diagonal is y = x. 


wy ps 


1 
se Stade stig BC 
Thus the number of lattice points in 7, is % |— 
1 


10 ip 
In similar way the number of lattice points in 7, is % (| 
1 


Thus the number of lattice points within the rectangle is 


SQ-Dp 9 Hen) . 
= || + > | and it is obvious that the rectangle contains a total of 
1 q 1 
1 1 ‘ 
3? = )>@ ~ 1) lattice points (ii) 


From (i) and (ii) the result follows. 
Following are different forms of quadratic reciprocity law: 


Form |: If p and q are distinct odd primes, then 


(Efs)-takrne 


Since, (2) is + 1 or — 1, we have 
q 


IE) geet 
Form Il: [2] = [Z}t-yae-rae-? 


[This law is stated in this form also] 
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Form Ill: (4) = (2) unless both p and q are of the form 4m — 1 in which case (=| 
P q p 


-lq-l . 
Since P 4 is odd for p = q = 3 (mod 4) i.e., p and q are of the form 4m + 


3 and is even if one of these numbers is of the form 4m + 1, the above law can be 
formulated as follows: 


Form IV: @ = [2] if p = |(mod 4) or g = 1 (mod 4) 
P q 


ie., one of p and q is of the form 4m + 1 


[+] 2 {2} if p = q = 3(mod 4) 
Pp q 


i.e., if both numbers p-and q are of the form 4m + 3 
Form V: The congruences 
x = p (mod q), y? = q(mod p) 


are both solvable or both unsolvable unless p = g = 3(mod 4), if p = g = 3(mod 4), then 
one is solvable and the other unsolvable. 


Corollary 6.15. Let (p, g) = 1, 
(i) if p = 3(mod 4), ¢ = 3(mod 4), then p is R mod gq if g is N mod p 
(ii) if p = 1(mod 4), g = 3(or 1)(mod 4), then p is R mod gq if g is R mod p 


Proof: (i) Since p = 3(mod 4), g = 3(mod 4) 


1 1 
Then, (2\<] = (13? P9@-D on (PA NeerD 2 
qj\P 


Therefore, [2] = (2) 
q Pp 


This means that p is Rmod q iff q is N mod p 
(ii) Since p = 1(mod 4), g = 3(or 1)(mod 4), then, 


1 1 
(z\2} = (1)? -D3O-Y 2 
ap 


1 ‘ i 
GO — 1) is always even as p = 4k, + 1) 


So, p is Rmod q if q is R mod p. 
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Example 10. Find @ 


17 
Solution: i) = ca = (2) x (=) 
17 17 17 17 
2 4a7-1 
Now 7 = 22 (mod 17) = 256(mod 17) 


Now, 256(mod 17), 


1 
= +1(i.e., 2 is R mod 17) 


= (2) = (2) [since 17 = 2(5) and (<] = (4) if a= b (p)] 


(5-1 
= 22 (mod 5) = 4(mod 5) 


( 
( 
Therefore, ( 
( 


Therefore, 


(2) = 4(mod 5) 
5 

But —l = 4(mod 5), 
Therefore, (2) =-l,. 


So, (4) = 1(-1)=-1. 


Example 11. Determine (=) 


Solution: (-2) a (=aes*7) 
(Gi) GiGi) 


(12° ~ (mod 31) = 1)" (mod 31) 5 —1(mod 31) 


Now, (3) 
31 


1 i 
And, (=) a(ee se (#) 


3 


= if 3) Gf Sl) fl) - 
=(-1) (2) (24) () 1 {for, 31 = 1(3)] 


Therefore, (2) =-l 
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2 = =~ 
(2) = 1[31 =—1(mod 8)], 


3)-"")--2)--9 9-0 

31 7 7 7 3 3 
Therefore, (-2) = (-1).C1).0).() = 1. 

Example 12. (2/p) = 1 if p = +1(8) 


=—-1 if p = +3(8) 
Solution: [Left as exercise] 


Example 13. Find all primes p for which —3 is a q.r. 


Solution: (=) er (=! (3) 
P p)\p 

= (-1)2-P (17? D9O-D (2) 

2) Z @ [r= 1 or 2, p= 73), r= 1,2] 


If ry = 1, then (=) = () = +1 therefore; -3 is R if p = 1(mod 3) 
Pp 


or 


If r = 2, then (=) = (2) = 20-192 (3) = 2(mod 3); 3 is N if p = 2(mod 3). 
p 
Example 14. Find all primes for which 5 is a q.r. 
1 1 
Solution: (=) = (—1)20?— D36~P (2) 
Pp 5 
1 
s(p-1).2, P 
(-yz7-(2) 
= (2) - (<) [p=765)] 
If r= 1 then (=) = (3) = 1 therefore, 5 is R if p = 1(mod 5) 
P 
1 
~(S-1 
If r = 2 then (2 = (2) = 22°) (mod 5) = 2%(mod 5) = 4(mod 5) 
P 
3 
P 


ro ™ 
Nee Net 
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5 is N if p = 2(mod 5) 


1 1 
Iifr=3=>then [>| <= (2) = (125-9 38-0 () " (3) 
p}) \S 3) (3 


= (2) =~ [since 5 = 2(mod 3), 3 = 3(mod 8)] 


(:) =-—l,ie., 5 is N if p = 3(mod 5) 


ks 5) (4). (2)(2)-(22)-1 pi 
If r = 4 then [=] (+) (2)(2) @ 1 [2 is always R] 


5 is r if p = 1, 4, (mod 5) i.e., p = +1(mod 5). 


6.4 QUADRATIC RESIDUE FOR COMPOSITE MODULES: JACOBI’S SYMBOL 


The Jacobi symbol, named after the German mathematician Carl Jacobi who introduced 
this symbol. The Jacobi symbol is a generalization of the Legendre symbol. Jacobi symbol 
is useful in the evaluation of Legendre symbols and in the definition of a type of 
Pseudoprime. 


Let (P, Q) = | and Q is an odd positive integer with prime decomposition 
r Be 
Q= iu Pj 
i= 


id 


Then Jacobi’s Symbol z 


is defined as follows 


(i) (4) =1VPeZ 


0 QT el. 


P 
where (=) is Legender’s symbol 


t 
P : 
Remark (=) =O if (P, O)¥ 1 
Q 
Proof If (P, Q) # 1 let g be a common factor of P and QO 


P 
[=] = 0 by definition of Legender’s symbol. And is a factor of (4) 
q 


Hence (=) =0 
Q 
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Proposition 6.16. 


(i) (4) has always the value 1 or —1 


Proof: Follows from the definition 


(ii) (P, Q) = 1 and P is aq.r. of Q then (4) = 
Proof: If x? = P(mod Q) has a root for each i= 1, 2, 3, ... then the algebraic congruence 
x? = P(mod p;) has a root. Consequently (=| =1 fori=1, 2,3 ...7 [by Legender symbol, 


i 
since p is a R mod pi] 


P ; 
Remark: Converse of (ii) is not true ice., (If (4) = 1, P need not be a q.r.) 


Theorem 6.17. If Q, P,, P, are odd positive integers, then 
(B8)- 28) 
¢ ( Q I Qo) \@ 
(5 \z)-laa) 
OQ. 2,2, 


. (2 
(iii) P; = P, = (mod Q) > Oo 


re 


——” 


2 
(iv) (R. Q)=1> (=) 


0 (2)-ei 


me 4g? -1) 
(vi) (2) = (-1)8 
rie) 
(vii) (P, Q) = 1, and P is also an odd positive integer, 


1 1 
Then (Z\) = (-1)2- IB (e-) [Reciprocity Law] 


Proof: Proofs of (i) to (iv) directly follow from definition. 


1 
v) (=) = (2-9 
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(v) is true for O = 1. 
Suppose Q > 1. 
Suppose Q = p,.p>.P3 .-. p,, where p; are odd primes not necessarily distinct 
Therefore, (= = (=) (=| -(2) 
Q P| )\ P2 Py 
rf Vig is Bul 
=i a = (121-9 (ayaa. (aya 
Pol P, 
Ep (%-0 
=(-) 
The result will be proved if we can show that 
ae 1 1 
2 (Pi -le= ae l= 5 PiP2 . P, — 1)(mod 2) .(*) 
(*) will be proved by induction 
The result is true for r = 1 
Suppose (*) is true for r — 1 
r-If p.-] P)Po--Pp_1 7-1 ; 
iE (4) « [eter (mod 2) ) 
1 2 2 
; Et ppd) to peel) pea) 
Again, —— |= —— | + ——_ 
win EPS) "5 [PP 
Using (**) we get 
r{p,-] P\Po+--Pp-1 7-1 
$(2=) = [Peet ty Be ees | ial ee 2) AP) 
1 2 2 
Now p, are odd primes 
Therefore (P) P2P3 -» Pp, — Cp, — 1) = O(mod 4) 
Therefore, Py Pz P + Pp Pp ~ Py P2P3 -» Pp-1 — Pp + 1 = O(mod 4) 
> (P) P2P2 + Pp-y — 1) — (Py P2 Ps P, — 1) + Cp, ~ 1) = O(mod 4) 
Ppp 7! Dp, — 1 -] 
or Lol fm pea a Pe = 0(mod 4) 
2 2 2 
P\Pz+-Pyp_y- 1 ~1 ype 
an 1P2+*Pr ie of eg Pa (pod ea Sab (mod 2) 
2 2 2 


Therefore, ‘YY becomes 


rf p;~-1 = P\ Pz +P, ~ 1 
(2!) =A fms 
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_ (+c — 1)(mod 2) 


Hence the result follows by induction. 


(vi) (2) = (-1)22-? 


mest: (2) : (2) (2).{2} . 0 Qi yee = ry 


The theorem will be proved by the method of induction 


The theorem will be proved if we show that 


r 2_] 2] p- p2... 2_4 
(=) (=) = ae 8) (4) 


The result is true for r = 1 


til 


Assume that it is true for r — 1, i.e., 


r-l 
3 a De 5 (Fi p2 ... p2_, ~1)(mod 8) AC) 


r r-1 
Ee(pP 1) = E 5p? +5 (p? ~ 1) mod 8) ..C¥) (using (*%) 


Now if a is any odd integer then 
a’ = 1(8) gives a* — 1 = O(mod 8) 


Consequently 
(p? p3 . p2_, -1)(p? - 1) = O(mod 64) 
or P; P2 ... p?_,p? — p2 - p? p3 ... p?_, +1 =0 (mod 64) 
or P; P32... P2_, ~ Py 2 ... p? + p? — 1 =0(mod 64) 
or (p? p3 ..- P2_, ~1)~(p?p3 ... p? - 1) + (p2 +1) = 0(mod 64) 
Z ye 2 a 2.2 2 
Py P2--Pr-1-!) | pipg--pe-!) 174 
or [Ae a) [eke +5 (P? -1) = o(mod 8) 
22 2 
PY P2--Pp-j-1) 4 1 
or eee -I)= 3 (PiP2 ... p2 ~1)(mod 8) 


Then, ¥ gives, 


(p? ps Oe - 1) (mod 8) 


Therefore, * follows by induction. 
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(vii) (P, Q) = 1 and P is also a positive odd, then 


518) 


Proof: If P or Q equals 1, then the result is immediate (since both sides equal to + 1) 
Let P = 4192 + V5 
Q=p,p,..p, “° (P,Q)=1 -. p; #9; for all i, j 


, q; 
Consequently @ and [#4] are non zero 
1 Pi 


(5(8)-A()A(S)- ALAA 
p (9-05) -D 
me) 


= (=) {*) 


LS 
Hl 
es fe 
lena fo 
Sm OT 
Q 
~, 


But from, 
1 1 
Ls CP; mS 3 PiP2 oe Pp 1) (mod 2) 
And the corresponding result for 


1 1 
P = q)qy » y the RHS of (*) is equal to (-1)2°?~ 93>, 


Example 15. Show that the congruence x* = 15(mod 1093) has no solution; 


[i.e., to show that 15 is N mod 1093; i.e., (45) =—]] 
1093 


Solution: We first note that 
Greg 
P P)\P 
Pp dip-nsa-n (4 
and =| =(-1)2 2 = 
q P 
. a b). 
also, () = (2) if a = b(mod p) 
Pp P 
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nom (588) (bald) -2EZ)-OD 
-if2)-() 


=-] (2 is R if p = +1(8) 
2 is in if p = +3(8)] 
Therefore 15 is a q.n.r. mod 1093. 


Example 16. Show that the congruence x* + 3 = 0(mod 59) has solution 
[i.e., -23 is R mod 59. i.e., (-23/59) = 1] 


Solution: (-2)(\2 3) ae 1)3°223*58 (2) 
-ccn=(2} 
=(- 1) 3125 *22 (2) - (2) 


fsince, 23 = 10(mod 13)] = (2 2 2\5 2 4 


13 A13 
“ent? (2) 


-en(2)-caf of 


=(-DCI=1 
Therefore, —23 is R (mod 59) 


Therefore, x? + 23 = O(mod 59) has solution. & 


Example 17. Evaluate (=) 


Solution: (=) = 


Braco 
coca (3) val) of 


2 
= -1(3} =(-1X)= 1 
‘Therefore -23 is R mod 59” 
Therefore, x* + 23 = O(mod 59) has solution. 
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EXERCISES 6.1 


1. Let p be a prime, and let (a, p) = (6, p). Prove that if x? = a(mod p) and x* = b(mod p) 
are not solvable then x? = ab(mod p) is solvable. 


2. If p is an odd prime then prove that x* = 2(mod p) has solution if and only if 
p= 1 or 7(mod 8). 
3. Prove that the quadratic residues of 11 are 1, 3, 4, 5, 9 and list all solutions of each 
of the ten congruences x? = a(mod 11) and x* = a(mod 112) where a = 1, 3, 4, 5, 9. 
4. Determine whether 7 is a quadratic residue of 17? 
5, Use Wilson’s Theorem to prove that the solutions of x* + 1 =0(mod p); p = 4m + 1 are 
x =+(2m)! (mod p). 
6. Assuming that the solutions exist, find the solutions of the congruence x” = a(mod Pp). 
7. Show that the indeterminate equation x* + 3y = 17 has no solution. 
8. Let p and q be both odd primes and p = q + 4a, show that 
@ (p/q) = (aq) 
(ii) (aip) = (aq) 
9. If (x, 3) = 1, show that the odd prime factor p of x? + 3 is of the form 5k + 1. 
10. Prove that 3 is a quadratic residue of 13 but quadratic non residue of 7. 
11. Solve x? = 5(mod 19) if the solutions exist 
12. Solve x” = -2(mod 19). 
13. Show that 
(i) (3/11) = 1, (2/11) = 1, (-1/13) = 1 
(ii) (2/13) =-1, (-2/13) = -1, G/13) = 1 
(iii) (-2/17) = 1, G/17) = —1, (2/17) = 1 
14. Solve 
(i) x? = 4(mod 7) 
(ii) x* = 1(mod 7) 
(iii) x? = 5(mod 11) 
15. Is 85 a quadratic residue of 97? 
16. Find (171/173) 
17. Is 105 a qr of 317? 
18. Which of the following congruences are solvable? 
(i) x? = 2(mod 7) 
(ii) x? = 11(mod 61) 
(iti) x? = 42(mod 97) 
~ (iv) x? = 137(mod 401) 
(v) x2 =—43(mod 79) 
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19. If p is an odd prime, prove that 
(1/p) + (2/p) + B/p) +... + (p- I/p) =0 
20. Let p be an odd prime. Prove that if there is an integer x such that 
(i) p | (x? + 1) then p = I(mod 4) 
(ii) _p | (<* — 2) then p = | or 7(mod 8) 
21. Evaluate 
(i) (423/563) 
(ii) (-1457/2389) 
(iii) (8365/1847) 


p~-\ j 
22. Prove that > () = 0, p an odd prime. 
J=1\P 
23. Use Wilson’s theorem to prove that if p is a prime of the form 4n + 3, then 1.2.3 ... 
p — 1/2 = (-1)m (mod p), where m is the number of quadratic no residue among the 
factors on the left side. 


24. For which primes p do their exist integers x and y with (x, p) = 1, (, p) = 1, such 
that x* + y* = 0(mod p). [p = 2, p = 1(mod 4)] 

25. Prove that there are infinitely many primes of each of the form 3” = | and 3n— 1. 
[Hit: first determine primes p such that (—3/p) = 1] 

26. Find all odd primes p such that 3 is a quadratic residue mod p. [p = +1(mod 12)] 

27. If p is an odd prime and (a, p) = 1, prove that 


ax? + bx + c = 0(mod p) has two, one, or no solutions according as b* — 4ac is a 
quadratic residue, is congruent to zero, or is a quadratic non-residue modulo p. 


28. If prime p = |(mod 4) and a is a quadratic residue of p show that p — a is also a 
quadratic residue of p. Hence show that, if a, (i= 1, 2 ... AG ~— 1)) are the quadratic 
residue of p satisfying 0 < a; < p then 

3(p-1) 
24) == plp=1) 
i=l 4 


29. Prove that B a 1 if p=1,-1,50r — 5(mod 24) 
Pp 


-l} if p=7,-7,110r—11(mod 24) 
2 -1 
30. If M= B + 72] to.4 k 4} then prove that 
P Pp 2 p 


ee 
mae Pe mod 2), 


-1 
where m is the number of the least positive residue of the set q, 2g, 34, ..., —_ q. 


QO 


HOMOGENEOUS QUADRATIC 
DIOPHANTINE EQUATION 


Theorem 7.1. The Diophantine equation x + y* = z* _...(*) has infinite solution. 
For if (a, 6, c) is a solution then (ka, kb, kc) is also a solution for k e¢ Z 


Remark: If (a, 5, c) is a solution and (a, 6) = d then (6, c) = (c, ad=d 


Proof: -. (a,b)=d-.dlad|bh@?|a,?|P.#&{e+h 
But +h =c givessd|c? dic 
Now d|b,da|c; Claim (6, c)=d 
If not, suppose 
(b,c) =d,>d 


Then, d,|6,d,|¢,4,7| 07,4? |c? ad? |a@ (sineea +B =c) dja 
But d,| 6 .. a, | (a, 6) = d and is impossible 

Therefore d, = d, Hence 

Similarly (c,a) =d 


Corollary 7.2. If (x, y) = 1 then (y, z)=(z, x) = 1 

If (a, b, c) is a solution of (*) then the ordered triple is called a Pythagorean triple 
because there is a right angled triangle whose sides have corresponding lengths. This 
theorem in geometry goes after the name of Pythagoras. 

We have seen above that if x, y, z is a triple then so is also Ax, ky, kz for every integer 
k. And if for the Pythagorean triple (a, 5, c) we have (a, b, c) = 1 then we say that it 
is primitive. 

We confine only to primitive solutions of (*). [Observe: (3, 4, 5); (7, 24, 25); (8, 15, 
17) etc. are primitive Pythagorean triples] 

Now the question is how many solutions of (*) are which are relatively prime [or 
primitive] 
Lemma 7.3. If (x, y, z) is a primitive solution of (*), then one of x and y is even and the 
other is odd. (called, x and y are of opposite parity otherwise are of same parity.) 


Proof: Since (x, y) = 1 .. both of x and y cannot be even 
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If both of them are odd then x? and y’ are also odd and .. x? + y* is even. 
‘. z* is even and so, z is even (i) 
Now x is odd gives 


_ x = | or 3(mod 4) 
or x’ = I(mod 4) 
Similarly, y odd gives 
y? = 1(mod 4) 
Therefore P=x?+y=1+ 1 =2(mod 4) - i) 


But z is even .”. (i) contradicts (ii) 
Both of x and y cannot be odd. 
One of them is odd and the other is even. 


Remark: Let us assume that x is odd and y is even. 


; eee ‘ Z-X Z+x 
Lemma 7.4. 2 If x, y, z is a primitive solution of (*) then ( se =] 


Proof: If not i (25224) =g#l 


2 
Z-xX Z+x 
ae ae 
a ee gate 
- 2 2 2 2 
i.e., g|zandg|x 


(z, x) # 1, a contradiction [-.- x, y, z primitive solution] Hence. 
Lemma 7.5. If (x, y) = 1 and xy = @, then x and y are also squares 
Proof: Suppose x = p,p, ... p; (not necessarily distinct primes) 


Y= 992» 4; (not necessarily distinct primes) 
Here no P= 4 (since (x, y) = 1 
Now XY = PyPy PANT» Yj = a& 
This is possible only when p,p, ... Pp; = a, and 41g, ... qj = as. 


Theorem 7.6. (*) has a primitive solution if and only if 3 s, t ¢ N, s >t, (s, = 1 and 
one even the other odd such that 


Cae ar 
y = 2st (FF) 
z=st+P 
Proof: Let x, y, z be a primitive solution of (*). 
Then r+y=7 


or, yY=27-x =e +xK(z-x) 
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y A _2z+xz-x ; 

5 =e «-(i) 
By Lemma 7.4 

Z+x Z-xX 4 
2 2 

“. By Lemma 7.5 

+ = 

> = 57, ae =f Says,teN,s>t 
.. Solving we get z=st+fP 


x=9-P 
1 
y = (2? —x7)2 = 2st 

Now since s and ¢ both are odd (even) z and x are both odd (even) And therefore 
(z, x) ¥ 1, which is not the case. Therefore one of s and ¢ is even and the other is odd. 

Again if (s, 4) = g # 1 then, 

(,) =1 

Conversely, suppose (**) exists. Then x* + 7 = (s* — 7)? + (2st)? = 5? . Paz. 
Note: Since there is infinity of choice for s and it, therefore there are infinite number of 
primitive solutions for (*) 


Some Primitive Pythagorean Triples (with s < 6) 


2 
3 
4 
4 
5 
5 
6 
6 


Corollary 7.7. rtye=z4 AI) 
will have infinite number of solutions 
Since it is same as 
_xv+ty=P (2) 
where r = 2? and x = 3, y = 4, r= 5 is a solution of (2) so, x = 15, y= 20,z = 25 isa 
solution of (2) and therefore x = 15, y = 20, z = 5 is a solution of (1) 


Note: The above theorem can also be stated as given below: 
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The positive primitive solutions of x? + = 2 with y even are 
x=s*-fP, y=2st,z=82 + P, 
where s and ¢ are arbitrary integers of opposite parity with s > ¢ > 0 and (s, ) = 1 
Example 1. Find all primitive solutions of x? + y* = z* having 0 < z < 30 


Solution: Let x = s? — P. y = 2st, z= v+Pr 
(1) Since s > #, and s, ¢ are of opposite parity, let us take f= 1, s = 2, then x = 3, 
y = 4, z = 5 which is a primitive solution. 


(2) When t= 1, s = 4 then x = 15, y = 8, z = 17 which is a primitive solution. 
(3) When ¢ = 1, s = 6, then z = 37 > 30, hence we stop taking t = 6 

(4) When ¢ = 2, s = 3, then x = 5, y = 12, z = 13 which is a primitive solution. 
(5) When ¢ = 2, s = 5, x = 21, y = 20, z = 29, which is a primitive solution. 

(6) When ¢t = 3,5 =4,x = 7, y = 24, z = 25, which is a primitive solution. 

(7) When we take ¢ = 4, we get a value of z > 30. Hence we stop here. 

Hence the primitive solutions are 


(4, 3, 5), (8, 15, 17), (12, 5, 13), (20, 21, 29), (24, 7, 25). 


Example 2. Prove that if x? + y* = z, then one of x, y is + 1(mod 4) and the other is 
O(mod 4) 


Solution Since s and ¢ are of opposite parity let t be even and s odd. Then 
x = s* — P = (odd)* — (even)* = odd? (mod 4) 
=(2n+ 1)? (mod 4) = 4n? + 4n+ 1 = 1(mod 4) 
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When r is even, s is odd we get 
x =+1 (mod 4). 
Now y = 2rs = 2(even number). (odd number) = 0(mod 4) 
Example 3. Prove that the are of a right-angled triangle can never be a perfect square. 
Solution: Suppose x and y are the lengths of the two sides of the triangle and z is the 
length of the hypotenuse, then x? + 3? = 27 


Area of the right triangle is given by +0. 


We now show that 3? is not a perfect square 


Suppose the solution of the equation (*) is 
x=a@-b? y=2ab,z=a +B 
where a, 5 are of opposite parity and (a, 6) = 1 
Therefore, oy = (a? — b*) ab. 
Now if 6 is even and a is odd, 4? will contain 4 and 6 will contain 2. 
Therefore (2) can never be a perfect square. 
Example 4. Show that the positive integer solution of the equation x? + y? =z, 
(x, y, Z) = 1 is given by 
x =a‘ — bt, y = 2ab(a? + b*), z = 2ab (a* — b), 
where a > b > 0, (a, 6) = 1, a, 6 cannot be of some parity. 
Solution: First we show that the solution of X7! + Y! =z"), (% Y, Z) = 1, has and must 
be of the form 
X=A(A+B), Y=B(A+ B), Z= AB 
Proof: The first part is easy. 
For the second part 
If X, Y, Z is a solution of the given equation, (X, Y ) = C, then 
X = CA, Y=CB, (A, B) = 1. Then 


Pega, 
CAB 
thus Z= ea8 
A+B 
As (A, B) = 1, (AB, A + B) = 1; Hence (A + B)| C. 
Write C =C'(4 +B) 
Then Z = C’AB. Since (X, Y, Z) = 1 we have 


(CA, CB, C’AB) = (C(A, B), CAB) = (C(A + B), C(AB) =C'=1 
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i.€., C =(A + B), C’= 1. Hence the must part holds. 
Now we prove the main result: 
We take here 
rP=X Y=Yand2=Z ' @y2D=1-.KYQD=1. 
from the above example we have 
X =RR+S), Y= S(R+ 8), Z= RS, 
where R, S > 0 (R, S) = 1. 
From Z = RS, we know that R, S are both square numbers. 
And from Z = R(R + S), we find R + S is also a square number. 
Putting R = r,?, z= 5,7, R+S= ‘7. We have 
ri? +5,? =t,7, R, S> 0, (R, S)=1 
Then by above theorem, we obtain 
r, = @ -b, s, = 2ab, t= a? + B, 
Where a, b > 0, (a, 6) = 1, a and b of opposite parity. 
Therefore 
Fah ih = at — 54 
y = St, = 2ab(a@* + b?) 
z =1r,S, = 2ab (a* — b?). 
Theorem 7.8. The Diophantine equation x4 + y4 =z? _...(*) has no positive solution 
Proof: Suppose (*) has a solution (x9, 9, Z9). By an argument similar to that of previous 
section we may assume that x, Yo, 29 are pair wise relatively prime. 
Xq is odd, yo is even (i.e., one is odd and another odd) 
Now x5: + Vy = 25 
Pr (2? 4 627 = 22 
Therefore, (an Ves Zo) is a solution of e+ y = zt (PL) 


Therefore by theorem 7.6 there exist s, t¢ N (s, 4) = 1, s > 1, one even other odd such 
that 


rat? 
Vy = 2st ..(1) 
Zo = st P 


From a agian? ie: < + f = 5? we see that (Xp, #, 5) is also a solution of (‘Y) with 


Xq odd and ¢ even. Using theorem 7.6 again we find that there exist a, b € N, a> b, (a, 
5) = 1 one odd, other even such that 


Kae =@ —- }? 
s=a+ 5? (2) 
t =2ab 


On substituting this in Yor = 2st, we get a 
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Yo? = 2(a? + b*)2ab 


2 ; 
or (22 = (a + b*) ab. 
(a, b) = 1, 


a + b?, a, b are pair wise relatively prime. 
Applying Lemma 7.5, twice we find that a, b and a’ + b? are squares say a = ay 
b = by? and s=s? + b? = 5,” 
Thus a = + 2 = a, + by 
Here Sy S5<8 +P =z, 


3: 


Wé see that if a positive solution (%9, yp, Z)) exists there must exist another positive 
solutions (ap, bp, 59) where sy < 2) 


It follows from the method of infinite descent that no positive solution can exist. 


[Method of infinite descent Let there exist a positive integer with a certain property, 
such that there exists a smaller positive integer that has the same property. Such an n 
cannot exist; because if it exists we obtain an infinite decreasing sequence of positive 
integers all having the same specific property which is clearly impossible] 


Corollary 7.9. The equation x‘ + y* = z* has no positive-solution 


Proof: If it has solution, say (xg, yg, Zo) then 


ee Ore | 
Xo + Yq = 25 


4 4 = (,2 
or Xp +¥q = (Zp )2 
(Xp; Yq and zy) is a solution of 
x‘ + y4 = 2 which is not possible. 
x‘ + y* = 24 has no positive solution. 


7.1. HISTORICAL NOTE OF FERMAT’S LAST THEOREM 


Unlike equations of degree at most four, there is comparatively little structure, which may 
be imposed on the solutions of general Diaphantine problems of degree five or greater. 
Some particular classes of problems admit effective analysis, but for typical problems of 
this type it is difficult to determine the entire solution set. 

In the 17" century, Pirre Fermat conjectured that the equation x” + y” = z” had no 
solution in non zero integers with n greater than 2 — known as Fermat’s Last theorem. 
The problem has little direct impact on broad field of mathematics, but has precipitated 
considerable research of significant impact on number theory and algebraic geometry. 

The Fermat problem attracted considerable attention, and in addition to substantial 
progress by mathematicians of note, also engendered many attempts of dubious quality 
by amateurs. 

Fermat himself provided a proof for the case = 4; indeed the proved by induction 
(popularly: by infinite descent”) the slightly stronger result that no two fourth powers can 
ever sum to a perfect square. Fermat’s more general conjecture was in fact no more than 
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a personal note discovered after his death; it does not appear to be the case that he ever 
claims publicly to have proven the conjecture true — had he indeed been convinced as 
a challenge problem to a other mathematicians and eventually to have shared a proof in 
his letters to others. 


Euler proved the result for » = 3, and Dirichlet and Legender proved for n = 5 


E, Kumar (1810 — 1893) made the greatest advances towards a solution. Instead of 
confining himself to the field of rational numbers he extended to his concept of number 
theory to include the algebraic numbers (those complex numbers which are roots of 
polynomials with rational coefficients) Dirchlet pointed out a flaw in the argument. Kumar 
had assumed the factorization into primes is unique in a certain sub ring of the algebraic 
numbers where, in fact this factorization is not unique. Because this assumption was 
essential, the proof was not valid. 

Kumar returned to the problem and by using the theory of ideals, he was able to solve 
parts of his proof and to establish very general condition for the insolvability of Fermat’s 
theorem. Most of the progress made on the problem was along the lines of Kumar’s 
theory. With the advent of the high-speed electronic computer it had been possible to 
check Kumar’s criteria for large exponents. Till 1967 it had been proved that the 
Diaphontaine equation x” + y’ =z” has no solution if 3 <n < 25,000. In subsequent years, 
many refinements increased the set of exponents n for which the result was known to be 
true, but no proof valid for all n has been completed along these lines. 

By the 1980 attention had shifted from algebraic number theory to algebraic geometry 
as the appropriate tool for the problem. Gerd falting’s work. on the model conjecture 
implied in particular that for any n there were at most a finite number of solutions to the 
Fermat equation. Frey noticed in 1986 that a non trivial solution to the Fermat equation 
would be related to an anomalous situation in elliptic curves; Serre clarified the conjec- 
tured connection, and Ribet proved this in K A Ribet “on modular representation of Gal 
(Qbar/Q) arising from modular forms”, Inventions Mathematics, Vol. 100 (1990) pp43 1-476. 
What Ribet proved is that given a nontrivial solution to the Fermat equation a” + b” = 
c” the elliptic curve described by a particular equation would be fairly well behaved but 
would also be a counter example to the Tanyama — Shimura conjecture (that all elliptic 
curves over the rational numbers are modular) 

The Taniyama-shimura conjecture is of great interest in elliptic curves and was not 
completely proved by 1994. However, Wiles has a given a proof valid for most elliptic 
curves this proves: there are no nontrivial solutions to the Fermat equation. Wiles first 
announced his proof in 1993 but technical difficulties showed the proof to be incomplete; 
a year later he managed a complete proof (actually using slightly simpler ideas) with the 
collaboration of Taylor for the particular portion, which had invalidated his earlier attempt. 
The papers were published together, constituting one issue of the Annals of Mathemat- 
ics. The citations are ANDREW WILES, “MODULAR ELLIPIC CURVES AND FERMAT’S 
LAST THEOREM” ANNALS OF MATHEMATICS, vol. 141 (1995) pp443-551 


Richard Taylor and Andrew Wiles, “Ring -theoretic properties of certain Hecje 
algebras” annals of Mathematics, Vol. 141 (1995) pp53 572 
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Extensions of this work have already appeared. Casual enthusiasts of number theory 
should be warned that this proof of Fermat’s Last theorem is unlikely to be comprehen- 
sible without the investment of several year‘s study of algebraic number theory and 
algebraic geometry. 


7.2 TWO SQUARES PROBLEM 


To find those positive integers which can be expressed as a sum of two squares. 


Lemma 7.10. If a and 5 can be written as sum of two squares, then the product ab can 
also be written as a sum of two squares. 


Proof: Let a=pt+¢ 
b=Prt+s? 
ab = (p? + 4°) (7? +8) 

=prt+pst grt gs 

= (pr + gs? + (ps — gry. 
Lemma 7.11. If (a, p) = |, then x = ay(mod p) has a solution x9, yy such that 

0<|x9|< yp and0<|y9|< vp 
Proof Let [VP J=m 


Consider the set of numbers 


lt+a PQA +. Saeeteakee cadets 1+ (m+ 1a 

2+a 2HQG  ——-saiebsel — abave 2+(m+ lja 

3+a BHQQ. © geese” Aske 3+ (m+ la 
(m+1)+a (mtI +a ia (m+1)+ (m+ 1a 


This set contains (m + 1)? numbers (not necessarily distinct) Since 
(m+1) >p (v m+1>p) 

at least two of the numbers, say x, + y,a and x, + y,a must lie in the same residue class 
(mod p) where x, # x, or y, # yy 

: (x, + ya) — % + y,a) = 0(mod p) 
or (x; — X)) + aly, — yy) = O(mod p) 

=> (x, -—*)) = 0) -ya AT) 

Because one of the terms (x, — x5), (v; — 2) is not zero, it follows obviously that 
neither is zero. 


0 <x), XY, YySmti 
0 <|x,-x,|<m< Jp 


Similarly 0<|»,-y|<m< yp 
If we let Xy =X, — x5 
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Yo ~I2 7“ V1 
We get from (1) 
Xp = Yoa(mod p), where 0 <|x9|< JP, 0<|yy|< VP 
and which is the lemma to be proved. 
Theorem 7.12. The odd prime number p can be written as a sum of two squares if and 
only if p = 1(mod 4) (i.e., p is of the form 4n + 1) 
Proof: Recall: —1 is q.r. mod p if and only if p = 1(mod 4) 
Proof: ~1 is q.n.r if and only if p = 3 (mod 4) 
. p=a@ + b*(to prove p = 1(mod 4)) 
p is a prime, b + 0 
Again p + 8, for if p | b, p | a also 
Moreover, p | b, p | a give p* | a and p? | b? 
p?|a +b? =p or p*|pand is impossible. 


pt ob 
(p, 6) = 1 
3x9, Yo € Z such that 
PXy + byy = 1 
a byy = 1 — pXxy 
or by) = \(mod p) 
sf (by) = 1(modp) 
Thus orp = Yor (a + b*) 
= (a) + (9b)? 
= (ya)? + 1(mod p) 
i YoP = (¥92)" + 1(mod p) 
or (ya)? + 1 = O(mod p) 
or (ya) = —1](mod p) 
or ~1 is qr. mod p 


a p = 1(mod4). 
Conversely suppose 
p = l(mod 4)ie,p=4n+1n2EN 
(to prove that p = a* + 5) 
p = |(mod 4), — 1 is q.r. (mod p) 
Jae Z such that 
a =—-1(mod p) ie, a* + 1 = O(mod p) w(*) 
Now obviously (a, p) = 1 (. p | 1 impossible) 
“. By lemma 7.11, 3x9, yp € 2 such that 


0<|x)|< ¥P,0<|y9|< VP, where x, = ay,(mod p) 
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If we now multiply (*) by yo” 
Yo-(a" + 1) = yp7a? + yo? = O(mod p) 


or Vora + ye = 0(mod p) 

or ig + Yo = 0(mod p) 

or ee + Vor =kp,k e N i) 
But 0<|x)1<VP,9<|yyl< VP 

give 0 <x? <p,0<y2<p 
: ee + i <2p ..(ii) 


So (i) and (ii) give x)? + yo” =p. 
Theorem 7.13. Let N be a positive integer 


Write N in the form m?.k, where k is square free. Then N can be written as a sum 
of two squares if and only if & has no prime factors of the form 4n + 3 


Proof: If k has no prime factor of the form 4n + 3 then, it has prime factors of the form 
4n + 1. By Theorem 7.12 and lemma 7.10, & can be written as a sum of two squares, say 


k=a +b 
" N = mk = m*(a@2 + b*) = (may* + (mb? 
Suppose mk = N= a + b? 


(To prove that k does not contain a factor of the form 4n + 3) 
Let (a, b)=d 


Then, d\a,d|bso, @| a’, @| B? 
% & | a + B? 
or &|N 
or & | mk 
2 
& | m, a& + k, (k being square free) .”. ar ThEN 
N _ mk _ 
a ae ee 
' d|a,andd|b -. a=a'd, b= bd, (a, b)=1 
24 p2 2 2 
and Nee -(4) +(4) = g2 + p2 
da? d? d d 


Also from Eee XK we get 
ae 


k| a =q2+h2 + qg®@+ bh? = O(mod k) (®) 


Let p be an odd prime factor of k 
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N 
Qe a? + b” = (mod p) Ce) [-: p is a factor of k] 
(a', b‘) = 1, one of a’ and b’, say a’ is relatively prime to p 
ie., (a’, p) =1 «. de, ce’ € Z such that ca’ + cp = 1 
or ca’ = 1(mod p) «.. (ca’ ? = 1(mod p) 


From (*), (**) 
(ca? + (cb? = 0(mod p) 


=> 1 + (cb? = O(mod p) 
> (cb’) = —1(mod p) 
or x? =— 1(mod p) has a solution x = cb’ so —1 is a q.r. (mod p) 
p = \(mod 4) 


any factor of & is of the form 4n + 1. 
c+] 


Theorem 7.14. If p° | , p + n where p is a prime of the form 4k + 3, and c is odd, 
then n has no representation as the sum of two squares. 


Proof: Suppose that there is a proper representation of the form n = x? + y” 


Let (x, y) = d so that 
x = Xd, y= Yd, (x, Y)=1 
Let p' be the highest power of p which divides d. 


Then n= &(X* + Y*) = &Nsay) 
Hence N=X+YP,(X%Y)=1 
Since p° | n, p* | & Therefore, p°~? | N 


c — 21 is positive as c is odd an 21 is even. 
Hence by the preceding result, 


Since N is divisible by p of the form 4k + 3, N has no representation as the sum of 
the two squares. 


Hence n will also have no such proper representation. 


Theorem 7.15. If p is a prime of the form 4k + 1, there exists a solution in integers x, 
y, m of x2 + y* = mp, withO<m<p 


Proof: Since p = 4k + 1, we have 


: p-! 
(=) =(-I) 2 =CIP=1 
Hence, there exists an integer y such that 
1+ * = O(mod p) as — 1 is a qr. 


We can find Y =+y(mod p) and such that | Y| < p/2 
Then 0<mp=1+Y? 
p? 


<]1+t&</,? 
4 P 
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Thus : O0<m<p 
Therefore, the integers, 1, Y and m satisfy the equation 
x+y = mp. 


Example 5. If p is a prime of the form 4k + 1 and ifr+y= mp with 1 < m < p, m- 
even, there exist integers Xp Wy and M such that 


x,7 + y,? = Mp With 1 <M<m 
x-y 
2 
Ex. The same result is true when m is odd also. 


(Hint: take X= 27” y= /M=~ and see X2 + ¥2 = Mp). 
2 2 


Definition: If x? + =n is solvable, we write 


Nn) = number of solution of x* + y isn 
P(n) = number of non-negative, primitive solutions of x + yisn 
Q(n) = number of primitive solutions of x? + y” is n 


Example 6. Show that for x? + y* = 1, M(1) = Q(1) = 4, PU) =2 
Proof: Since 1 = (+1)? + 0? = 0? + (+ 1) and there are no other solutions, we have 
x=1,y=0;x=-l,y=0,x=0,y=1;x=0,y=-1 
Hence, Ni) =4 
QQ) = 0, PCI) =2. 


Example 7. Show that for x* +? =n, n> 1 


(i) Q(n) = 4P(n) 
Gi) N(n) = EAs) 


Solution: (i) If 1 > 1 and (x, y) is a non negative primitive solution then n> 1, y = 1 and 
(4x, +y) is a primitive solution for all choice of the signs. From this it follows that Q(7) 
= 4P(n) 


(ii) If x, y is any solution of 
x+y =nand if (x, y)=d 


then & | (x? + y*) ie., & | 1; (2.2} =] 


x/ y . n 
from (1) it is obvious that 
n 
Mny= 2 (4 
din \a? 
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7.3| THREE SQUARE PROBLEM 


Lemma 7.16. If a is a sum of three squares 


| eee viet ee 
Then ab may not be sum of three squares e.g. 
3= 17+ 174+ 12,5 = 174+ 27240? 
35 =15=374+274 124 1? 
Note: Because of this fact the three square problem becomes more difficult. 


Lemma 7.17. The number of the form 8k + 7 is not representable as a sum of three 
squares. 


Proof: Any number n = 0, 1, 2, 3, 4, 5, 6 or 7(mod 8) 
a n° = 0, 1, 4(mod 8) 
Hence the sum of the three squares # 7(mod 8), 
Since it is impossible to build up 7 from three terms each of which is 0 or | or 4. 


Lemma 7.18. A number of the form 4!(8k + 7) is not representable as a sum of three 
squares. 


Proof: A multiple of 4, say 4m can only be representable if m7 itself be representable. 


Because if 4m = m,? + m2? + m3? then 4 | RHS but a = 0, 1, (mod 4) 
since a = 0, 1, 2, 3(mod 4) 
: 4| m,?, m,’, m3? 
2| m,, mz, m, 
or m, = 2k,, m, = 2k,, m, = 2k, 
4m = (2k,)* + (2k)° + (2k, 
= 4k? - k? ee ky?) 
i.e., m is representable as sum of three squares. 
But m is not representable. 


Hence, number of the form 4.(8k + 7) is not representable as a sum of three squares 
since 8k + 7 is not. 


And similarly 4(4(8k + 7)) i.e., 4°(8k + 7) is not represent able as sum of three squares 
and so on. 


. In general 4'(8k + 7) is not representable as a sum of three squares 


Note: Every number which is not of the form 4'(8k+ 7) is representable as a sum of three 
squares and the proof of this is very difficult; so it is left out. 


Example 8. Show that if p = 5(mod 12) and p > 17; then p can be represented as a sum 
of three distinct squares 


(Hint: Use the identity: 9(a* + 6*) = (2a — b)* + (2a + 26)? + (26 — a)*] 
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‘7.4 THE FOUR SQUARE PROBLEM 


Lemma 7.19. If a and b can be written as a sum of four squares, so can the product 


Proof: a= x + eS + xf + ti 
re 2 2 2 
b= yy + yoo + yx" + ¥g 

Now ab = (x,? ae + “ a x42) (y;? + yo? + y3” + y,’) 


= (x, ¥,)? + &, ¥y" + (1 y3) + (x, ¥4)? + Gy)? + Cy)? + Gy)? + Cy)? 
+ (xy)? + Gy)? + Cy) + Gy)? + Gy)? + Gy)? + CO? + CY’ 


= (XY) + XyVy + XgV3 + XG Vg? + Vy — Xy Vg + X34 — XA 
+ (XV3 — gy + Kg Vy — Hyg)? + (Kp Vg ~ HG) + Qs — 
Notation: We call (a, b) = (c, d) (mod m) if a = c(mod m) and b = d(niod m) 


Lemma 7.20. A set of ordered pairs of integers containing more than m? elements must 
have two elements that are congruent mod m. 


Proof: Each ordered pair of integers is congruent (mod m) to one of the following m? 
ordered pairs: 


(1) 0,2) 0) ©) Gm) 
21 @29¢) €) @m 
CP oe Oe) ey 
oe CY ede eek 2) 


(m1) (m2) (0) ©) (am) 

If a set contains more than m? ordered pairs, at least two of them must be congruent 
mod m to one of the ordered pairs in the above list. Obviously these two ordered pairs 
are congruent mod m. 

Lemma 7.21. Let a, 5, c, d be given integers 
Let p be prime number 
The system of congruences 
ax + by —z = 0(modp) 
cx + dy — u = O(modp) 
has non trivial solution, x9, ¥g, Zg,; 4g such that each number in the solution is less than 
JP in absolute value 


(ie., 1x9 1<| VP bly l<| VP |... ete. 
Proof: Define 
a =a, y,z,u)=art+ by-z 


B=BQ,y,2z,u)=cx t+ dy—u, 


where x, y, z uw vary over the domain 
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{0, 1,2, ....m—-1,m=[JP] 
we obtain (m + 1)* values of (not necessarily distinct) 
and ‘ (m + 1)* values of B (not necessarily distinct) 


Thus we have (m + 1)* ordered pairs (a, B) with (a, B) corresponding to the some 
values of x, y, Z, u. 


(m+ lyt> p’, it follows from lemma 7.20 that at least two ordered (o.,, B,) and (a,, 
B.) have corresponding components that are congruent mod p’ and therefore congruent 
mod p 
a, = ax, + by, — 2, = Oy = ax, + by, -z, (mod p) 
B, = cx, + dy, — u, = By = cx, + dy, — uy (mod p) 
(a.,, B,) and (a, B,) correspond to different values of x, y, z and u, then at least 
one of the numbers, x, — x2, ¥; — 2, 2, — 2g) Uy — Up is not zero. 
If we recall the range of values for x, y, z, u we see that x, — X5, ¥) — ¥, 21 — 2» 
u, — Uy less than VP in absolute values. 


|x, — Xl, ly; — al; |Z, — 29, | uy = up| <m< VP 
If we now let Xq =X —Xy, Yq = VY — Vos 29 = 24 — Za» Ug = Uy — Uy 
we get 
axy + byy - 29 = O(mod p) 
cx, + dyg — Uy = O(mod p) 


where | xo|< VP. 1¥91< VP. 1291< VP. 141 < VP. 


Lemma 7.22. If p is an odd prime then, there exist integers a, b such that 
a + b* =-1(mod p) 


Proof: Consider the following two sets 


2 
=4 
A = {02, 17, 3%... (2) } 


2 
sal 
Be e0 Sh 1 ose ce |) ea} 
2 


Obviously the element of A are incongruent mod p(i.e., 7 # j* (mod p) for i #j and 
also the elements of B. 


A U B contains more than p elements, at least two numbers in the union are 
congruent mod to one another and one of these numbers say, a’, must be in A and the 
other is in B 


Theorem 7.23. Each prime number can be written as a sum of four squares 
Proof: If p = 2, then p=1?+17+0?+ 02 

If p = 3 then p=*+1%+17+0 

Ifp>5 
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By Lemma 7.22 
Ja, beZ such that a? + 5? = -1(mod p) 
By Lemma 7.21 
"3 J non trivial solution x9, yo, Zo, Mp, each of | x9 |, | ¥ol | Zo | Mol < ap, 
of 


ax + by = z(mod p) 
bx — ay = u(mod p ) 


Thus, Zo? + Ug? = (ax + by? + (bx -— ayy’ 
= (a? + b*\(x? + 7) = (xq? + Yo?)(mod p) 
or tye + Yor + Ze + uae = 0(mod p) > x + Ver + Uy? = Xp, AEN (1) 
Again aah \voh zo Jul < 
0 <x,7 + ¥o7 + 257 + Uy? < 4p #2) 


() and (2) suggest that 
xq) + Yo? + 29° + Uy” = P, 2p, 3p 
(2) Case | If xo” + yo” +z)? + uy” = p, then the theorem is proved. 
Case Il Let xp” + yo? + 297 + up” = 2p 


Then two of them must be even and the other two odd. 


2 2 2 2 
7 Xo + Yo Xo ~ Yo Z9 + Uo Z9 7 Uo 
>| ———_$_ + | ——— + 
Expanding ( 5 5 5 5 ) we get 


1 
= 2G, + Y% hake me’ P. 


2 2 2 
Xn t+ Xn Zn tu Zon — Uy, 
ie, *o* Yo ~ 4) 200.) | ZO Mo.) 4 | 20S So: 
2 2 2 


Case Ill Let X57 £y_" + zee + Uy? = 3p 


Then exactly one of the numbers say, xq is divisible by 3 

If we allow negative value for some of the other numbers, we may assume that 
Yo = 2 = Up (mod 3) 

Now expanding 


2 2 2 2 
[| 1 (Arent) (ae) + (om) 
3 3 3 3 


L 2 


x [3x97 ey + 2 


9 

Yo to + Mo +2) - Up \° Xo -YotUp Xp +¥o-Zy \ 
+z 4 [20 o7~*o} ,| 70 Yo TX 4 Yo ~ 20 
poe aes 3 3 3 


tugd]= 2 x3 * 3p =p 


. P 
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Corolary 7.24. Each positive integer can be written as a sum of four squares (Lagrange’s 
theorem) 


Proof: Use Lemma 7.19 and above theorem 

Let n be any positive integer 

Then let 

N = P| Py P3 +» Py P'S are primes not necessarily distinct 
every prime number can be expressed as a sum of four squares and the product 

of two integers, each of which is expressible as sum of four squares, can be expressed 
as sum of four squares. 

Hence a positive integer can be written as a sum of our squares. 


7.5. WARING’S PROBLEM 


Waring’s problem is that of representation of positive integers as sum of a fixed numbers 
s of nonnegative k" power i.e. whether, 
for a given k, there is any fixed s = s(k) such that 

n= sti + x5 stock x," (1) 
is solvable for any n. In his book, Meditations Algebraicae (1770), Edward Waring stated 
without proof that every number is the sum of four squares, nine cubes, of nineteen 
biquadrants, and so on. This assertion has been interpreted to mean the following: Can 
each positive integer be written as the sum of no more than a fixed number g(k) of k” 
powers, where g(k) depends only on &, not the integer being represented? This can be 
stated in the following way also: 

For a given k, a number g(k) is sought such that every n > 0 can be represented 

in at least one way as 

n= aie + a,K Pt Ca 
where a, are non negative integers, not necessarily distinct. 


His language implies: he believed that the answer to our question is in the affirmative 
that (1) is solvable for each fixed k, any positive n, and an s = s(k) depending only on 
k. It is very improbable that Waring had any sufficient grounds for his assertion, and it 
was not until more than hundred years later that Hilbert first proved true. 


A number represented by s — k' powers there is a least value of s for which it is 
true. This least value of s is denoted by g(k) 


Therefore, a2) =4 
g3) =9 


24) = 19 


There is another number in some ways still more interesting than g(k). Let us suppose 
at to fix our ideas that k = 3. It is known that g(3) = 9 i.e., every number is represent 
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able by 9 or fewer cubes. 

B=234+23+ 24 14+..4+ 12 =223+7.1 ... 9 cubes 

a=... <9 cubes 

29 = 2.47 + 4.33 + 3.13... 9 cubes 

and these numbers 23 and 239 cannot be represented by 8 cubes. It is also known that 
only a finite number of integers (positive require so many cubes as 9. That is that all 
sufficiently large numbers are represented by 8 or fewer cubes and it is highly probable 
that 23 and 239 are the only numbers for which 9 cubes are needed. The evidence indeed 
indicates that only 15 other numbérs of which the largest is 8042, require so many cubes 
as 8 and that 7 suffices for 8043 on wards. 

It is playing, if this be so, that 9 is not the numbers which is really most significant 
in the problem. The fact, if they be facts, that just two numbers 9 cubes ants just 15 more 
require 8. Most fundamental and most difficult problem is that of deciding, not how many 
cubes are required for the representation of all numbers, but how many are required for 
the representation of all large numbers i.e. of all numbers with some finite numbers of 
exception. 

The existence of g(k) for each value of k was resolved in the affirmative by Hilbert 
in 1909; unfortunately, his proof relies on heavy machinery (including a 25-fold integral 
at one stage) and is in no way constructive. We define G(A) as the least value of s for 
which it is true that all sufficiently large numbers i.e, all numbers with at most a finite 
number of exception are represent able by s — k" power. Thus G(3) < 8. On the other hand 
it can be seen that G(3) > 4, there are infinitely many numbers not represent able by three 
cubes thus G(3) is 4, 5, 6, 7, or 8. It is still not known which one. But it is playing that 
G(k) < g(k) and the equality holds for k = 2, G2) = g(2) = 4. 

Some known values for the first few g(k) and G(A) are: 


279 < g(8) < 36119 32 <1G(8) < 43 


EXERCISES 7.1 


1. Find all primitive solutions of x? +? = z* when 0 <z < 60. 
2. Find all integers x > y > z > 0 such that x — y, y— z, x — z are all square numbers. 


3. Prove that if x? + y? =z’, then one of x, y is a multiple of 3 and one of x, y, z is 
a multiple of 5. 
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. Find an integer x such that x* — 60 is a square number. 
5. For what value of square integer ¢, ¢- 5 and ¢ + 5 are both square numbers? 


a 


Prove that if n is any positive integer, 

x? + = z” always has positive integer solution. 

[Hint: If a, b, c be any solution of x* + 5” = 2 then (ae”~!)? + (c"~!)? = 7)" 
7. For which integers n are there solutions to the equation x* — y* = n? ’- 

Prove that x* + 4y4 = 2? has no solutions with xy # 0 7 


ge 


9, Prove that x* — yt = z* has no solutions with yz # 0 


10. Prove that there are no positive integers a and 6 such that both a* + 6? and a? - 
b are perfect squares. 


11. Establish that the equation a + 6? +¢c*+a+6+c=1 has no solution in integers 
{Hint: The equation in question is equivalent to the equation 
(2a + 1)? + (26 + 1)? + 2c + 1)? = 7] 
12. Verify the following: 
(i) Every positive odd integer is of the form a’ + b* + 2c*, where a, b, c are integers. 
[Note: With x, y odd, and z even, 4n + 2 = x* + y* + 2 and then 


x+y) x+y) oe 
2n+ 1 =|——~] +|——] +2\/—]|] 
Pa ee) a 


(ii) Every positive integer is either of the form a? + b* +c? or a* + b? + 2c*, where 
a, b, c are integers [Note: If n > 0, and cannot be written as a sum at b+ 
c?, then it is of the form 48k + 7)] 


(iii) Every positive integer is of the form a + b*—c*, where a, b,c are integers [Note: 
For n> 0, it is possible to choose a so that n — a” is positive odd and use that 
fact that a positive integer m can be represented as the difference of two squares 
if and only if 7 is not of the form 4k + 2.] 


13. Establish the following: 


(i} No integer of the form 9k + 4 or 9k + 5 can be the sum of three or fewer cubes. 
[Note: a* = 0, 1, 8(mod 9)] 
(ii) The only primes p which is represent able as the sum of two cubes is p = 2 
[Note: a + b? = (a+ 6) (a — b)* + ab).] 
(iti) Prove that a prime can be represented by the difference of two cubes if any only 
if it is of the form p = 3k(k + 1) + 1, for some &. 


14. Show that for all positive integers n, the family 
P22, 2 
{i Vie 2) | Ope Mp 2) = (1,0, 1)}2 1 2) } is a family of Pythagorean triples. 
ee ae - 
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EXERCISES 7.2 


1. Evaluate M(n), P(n), O(n) for n = 100, 101, 102 [[As Definition: 7.3.1] 
2. Prove that if 7 is square free, N(n) = Q(n) 
3. Prove that the number of representations of an integer m > 1 as a sum of two squares 
of positive relatively prime integers equals the number of solutions of the congruence 
x* =—1(mod m) 
4. For a given positive integer K, 
Prove that there is an integer » such that 
(a)Mxn) = K if and only if K = O(mod 4) 
(b)P(n) = K if and only if K has the form 2m with m = 0 
(c)Q(n) = K if and only if K has the form 2m with m > 2. 
5. Prove that if an integer 7 is divisible by a prime of the form 4k + 3, then Q(n) = 0 
6. q is a positive divisor of a2 + b? with (a, b) = 1. 
Prove that g is expressible in the form c? + d@ with (¢, d) = 1 
7. If p is a prime of the form 4k + 1 and if x” + )° = mp with | < m < p, m-odd, then 
Show that there exist integers x,, y, and M such that 
xp ty = Mp with 1<M<m 


OOO) 


SOME NUMBER THEORETIC PROBLEMS 
RELATED TO MATHEMATICS OLYMPIADS 


Example 1. Compute 1? — 2? + 32 — 42 +... — 1998? + 19992 

Solution: 17 — 2? + 32 — 42 + ... — 19982 + 19992 
= 1999 — 1998? ... — 42+ 374+27+4 1? 
= (1999? — 19987) + (19972 — 19967) + ... + (3? — 27) + 1? 
= 1999+ 1998 +..4+3+2+1 


_ 1999x2000 
2 


Example 2. If the number 4364054898 1270644B is divisible by 99, compute the ordered 
pair of digits (A, B). 


= 1,999,000. 


Solution: «- The number is divisible by 11, we have 
(A + 37) —-(B + 34) =A-—B+3 isa multiple of 11 


i.e. A-B+3isOort 11; (I) 
Moreover the number is divisible by 9 also. 
So, A + B +7] is a multiple of 9 and so, 
A+B+8 isa multiple of 9. Thus 4 + B =1 or 10 TD) 

Thus we get from (I) and (I) the following equations 

A-B=-3 

A-B=8 

A+B=1 

A+B=10 


And only the valid pair is (9, 1). 
Example 3. Compute the unit digit of 17!983 + 111983 _ 71983 


Solution: It is observed that the unit digits of 17'989 and 7!98 are same. And clearly the 
unit digit of 11!98 is 1 


the unit digit of the given number is 1. 
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Example 4. The sides of a right triangle are all integers. Two of these integers are primes 
that differ by 50. Compute the smallest possible value for the third side. 
Solution: It is known that the sides form a Pythagorean triple and therefore 


One of the sides must be even. Since, no such triple can contain the number 2, the 
given primes cannot both be legs. 


Suppose the primes are p and q and the even leg is a. 
¢ - P = (q+ pig - p) = 50q + p) 
= 50(2p + 50) = 100(p + 25) 


2 
=a 
Thus, p + 25 must be a square; the smallest such p is 11, 
So a* = 100.36 =3600 
And so a = 60. 


Example 5. Find the smallest positive integer k such that the base 10 representations 
of 3 have one hundred digits. 


Solution: Suppose N = 3* 


Then kloe3= be N2 99S SS 0078" 
log3 4771 


k = 208, 
Example 6. Let 1 = 1983. Find the least positive integer & such that 
kn? (n? — 17) (rn? - 2) (nr? — 3?) .... (n* — (n— 1)?) =r! for some integer r. 
Solution: kn? (n? — 17) (n? — 2) (rn? - 3?) ... ( - (n—- 1) = 3! 
= knQn—1) Qn—-2)...(n+2)(n + 1) n(n—-1)(@-2)... 2.1 


= kn. Qn-1)! 
Now it is seen that k = 2 does our job. 
Example 7. A sequence of positive integers a,, a5, a3, ... is defined as follows: 
a 


n+] 
where S, is the sum of digits of a,,. 


If 100 < a, < 1000, show that the sequence must contain the number 63. 


= a, — Sh 


Solution: Observe that the sum of the digits of a three digit number (number lying in 
between | 00 and 1000) < 30 (actually maximum is 27 =9 + 9 + 9). 


[Note the sequence is of the type: 
243, 
243 —-(2+ 4+ 3) = 243 -9 = 234, 
234 -(2+3 +4) =234-9=225 
225 —-(2+ 2+ 5) =225-9=216, 
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216-(2+ 1 + 6) = 216-9 = 207, 
207 —(2+0+7) = 207-9 = 198, 
198 —(1 +9 + 8) = 198-18 = 180, 
180 -(1 +8 +0) = 180-9 = 171, 
171-(1 + 7+ 1) = 171 -9= 162, 
162 —(1 +6 +2) = 162-9 = 153, 
153 41 +5 +3) = 153-9 = 144, 
144-(1+4+4) = 144-9= 135, 
135-(1 +3 + 5) = 135-9= 126, 
126 -—(1 +2 +6) = 126-—9=117, 
117-(1 +1+7) = 117-9= 108, 
108 —(1 + 0+ 8) = 108-9 = 99, 
99-(9 + 9) = 99~ 18 = 81, 
81 -(8+ 1) = 81-9=72, 
72 —-(7+ 2) = 72-9 = 63, 
63 — (6 + 3) = 63 -9 = 54, 
54-(5 + 4) = 54-9 =45, 
45 —(4+ 5) = 45 —-9 = 36, 
36 -(3 + 6) = 36 —-9 = 27, 
27-(2+ 7) =27-9= 18, 
18-(1 + 8) = 18-9 =9, 
9-9 =) 
The sequence must eventually reach a number between 70 and 100. Also, since 


any number is congruent to the sum of its digits (mod 9), each member of the sequence 
after al is a multiple of 9. Thus the sequence must breach 99, 90, 81 or 72. 


In any case, the sequence will shortly thereafter go to 63. 


Example 8. A sequence of positive integers a,, a5, a3, ... is defined as follows: 


an +1 ~ Ay a FE 
where P,, is the product of the digit of a... 
The sequence ends if ever a, , , = a, 


Prove that, if a, < 1000,000, the sequence must end (if a, consists of a single digit, 
then P,, = a,). 


Solution: 
[Note: a, = 2, 


a, = 23+2.3=23+6=29 
a, =29+2.9=29 + 18 =47 
a, =474+4.7=47 +28 = 75 
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a, = 75 +7.5=75 + 35=110 
4, = 110+1.1.0=110+0= 110 
a, = 

dg =a, =... etc.] 


We shall prove that a term must eventually be reached that contains a — 0, so that 
all succeeding terms are identical to that one. 

If (ever) 999 is reached, the next term is 999 + 9° 

And we note: 1000 < 999 + 93 < 1100 and this number jumps over from 1000 to 1100 
(101 numbers) 

So, the new term might not contain a zero. But if we reach 999 ... 9 (n-digits) and 9” 
does not jump over the numbers from 100 ... 0 (1 + 1 digits) to 


1000 ... 0 (7 + 1 digits), then we will certainly hit a number containing a zero as our 
next term. The interval contains 100 ... 0 (” digits), which is 10” ' numbers. Thus, if ever 
9" < 10"~'| then the next term must contain a zero, and therefore be the maximum term 
of the sequence. 


Example 9. Find all ordered triples (x, y, z) such that x, y, z are (positive) primes, 
and w+l=z 
Solution: If y is odd, then x°44 + 1 would be divisible by x + 1 and would not be a prime. 


Thus y is even, and must be 2. Also, since z must be odd, x must be even; thus x = 2. 
Thus makes z = 5, 


so the only answer is (2, 2, 5). 
Example 10. The integers a, 5, c are each greater than 20. One of them has an odd 


number of divisors; the other two each have three divisors. If a + 6 = c, compute the 
smallest possible value of c. 


Solution: We note that [Student will try to prove that] only perfect square has an odd 
number of divisors and only the squares of primes have exactly 3 divisors. The quantities 
a, b, c must be 7’, Dis and py (in some order, with p,, and p, primes) a + 6 =c implies 
that 7, p,, p, must form a Pythagorean triple. Since one of these must then be even, ry must 
be even; therefore r is a leg, so the hypotenuse is a prime. The smallest such hypotenuse 
is 13, soc = 169. 
Example 11. Compute v if (10!? + 25)? — (10!2 — 25)? = 10” 
Solution: LHS = 4.10!7.25 =2. 10!2 50 = 100. 10! = 10/4 

And this gives n = 14. 
Example 12. The integers x, y, z are each perfect squares, andx >y>z> 0. If x, y, z 
form an arithmetic progression, compute the smallest possible value of x. 
Solution: Let x = a, y = 62, z=’, 


Then we have 


C- RP =P -a@;s02P =a +c. 
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Since 6 is at least 2, consider values of 6 from 2 on and find 267. The first such value 
that is the sum of two squares occurs when 6 = 5 (a = 7 and c = 1). Then x = 49, 


Example 13. For each non-negative integer n we define a non-negative integer n as 
follows: 


(a) 0=0, 1=2, 2=1 
(b) When 7 is represented in base three as 
n=a,t a3! + a3? +... + a,3", where a; € {0, 1, 2} 
Then A = ay +4,-3! + a5.3? +...+,.3" 
For example, if n = 46 (=1202,), then w = 2102, = 65 
Thus 46 = 65 (and 65 = 46) 
(1) If we make a table of value of n and 7, we see that 1 =2, 3 =6and 4 =8 
(a) Find the smallest greater than 4 such that » = 2n 


(b) Describe any infinite set of numbers for which 7 = 2n, and justify your answer. 


Solution: Let us consider a table of values of n and 7: 


[nee [Famer [Fd 
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(ay n=9 
(b) Powers of 3. Since they are of the form 100 ... 0, the #’s are of the form 2000 


.. 03, SO 7 = 2n. This will also hoid for n’s whose base 3 representation s 
consists only of 1’s and 0’s) e.g. n’s of the form 3* + 1) 


(2) Note that 1+3 = 1+3and2+3 = 243 
(a) Find a pair of integers (a, 6), with a and 6 each greater than 2, for which 


a+b =ath, 


(b) Describe any infinite set of pairs of integers (a, b) for which a+b =a + b, and 
justify your answer. 


Solution: 

(a) 3+9=12= 24,3+9 =6+ 18 =24. Thus (3, 9) is an example. Other examples: 
(9, 3) and (6, 10). 

(b) (3", 1). Since 3"*! is of the form 100 ... 01,, 3” +1 = 200 ... 025, which is the 
same as 3” +1. More generally, we could use the set (a, b) where, when a 
“digit” of one is not O(in base 3, of course), the corresponding digit (in terms 
of position) of the other is 0. Since any nonzero digit of a + b will have to come 
from a or b itself, the corresponding digit of a + 5 will be same as that digit from 


aorb 
Thus a+b =atb. 
Forexample 9+ 6 = 100, +20,, 
sn 94+6= 210,, 


9+6 = 200, +10, =210, 
(3) For each of the following find a number 7 such that 


(a) n-, = 3, 
(b) n- % = -2, 
(c) n -R= 


Solution: From the table (extended) in the solution of equation (1), we find that the 
solutions are 


(a) n=6 
(b) n=5 
(c) n= 22. 


(4) If c is any positive integer, describe how to find an integer » for which n-— 7 =. 


Solution: We first express c in base 3: c = ay + a3! + a3 2 ta3" 

If any a; = 2, replace a, by — 1 and add | toa, , ,. If a, , ; becomes 3, replace it 
with 0 and add 1 to a, , ,. Continue this way until all the digits are 0, 1 or —1. This is 
a new representation of c in base 3 using digits 0, 1 and —1 only. The integer x called 
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for in the problem will be the number in base 3 obtained by now replacing each —1 by 
1 and each 1 by 2. Thus if c = 19 = 201, = 1 — 101,. 

Then » will be 2102? = 65. Checking, we find that 65 = 1201, = 46, and 65 — 65 = 
65 — 46 = 19. Similarly, if c = 11 = 102, = 11 — 1,, then will be 221, = 25; 


Thus n-n =25-25=25-14=11. 
All this works because a | in c (base 3) eventually becomes a 2 in the representation 
of n (and a 2, or 1 in 7); thus, for that position n — 7 = —-1l, which is the correct 


corresponding digit of c. Zeros remain in c, n and 7. Thus this formulation of n produces 
that called for value of c. 


(5) notice that 2.2.3 = 2.3 
(a) Find a pair of integers (a, b) with a and b each greater than 2, such that 
2.a.b =a.b 
(b) Describe any infinite set of pairs of integers (a, b) for which 2.a.b = a.b, with 
ab + 0, and justify our answer. 


Solution: (a) (9, 6). Note that 54 = 2000,, so 54 = 1000, = 27. Then 9-6 = 54 =2.27= 


54 and also 9.6 = 18.3 = 54 3 


(b) (3”, 6) or (3", 5) where 5 is a number whose base 3 representation has only o’s 
and 2’s for digits. Consider the base 3 representation of all numbers involved: 
since b has only 0’s and 2’s, b has only 0’s, and 1’s. Since 3” is a 1 followed 
by n zeros, 3” _is a2 followed by n zeros. Thus 3” .b_is the same as b followed 
by n zeros, 3°h is 5 followed by n zeros, and 2.3"6 brings us back to b 
followed by n zeros. 


Thus 2.3"b = 3b. 


(6) If either a or b is zero, then a.b = a.b, then either a or 6 must be zero. 


Solution: Consider the rightmost nonzero digit of a (in base 3 representation) and the 
rightmost nonzero digit of b, and forget about the zeros that follow. 


The chart below shows the rightmost nonzero digit of various quantities: 


Note that a.b never matches 4.5. Thus a.b = a.b , at least one of the numbers has 
only zeros for digits and hence is equal to zero. 


Example 14, a, b and c are integers with a # b. If (47 + 1) (4° + 1) = 3° + 1. Compute 
the numerical value of a’ + 67 

Solution: a, b > => 3° + | is an even integer, so 4% + 1 (for example) must be even, 
whereupon = 0. Then (noting that b may not also be 0), 
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a + 57=0° + 6° = 1. Ifaord is negative, simple analysis will show that c must 
be negative and no solution is possible. 


Example 15. Let x be the square of an integer. From x we subtract 1; from that result 
we subtract 3; from that result we subtract 5; and so on. (The quantities being 
subtracted continue to increase by 2). This continues until we reach a result that is the 
square of an integer other than zero. Compute the largest x less than 400 for which this 
occurs. 


Solution: Let x = c*. Note that 1 + 3 + 5 + = 5%, at each stage. We want the largest c? 
less that 400 such that c* — 6” = a” + 0. The largest c < 20 that is the hypotenuse of 
a Pythagorean triple is 17, so x = c? = 289. 
Example 16. Find all positive integers n(<17) for which n! (n + 1)! + (7 + 2)!. Is an integral 
multiple of 49 ? 
Solution: at(nt 1)! +(n+2) =nl[l+@tl ttl @t2)] 
=nl(n+ 2y 
Now PF (=49)| nl(n +2 => 7 |n! or 77| (n + 27 
=> 49 |n! or 7| (n+ 2)| 

Therefore, n = 5, 12, 14, 15, or 16. 
Example 17. How many two digit numbers have the property that when they are divide 
by the sum of their digits, the quotient is 7? 
Solution: [Note: A two digit numbers cannot have 0 as its tens digit] 

Let the number be 10¢ + u. Then we should have 


10¢+4u 
t+u 


= 7. And this implies 


10¢+u=7t+ Ju>t=2u. 
Thus the number are 
21, 42, 63 and 48 and the answer is 4. 
Note: Let N be the positive integer A.A, _)..... A,A,, where the A, are digit. Thus 
N=A,10"+A,_,10"~! +... +.A,10? + 4,.10 + Ay, Where 0 < A, <9 and A, #0 
For any integer r, we define the function 
FIN, r) = Agr + Ay | +t Ayr tA, 
e.g. F(253, 4) = 3.47 +5.4+2=70 
F(4B,5) =5B+A 
(1) (@@) Prove: If AB is a multiple of 7, so it 5B + A i.e. If 7 | AB, then 7 | F (AB, 5) 
(b) Prove: If 7 + AB, then 7 + F(AB, 5) 
(c) Prove: 7 | AB C if and only if 7| F (ABC, 5) 
[Observation: A test for divisibility by 7 is 7 | N if and only if 7 | F (NW, 5)] 
(d) Compute the smallest positive integer k such that, for any positive integer 
N, 19 | N if and only if 19 | F (A, &). 
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Solution: 

(a) 7+ ABie.,7|104+B27|5 (104+ B)>7| (494+4+5B)>7| (5B + A) 
7| F (AB, 5). 

(b) 7+ AB=>7 + (104 + B)=>7 + 5 (104 +B) 
74+ (5B +A)=>7 + F (4B, 5). 

(c) 7|ABC=>7| 100A + 10B+C>7|25 (1004 + 10B+ C) > 7| 25 (2A +3B+C) 

=> 7| (50A + 75B + 25C) > 7| (A + 5B + 25C) 7| F (ABC, 5). 

Similarly the converse. ; 

(c) The answer is 2. 

In short: if  19|4,10"+A4,_, 10"~! +... + 4,10? + 4). 10+ Ay 


Then, 19 | 2" (4,10"+ 4, — 110-1 +... + A510? + A). 10 + Ay) 
= 19 | (2"Ay +.2"- 14, +: 2"-24, + ...). 
Example 18. 


(a) Compute the smallest positive value of NV such that F(N, 1) = 18 and (at the same 
time) F(N, -1) = 0 
(b) Find all ordered pairs of digits (A, B) such that 19 | BILLAI11 
(c) If Nis a3 digit number and F(N, 5) = 67, compute the remainder when N is divide 
by 7. 
Solution: F(N, 1) = 4g +A, +... + A, = 18 => N is a multiple of 9; 
F(N,-1) = A) #4, +4,+4,+...=0=> Nisa multiple of 11; thus N=99 
(b) 19| BILTALL => 19 + (27 +29 + 254+ A244 23 +2742 + B2°) => 19 + (238 + 
164 + B) => B+ 10 = 3A(mod 19) 
Trying values of A from 0 to 9 only leads to four pairs: 
(0, 9), (4, 2), (5, 5), (6, 8). 
(c) Let us consider a general solution. 
Given N has n+ | digits, k = 10?~ *(mod p) for prime p > 5, Kk" = 1(mod p) and 
N = G(mod p), where 0 < G <p, Then considering everything (mod p): 
K"G = K"N = F(N, ) => Ki’'G=G=K.FN, k) 


Thus, N =K.F(N, k) (mod p). For n = 2, p= 7, and k= 5 
5*K = I(mod7) 

> K = 2(mod7) 

=> N = K.F(N,5)=2.67224=8 


1(mod 7). The remainder is 1. 


Example 19. The integer A has 198,519,851,985 digits, and is not a multiple of 3. The sum 
of the digits of A is B. The sum of the digits of B is C. The sum of the digits of Cis D. 
Compute the possible values of D. 


Solution: Suppose 4 has one 8 and the rest 9’s as digits, Then the corresponding B is 
1,786,678,667,864. 
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A smaller A can produce a B whose digital sum is larger, 

The B with the greatest possible digital sum (while not being a multiple of 3) would 
be 999,999,999,998. The corresponding C is 107, but a further reduction in the original A 
could produce a reduction in B to get a C with the highest digital sum, that C is 98. This 
gives a maximum D of 17. 


Example 20. Compute the smallest positive integer n, greater than 2, such that 2 | n, 
3[n+1,4|n+2,.., 10] n+8 
Solution: Suppose » = x + 2. Then 2|x+ 2,3 |x +3, ... etc. This implies that 2 | x, 3 


| x.. etc. The least possible x would be the least common multiple of the integers from 2 
through 10, which is 2520. Thus n = 2522. 


Example 21. Iff(n+ 1) =(-1)"*!.n-2,/(), for integral n, and f(1) = (1986), compute 
SC) +f£(2) +f) + ... +£(1985) 


Solution: S@ = 1-2f(C1), (GB) =-2 ~— 2f(2), £(4) = 3 - 2/3), ..., 
£(1985) = —1984 — 2f(1984), £1986) = 1985 —2f(1985). 
Adding and replacing f(1986) on the left side by f(1). 


1985 1985 
We get S/@ =1-2+3-4+...-— 1984+ 1985-2 fi) 
i=1 i=l 
1985 ; 1984 1985 
So, 3 =f@ iar + 1985 = 993 and >} / (i) = 331. 
i=1 j=] 


i= 


Example 22. The smallest integer with exactly 8 divisors (including 1 and the number 
itself as divisors) is 24. Find the next higher with exactly 8 divisors. 


Solution: The number of divisors of N = pe Py? Oe , where the p, are distinct primes, 
is (a, + 1) (a, + 1). ... (a, + 1). A number with 8 divisors must be one of the following 
forms: p’, or p'g or p'q'r'. The smallest N is 3!.2? = 24; the next higher is 2!.3!.5! = 30. 


Example 23. If the product (2°! +1) (25 i 1) is expressed in base 2, compute the number 
of 0’s in the result. 


Solution: (2”*! + 1) (2"- 1) =2"* !(2"- 1) + (2"- 1). In base 2, 2” — 1 is a series of 
n consecutive 1’s; multiplying by 2” + 1 appends (7 + 1) 0’s to the 1’s. Now adding 
2” — 1 to it changes the final n 0’s into 1’s. There will be 1 zero left in the middle. 


Example 24. If f(x) is defined for x > 0, 
f(a + b) = f(a) + f(b) = 2f (ab), and f(1) = 1 

compute (1986). 
Solution: We show that f(even) = 0 and f(odd) = f(1) = 1 

And so, (1986) = 0. 

[a= b=0>f(0)=0;a=6==> f(2)=f(1) +f) - 2f(1) = 0 

(2) Assume that f() = 0, for even ” such that 0 < n < 2k and f(n) = f(1) for odd 

n such that0 <n <2k-1 


* 
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Then f(2k+ 1) =f(lI) + fA - 2624 =f(1) 

and f(Qk+2) =f(l) + f(2k + 1) -f(2k + 1) 
= f(1)+ fC) - 2f() = 0. 

Example 25. How many 2 digit numbers, neither of whose digits is 0, are such that the 
product of their digits is a square. 
Solution: From 11 through 99 are 9 numbers, each with identical digits; if each digit is 
a square, we have 14, 41, 19, 91, 49 and 94 for 6 more numbers; finally we have 28 and 
82 for 2 more numbers; total is 17. 


Let the positive integer 
N = 4,4,,-14n—2 +» 424,4q Where. ai are digits.” 


Thus N=a,10"+a,_,10"~! +... +.a,10? + a,10 + ag 
where 0<a,<9 anda, +0. 
We define the function 
TIN) = (a, + 1) Ga, + 1) (@& + 1) (@ + 1) (ay + 1) 
Now 


Example 26. 73079) = 4.1.8.10=320 
Also we define; 7! (X) = the smallest N for which T(N) =X 
(I) (a) Find all NV < 300 such that T(N) =N+ 1 
(b) Find all N < 100 such that 7 (N) = N 
(c) Find all N < 100 such that 7 (N) = N — 20 
(d) Find all N < 100 such that T (N) = 7N/8 
(e) Find 77!(54) 
(f) Find 7'(720) 
(g) For what positive integers X does 7” '(X) not exist? 


(II) (a) Prove that 7(10A + B) = [7(A)][B + 1], where A and B are integers with A 2 | 
andQ<B<9. 


(b) Prove that T(N) < N + 1 for ail positive integer N. 
III (a) Prove that for all positive integers N, T(N) = N has only the solution(s) found 

in part I(b) above. 

(b) Prove that for all positive integers N, 
T (N) = N — 20 has only the solution(s) found in part I(c) above. 

(c) We define 7(0) = 1. 
Prove that 7(0) + 7(1) + 7(2) + 7G) +... + TUL0* -1) = 55* 
For all positive integer k. 


Solution: The answers are 
(1)(a) 1,2, 3,4, 5,7, 7,8, 9, 19, 29, 39, 49, 59, 69, 79, 89, 99, 199, 299 [it obviously works 
for one digit number. If VN = 104 + B, we have (4 + 1) (B+ 1)=104+8B+1, 
leading to B = 9. If N= 100A + 10B + C, brief analysis for A = 1 and for A = 
2 lead to the answers] 
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(c) The only solution is 18. [This cannot work for a one digit number. If N = 104 
+ B, then (A + 1) (B+ 1) = 104 + B-20 leads to AB — 9A = -21. Thus A | 21, 
so we need only consider A = 1, 3, or 7, getting the corresponding B’s and 
checking lead to the solution] 

(d) The only solution is 16. [For a one digit number, we get N + 1 = 7N/2, which 
leads to an impossibility 
If N= 10A + B, we get 8(A + 1)(B + 1); Thus, 7 | (A + 1) or (B + 1), leading to 
A = 6 or B = 6. Solving for the other variable leads to the only solution.] 


(e 


— 


Searching for a two digit solution, we get two factors of 54 where one factor is 
as small as possible (of course, no factor may be greater than 100. This leads 
to 6, 9; the answer is 58. 


(f) We search for three factors of 720, each number greater than 10, with one as small 
as possible. Clearly this factor must be greater than 7, so we use 8, 9, 10. This 
leads to the answer 789. 


(g) T'(1) does not exist. For X greater than 1, 7'(X) will exist so long as X can be 
expressed as a produced of factors, none of which is greater than 10. If X has 
any prime factor greater than 7, this factorization cannot be done. Thus the 
answer to the question is 1, and any positive integer having a prime divisor 
greater than 7. 


II (a) If A= ¥a,.10! , then T(A) = Il(a, +0 iors a=| $4,20%'] +0 
i=l i=0 i=l 


so, M104 +B) =[ T1(a, + YB + 1) = [74] [B +1] 
i=0 


(b) This clearly holds for all single digit numbers. Assume it holds for all single digit 
numbers > 1. Let N have k + 1 digits. Then if 


N = 10A + B, [where A has k-digits and 0 < B < 9], 
TIN) = [T(A)] [B+ 1] < [A+ 1] [B+ 1] 
=AB+A+Bt+1 
=[B+1]A+Bt+1<104+Bt+1=N+1. 
By induction, therefore, the statements holds for all N. 
III (a) Let N=10A+B, whereA>Oand0<B<9 
{note that for A = 0, 7(B) = B + 1, not B], 
T(10A + B] = [7(A)] [B + 1] = 104 + B, so 
(B+ 1)| (104 +B) > (B+ 1)| (104+ B+1-1) 
=> (B+ 1)| (104-1), 
so B is even. But 
104 + B = [7(A)] [B+ 1] <[4+1] [B+ 1] 
=AB+A+Bt+1>9A<AB+1, 
So AQ-B)<1>B=9, 
[Impossible, since B is even] or A = 1, B = 8. Thus 18 is the only answer. 
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(b) 


(c) 
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Since 7(N) > 0, N > 21. 
Let N = 104+B, 
where A > 2 and0<B<9. Then 
T(10A + B) = [7(A)] [B + 1] = 104 + B-20 
=> (B+1)|(104+B-20) 
=> (B+ 1)|[104+(B+1)-21] 
=> (B+ 1)| (104-21) 
=> (B+ 1)| [104 -22)- 1], 
so B + 1 is odd, making B even and < 9. Therefore 


B = 0,2, 4, 6, 8. 
Also [7(A)] [B+ 1] < [4+ 1] [B+ 1], 
so 104+ B-20 <(4+1)(B+1)=AB+A+B+1 
=> As ca 
9-B 
Let us now consider the cases: 
If B= 0, A $ 21/9 >A =2 and N= 20 (impossible, since N < 21] 
No solution for B = 0. 
If B = 2, A<21/7=3>A=2 0r3, 


72) = 32 — 20, but 7(22) # 22 — 20. 
Hence, only solution is N = 32. 


If B= 4, (B + 1) | [10(4 — 2) — 1] > 5 | [10(4 — 2) - 1], 
which is not possible, since 5X — 1. 
If B = 6, (B+ 1) | [10(4 ~ 2) — 2] > 7] [10(4 — 2) - 1] 


=>7|3A=>7| A; then 
A $21/3 >A =7. T(76) = 76 —20. 
Hence another solution is N = 76. 
If B= 8, (B + 1) | [10(4 — 2) — 1] > 9| [10(4 -2)-1] 
= 9| (A -3); then 
A<21>4=3, 12,21. 
T(38) # 38 — 20; T (128) = 128 — 20; 7 (218) # 218 — 20. 
Thus the only solution is 32 and 76. 
The proof is by induction. Let us first illustrate this for k = 1, 2, 3. For k= 1, 
7(0) + 70) +... + 19) =14+24...+ 10 = 55}, 
or k = 2, 
7(0) + 71) +... + 7099) 
= [7(0) + 7110 + 7(20) +... + 7(99)] + [7U1) + M11) + (21) +... + 791) 
+... + (7(9) + T(19) + 7(29) + ... + T(99) [using T(A)] 
= [1+ 71). 14+ 7(2). 1+...+7(9). 1} +[2+ M2 +7(2)2+...+719).2] 
+... + [10+ 7(1). 10 + 7(2).10 +... + 7(9). 10]=[1+2+... +10] 
[7(0) + 710 +... + 7(9)] = 55.55! =55? 
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For k = 3, 
7(0) + 71) +... + 7(999) 

= [7(0) + 70) + 7(20) + ... + 7(90) + T1100) + 71110) +... + 7(990)] 
+ [711) + 711) +... + 72991)] + ... + [7(9) + TU19) + ... + 70999) 

= [1+ 7(1).1+ 7(2).1+...+ 719). 1+ 7(10).1 + 701). 1+... + 7199). 1] 
+2+7(1).2 +... + 7(99).2] ... + [10 + 71) 10 + ... + 7999).10] 

2 
= Sil fi SETOI= 55.552 = 553 


i=l i=0 


10"-1 
Assume > 7(i) = 55”. Then 


i=1 


1o7+1_1 


ETC) = [1 + 7C).1 + 712).1 +... + 7010" = 1).1] + [2+ 7).2+.. 
i=] ‘ 
+ 7(10n — 1).2] +... + [10 + 71) 10 +... + 7107 = 1).10] 
10 
=[ 2a] 


10”-1 
[ XTQ@ =55.55"=55"*), 
i=1 


thus satisfying the induction hypothesis. 
[Note: It can be shown that [7(0)? + 7(1)* + ... + [7(10*— 1)]? = 385, and in general 


10* -1 £ 
zT@| = 


Thus function has many fascinating properties, including the fact that when N is 
written in base p (a prime) and 7(N) is suitably defined, then 7(N) is the number of terms 
in the NM row of Pascal’s triangle which are not divisible by p]. 


= (roy i 


ioe 


Example 27. The positive integer NV has exactly 12 distinct (positive) divisors including 
itself and 1, but only 3 distinct prime factors. If the sum of these prime factors is 20, 
compute the smallest possible value of N. 


a 
Solution: If p, g and r are the prime factors, their sum is 20, so one must be even. Let 
p = 2. Then 


(q, r) = (5, 13) or (7, 11). 
Let N = 22.5°.13° or22.7°.11° 
where a2b2c,(a+1)(b+ 1) (C+ 1)=12 
and a,b,c 20 >a=2,b=1,c= 1. Then 
N = 22.5!.13! =260 or N= 22.71.11! = 308. 
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Example 28. For all ordered pairs of positive integers (x, y), we define f(x, y) as follows: 


(a) f(@, 1)=x 

(b) f@,y) = 0 ify>x 

(c) fx +1,y) =f, ») + f@, y- 1) 
Compute f(5, 5) 


Solution: fQ,1) =1 
(2,2) =2[f(01,2)+/, D] 
= 2.1; 
£GB,3) = 3[f(2,3) +f (2, 2)] 
= 3.2.1 
and so on. 
S66, 5) = 5! = 120. 


Example 29. Compute the smallest positive integer N such that is an integer. 


! 
12/2 


‘ ae N 
Solution: It is necessary that 274 and 3!? each divide N!. If B = 8, then 


ao=[l 


so 310 | N! (not enough). If B = 9, then 


alm (- 


Therefore EB >9 and N2 27. 


Now [7] +[22]+[ 2] ]- 13 +643 41-2, 
2 22 23 pg . 


so 223 | M! (not enough). But N = 28 works for both 2 and 3. 
1 1 
Example 30. If.a2 +52 = 6, compute the number of ordered pairs of positive integers 


(a, b) that satisfy the equation. 


Solution: If the sum of two positive number is ¢ then the first can be any one integer 
from 1 through ¢ — 1. This gives t— 1 ordered pairs, so that answer is 5. For example, 
1 
. 4+2 =6, so a can be 16 and 5b would be 4; a2 ranges from 1 - 
through 5. ‘ 
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Example 31. How many 5 digit numbers have all of the following properties? 
(a) All 5 digits are different. 
(b) The first digit is from 2 through 6 inclusive. 
(c) The last digit is from 3 through 7 inclusive. 
(d) The middle digit is odd. 


Solution: Consider four cases: where the first and last digits are respectively even/odd, 
odd/even, odd/odd, even/even. For the first three cases: count the number of choices for 
the first digit, then the last digit, then the middle digit, then the remaining digits, for the 
last case: consider the final digit, then the first, then the middle, then the others. 


Numbers of choices: 374 63 = 1512 
27462 =672 

27362 = 504 

27562 = 840 

Total = 3528 


Example 32. Find the smallest 3 digit number such that both of the following are true: 
(a) The number formed by any two of its digits (in either order) is a prime. 
(b) The number formed by its three digits, in any order, is a prime. 


Solution: Only 1, 3, 5, 9 are possible digits. 
(a) If no digits are the same, they must be 1, 3, 7 (since 931 and 93 are composites), 
but 7 divides 371. 


(b) If two digits are the same, they must be 1, 31. Then only 113 works (91 and 117 
are composites) (Note: 131 and 311 are primes). 


Example 33. The numbers x and y are positive integers with the following properties: 
(a) The sum of their squares is L 
(b) The sum of their cubes is K times the sum of the number themselves. 
(c) L-K = 28. 
Compute all possible ordered pairs (x, y) with x < y. 


3,43 
Solution: x +y— EA = 28 
x+y 
= 2+ P-@ay t= 2 
> xy = 28, 


producing (1, 28), (2, 14), (4, 7) all three pairs required. 


Example 34. Compute the remainder when 333” is divided by 7. 
[Note: The answer must be an integer from 0 through 6] 
Solution: 3 | 33 = 3352 = 3k; where k is odd, 
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34 29)! = (7g 1 = 7b = 1 [since k is odd] 
=7co+6 
So the remainder is 6. [The solution is shorter if “congruence” notation is used which 
is as follows: 


3° = -1(mod 7) 
= 3337 = 3 
= (-1)* (mod 7) 
= —|(mod 7) where & = (331, 1132) is odd 
= 6(mod 7). 


Example 35. When represented in base k, where k is a positive integer, the number x 
is 29,, and the number x is 769,. Compute k (expressing your answer as a base 10 
numeral) 


Solution: 7/2 + 6k +9 =(2k+ 9% > k= 12. 


Example 36. If the integer A is reduced by the sum of its digits, the result is B. If Bis . 
increased by the sum of its (B’s) digits, the result is A. Compute the largest 3 digit number 
A with this property. 


Solution: Since a number and the sum of its digits are “congruent Mod 9”, B is a multiple 
of 9[that is, A-sum of its digits) must be divisible by 9]; since this means that the sum 
of B’s digits is also a multiple of 9, then B + (sum of its digits) = A is also a multiple of 
9. Now try 999[999 — 27 = 972, which does not have a digital sum of 27]; try 990[990 ~ 
18 = 972; which also has a digital sum of 18], which works. 


Example 37. [Note: 12+ 22+ 32+... + 19867 + 19872 = 1987.9994.1325] 
If 1.1987 + 2.1986 + ... + 1987.1 = 1987.994x, compute the integer x. 
Solution: IfS= 1.1987 +2.1986 +... + 1987.1 and 
K = 1987.1987+ 1986.1986+...+ 1.1, 


1987.1988 


S + K = 1988(1987 + 1986+... + 1) = 1988. 5 


= 1987.994.x + 1987.994.1325; 
Simplifying both sides leads to x + 1325 = 1988, so x = 663. It can be shown that 


(1)() + 2)(n - 1) + 3) -2) +... + (0) = n(n+ un +2) 


Example 38. If oe Pee = ee ees where p and gq are primes and 3 < p < q, compute 


q p 
the ordered pair i: q). 


Solution: 32(p + g) = 32.32 implies p + g = 32. Trying prime values of p larger than 3 only 
produces p = 13, q = 19. 


So the answer is (13, 19). 
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Example 39. Find all four ordered pairs of positive integers (x, z) such that 
x =7? +120 
Solution: 


(x ~z)(x + z) =ab 
bt+a b-a 
,Z= ‘ 
2 

Note that a and 5 must have the same parity. We have 120 = a.b = 1. 

120 =2 x 60 =3 x 40=4 x 30=5 x 24 =6 x 20=8 x 15= 10 x 12, only the second 
fourth, sixth and eighth factorings are satisfactory. For example, 2 x 60 leads to (x, z) = 

60+2 60-2 
| a a 
Answer: (31,29), (17, 13), (13, 7), (11, 1). 


a<b>x= 


Example 40. Find all four ordered pair of integers (x, z) such that eP=24+72). 


Solution: x — 2? = (x —z) (x7 +.xz +2"). For integral x, z the second factor is clearly never 
negative. So both factors will be positive (since their product is 721) Thus we need only 
consider “positive” factorization: 
(x —z) QX? txzt 7) =1 x 721=7* 103 =721 x 1= 103 x7 

Letting x = 1 + z leads to z = 15 or —16, letting x = 7 + z leads to z = 20r — 9; the 
other two factorizations lead to imaginary x and z. 

Answer: (16, 15), (-15, — 16), (9, 2), (~2, -9). 
Example 41. Consider the equation x? + y* = z* + 18, where x, y and z are positive 
integers. 

(i) Prove that z must be even 

(ii) There are infinite number of solutions where z = y + 1. 
Solution: If x and y are both even or both odd, Pax t y ~ 18 is even, so z is even. 
If x and y have opposite parities, let x = 2p, y = 2q + 1; then 

2 = 4p* + 4q2 + 1-18 =4k +3. 

But no square can be 3 more than a multiple of 4, so this is impossible and z must be 


even. [note: If x and y are even, 4 | (x* + y), but 4 + (x? + y? — 18); thus z would be 
even, but not divisible by 4. 


This is impossible, so actually x and y both must be odd]. 


Example 42. In the equation x? + y* = 2 + 18, where x, y and z are positive integers, 
prove that 


(i) there are an infinite number of solutions where z = y + 1 
(ii) there are no solutions where z = y + 5 
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Solution: 
0) z=ytl 
=> x =2y+19 
= es x? -19 
oT 


For y = 2k + 1 (odd) we get 
y = 2K + 2k —9, and then 
z = 2k = 2k - 8 for each k > 1. 
Thus? for each k > 1 we a solution. 
Gi) z=yt5 
=> x = 10y + 43 = 10k +3; 
but no square ends in a 3. 
Example 43. In the equation e+ y = z* + 18, where x, y and z are positive integers, 
prove that 
(i) there are no solutions where x, y and z are in arithmetic progression 
(ii) there are no solutions where x, y and z are in geometric progression. 


Solution: (i) Suppose the numbers are (x=) y — d, y, y + d(=z) 
Then y = 4dy+ 18. 


Now the right side is a multiple of 2 but not a multiple of 4, so y* is divisible by 2 
. but not divisible by 4 and is not possible. 


; ; . = : X+z, . 
Also since x is odd and z is even, x + z is odd, so y = is not integral. 


(ii) Suppose the numbers are x, (xz), z 


~—Zz+ Jz? +72 
5 : 


Now 52” + 72 [=5k + 2] would have to be 2 more than a multiple of 5 and this is not 
possible. 


Then vetxz—-2-18=0>x= 


For a simpler solution note that odd x and even z makes y [=/(xz)] even and is not 
possible. 


Example 44. In the equation + y = z* + 18, where x, y and z are positive integers 


(i) Find a numerical solution where x = y 
(ii) Prove that there are an infinite number of solutions where x = y 


Solution: Suppose x = y = 2k + 1 and z = 2r. then 


8h + 8k +2 = 477 + 18 => 12h + 2k=r* + 4. Let r = 2p. Then 
2+ k= 2p +2 AOD = pre 
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=> 142+ ..+k=pt+1. 

Adding successive positive integers quickly produces k = 4, p = 3. 

[leading tox = y=9, z= 12] 

Thus one solution is (9, 9, 12), [several others are indicated in the answer to the next 
part of the question] 

(ii) Suppose (x, z) = (u, v) is a specific solution to our equation P+x=274 18. 

In an attempt to find other solutions, let us try some “linear combinations” of the 
u and v and see if it works; Let 


x =aut by, 
and z=cut+day, 
where a, b, c and d are positive integers. Then we have 
2 (au + bv)? = (cu + dv)? + 18 
=> 2a7u? + 4abuv + 2b* = c7? + 2cdiw + Pv + 18. 
We can make the “uv” terms equal by setting cd = 2ab. Then 
2u? (a? — c*/2) = v°.(a — 2b?) + 18 
Since (u, v) is a solution we have 
: Qu? =v + 18. We set a — c2/2 = | and & — 262 =1 


claim: The three underlined equations will lead to specific values for a, b, c, d. Now 2a” 
—c? = 2 gives c is even; let c = 2k. Then a — 24? = 1, leading to one easy solution a 
= 3, k = 2 [so c = 4] Now the first underlined equation, using these values for a and c, 
gives d = 36/2; substituting this into the third underlined equation leads to b = 2 and 
d = 3. Thus we have x = au + bv = 3u + 2v andz=cu + dv = 4u + 3v. These produce 
an infinite number of positive solution, each based on a previous solution. For example, 
starting with (x, z) = (u, v) = (9, 12) [from part Ilel above] we get (x, z) = (3u + 2v, 4u + 
3v) = (51, 72) as a solution. This in turn leads to (297, 420) as a Solution; and so on. 


Example 45. The number N, when expressed in base 3, is .11111 me) and when expressed 
in base 10, N is the fraction a/b. Compute the ordered pair (a, b) where a and b are 
relatively prime positive integers. 


Solution: 


1 
1 1 1 3 1 
@) atop tas Pe a AD): 


AWM De 
: 2 


3 


Example 46. Compute the number of integers from 1 through 100 inclusive that are of 
the form kv” where k and 7 are positive integers and n > | 


Solution: From 1 through 100, there are 25 multiples of 4, 1f multiples of 9, 4 multiples 
of 25 and 2 multiples of 49. That totals 42 multiples of squares. But we are counting twice 
the 2 multiples of (4)(9) and the 1 multiple of (4)(25), so the final answer is 42 -3 = 39. 
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Example 47. If(1+3+5+..+p)+(1+3+5+..+g=(1+3+5+... +7), where 
each set of parenthesis contains the sum of consecutive odd integers as shown, Compute 
the smallest possible value for the sum p + q + 7, if p > 7. 


Solution: If the parentheses contains a, b, c addends respectively, then a’ + b? =c?. Note 
that p > 7 => a> 4; this eliminates the Pythagorean triple 3, 4, 5. The triple with the next 
smallest sum is in each pair of parentheses, so (p, q, r) = (11, 15, 19), for a sum of 45. 


Example 48. In decimal representation, the positive integer x has 11 digits and the 
positive integer y has k digits. The product xy is a 24-digit number. Compute the maximum 
possible value of k. 


Solution: 10!°<x<10!! and 1073 <xy< 1074. Minimum x implies maximum y, so 1073/ 
10!° <y < 104/10! > 103 <y< 104 > k= 14, 


Example 49. Given N = 999 ...9999. Compute the sum of the digits of N* 
od 


220 times 
Solution: N= 10229 1, so N* = 10449 — 2.10720 + 1 


The positive terms result in a 1 followed by 439 zeros, followed by a 1. The negative 
term is a 2 followed by 220 zeros. Then subtraction leaves a 1 in the units position, 
preceded by 219 zeros, then an 8, then 219 nines. The sum of the digits of N’ is therefore 
220(9) = 1980. 


Example 50. A B and C are distinct, non zero digits. Compute the smallest three digit 
number ABC with the property that the mean of the numbers 


Solution: If 4+ B+C=S, then 6 < S < 24 and 2(100S + 10S + S), which equals 37S, 
ends in the digit 5. Therefore S ends ina 5, so S= 15. Letting A=1, B+ C= 14 the smallest 
satisfactory number is 159. 


Example 51. The number JN is a multiple of 7. If the base 2 representation of N is 
10110101010101 ABC 110. 


Compute the ordered triple of digits (A, B, C). 


Solution: A number in base 10 is divisible by 9 iff the sum of its digits is divisible by 
9. Similarly a number in base 6 is divisible by (4 — 1) iff the sum of its digits is divisible 
by (6 — 1). Change N to base 8[this is easily done by grouping the binary digits in blocks 
of three and evaluating each block, effectively producing the base 8 representation]; we 
get 


N = 10/110/101/010/101/ABC/110, = 26525 — 6, 


For the sum of these digits to be divisible by 7, the missing number must be 2. In 
base 2, that is 010, so the answer is (010). 


SOME NUMBER THEORETIC PROBLEMS RELATED TO MATHEMATICS OLYMPIADS 289 


Example 52. Prove that the number 
0.12345679810111213141516... 


obtained by writing all numbers in order after the decimal point is a non-recurring non 
terminating decimal number. 


Solution: Suppose it is recurring and it consists of m-non-recurring digits repeated again 
and again; so that it is of the form 


470, ... a,b, bb, ... b,b,b, bb; ... 5, -.. 

AS we go on writing natural numbers, the number 111...1 with 7 ‘ones’ will occur and 

this will imply, if the period is n, that 
6 b55%0), Hil 

Similarly at some later stage, the number 222....2 with 2 occurring n-times will come 
and if the period is 1, this would imply 5,), ... b,, = 22....2 

This leads to a contradiction. As such, the given number is a non-recurring non- 
terminating decimal number and is thus an irrational number. 


Example 53. Show that the product of digits of any natural numbers containing more 
than two digits is less than the number itself. 


Solution: Let ap, a,, ... a, be the digits of the number starting from the unit place, then 
the number is given by 


N =a, + 10a, + 107a, +... + 10"a, 
Now ay < 10, a, < 10,..., a,_, < 10, a, < 10 so that aga,a,a, ... a, < 10"a, << N 
Thus the product of digits of n, is less than the number 7. 


Example 54. Delete 100 digits from the number 123456 ... 5960 in such a way that the 
remaining number is as small as possible. 


Solution: The number of digits in the given number is 9 + 2.51 = 111 After deleting 100 
digits we shall get a number of 11 digits and we want it to be as small as we possible. 

Starting from the left we want to retain as many zeros as possible. We retain zeros 
10, 20, 30, 40, 50 so that from the first 50 numbers, we get five zeros. We have to get six 
more digits. From 51 we keep 1, from 52 we keep 2 from 53 we keep 3, from 54 we keep 
4, from 55 we keep 5. This gives us 10 digits. The last digit we retain is the 0 of 60. Thus 
we get the number 00000123450. 


Example 55. In how many zeros does the product of the first hundred natural numbers 
end? 


Solution: In numbers | to 100, there are 50 multiples of 2, 20 multiples of 5 and 4 multiples 
of 25. 

Thus there are 16 numbers which are multiples of 5, but not of 25. When these are 
multipled by 16 of the even numbers, we get one zero each time so that their product gives 
16 zeros. Again there are 4 numbers which are multiples of 25. When these are multiplied 
by two even numbers each, we get 2 zeros each time so that we get 8 additional zeros. 
We can choose different even multiples in the 20 cases. 


Thus the total number of zeros is 24. 
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Example 56. A certain natural number has 3000 one’s and the rest of digits are zeros. 
The one’s are not necessarily in the first 3000 places. Can it be a perfect square? 


Solution: The sum of the digits is 3000. As such the number is divisible’ by 3, but it is 
not divisible by 9, so that it cannot be a perfect square. 
Example 57. Find the greatest common divisor of 

a.= 1111, 1111, 1111(12 one’s) 

b = 1111, 1111,..., 1111(100 one’s) 


Solution: . b =ax 108% + ax 10% +a x 10%+...+a x 104+ 1111 
1111 x 108+ 1111 x 104+ 1111 
so that a and 4 are both divisible by 1111, which is the required greatest common divisor. 


a 


Example 58. Prove that there are no natural numbers which are solutions of 15x? ~ had 
=9 
Solution: Since 15x* — 9 = 7y’, y is a multiple of 3. 


Let y = 3z, so that 5x* — 3 = 217 = 5x7 =3 + 217, so that 5x” is a multiple of 3, 
so that x is a multiple of 3. 
Let x = 3u, so that 
15-6 = 1+ 
1 + y* has to be a multiple of 3. Now the number y can be written as 9a + 5, 
where b < 9. 
1+y°=1+(9a+ 5) =(1 + b*) +a multiple of 9, then 1 + 5? has also to be 
a multiple of 3, where b = 0, 1, 2, 3, 4, 5, 6, 7, 8, but for none of these values, 1 + b? is 
a multiple of 3. Thus 1 + y7 is not a multiple of 3 for any integral values of y which is 
a contradiction. Hence our result follows. 


Example 59. All the natural numbers are written in order starting with 1. Find the digits 
in the 5,00,001" place. 


Solution: 
500001 
(The number is of the type 123..91011..99100101..9991000...) 
There are 9 one digit numbers (1, 2,..., 9); number of digits they take = 9 
90 two — digit numbers (10, 11, ... 99); number of digits they take = 180 
900 three digits numbers (100,101, ... 999); number of digits they take = 2700 
9000 four digit numbers (1000,1001 ... 9999); number of digits they take = 36000 
90,000 five digit numbers (10000, 10001, .. 99999); number of digits they take 450,000 


Thus the total number of digits required to write all numbers of 1, 2, 3, 4 and 5 digits 
* =9 +180 +2700 + 36000 + 450000 = 488889 


We have to fill in 500001 — 488889 = 11112 places with 6 digit numbers. 
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We 1852. As such we require 1852 


Therefore, number of six digits numbers is 
six digit numbers ; 
Numbers with six digits begin with 100000, 100001, .. and therefore, the last number 
will be 101851 and so the digits in the 500,001" place unity. 
Example 60. Find the digits x and y so that N = 30x0y03 is divisible by 13. 
Solution: . 


N = 3000003 + 10,000x + 100y = 6 + 3x — 4y + a multiple of 13 
. N will be divisible by 13 if 3x — 4y + 6 is divisible by 13 
We have to try out values 0 to 9 for x and y. We get the solutions: 
YR 8 2 6 0 5 9 3 
y: 1 3 6 8 2 5 7 
As such the solutions are 
3080103, 30203 13, 3060603, 3000803, 3050203, 3090503, 3030703. 


Example 61. Show ‘that the number 2178 has the property that 
() When it is multiplied by 4, we get a number with the same digits in the reverse 
order. 


(ii) Show that the result remains same if any number of 9’s are inserted between 21 
and 78. 


(iii) Find more numbers with the property that when the number is multiplied by 4, 
we get a number with the same digits in the reverse order. 
Solution: (i) It is easy to verify that 8712 = 2178.4 so that 


(8700 + 12) =4.(2100 + 78) 
(ii) Now let x 9’s be inserted between 21 and 8 so that the L.H.S and R.H.S numbers 
are: 87 99...99 12 and 2199...99 78 
x—times x-times 
The insertion of x 9’s increases the larger number by 
- 8700.10* — 8700 + 10* *2 — 102 
= 8700 (10* ~ 1) + 107(10* — 1) 
= §800.(10*—1) 
Similarly insertion of x 9’s increase the smaller number by 
2100.10* — 2100 + 10**? — 10? 
, = 2100.(10* — 1) + 100.(10*— 1) 
= 2200.(10*- 1) 
So that whatever be the value of x, the increase in-the larger number is 4 times the 


increase in the smaller number; but the original larger number 8712 was 4 times the original 
smaller number 2178, so that the new larger number will be 4 times the new smaller number. 


292 NUMBER THEORY 


We thus get an infinity of number pairs, so that when the smaller number is multiplied 
by 4, we get a number with same digits in the reverse order. 


However these are not the only number with this property. 

(iii) We can get more numbers by combining these numbers, e.g., 
219782178217821978 

if we multiply it y 4, we get 
879128712871287912. 


So that if A,, Aj, A3, Aq, ... denote the smaller numbers formed in part (ii), we can 
take numbers of the type 


AAAAA, 


Example 62. Find the final digits of the millionth number of the sequence, 


177,17 697 
Solution: Suppose Né& is for the x" term of the given sequence. 
Then N, =N7,_1,N,=7 
Keeping track of the final digit only, we find the final digits as: 
7! 47,7 +9, 7? 3, 7 1, B 7, 7 > 9, 77 = 3, ... ete 
Thus we get the final digit of N, is 7, 
N, ... 3, Now 3! — 3, 3? > 9, 33 + 7, 34 > 1, 3° 3 3, 36 4 9, 377 
Thus the final digit of N, is 7. 
Therefore, the final digit of N, is 3 and final digit of N, is 7. 
In general, the final digit of N,, is 3 and the final digit of N,, , , is 7. 
As a particular case, the final digit of Ni9 9999 is 3. 


Example 63. Prove that if one of the numbers 2” — 1, 2” + 1 is prime, when n > 2, then 
the other is composite. 


Solution: As 2” is not divisible by 3, when 2” is divided by 3 the remainder would be 
1 or 2. In other words 2” is of the type 3k + 1 or 3k — 2, where & is an any integer. 
In the first case 2” — 1 is divisible by 3 and in the second case 2” + 1 is divisible 
by 3. As such either 2” — 1 or 2” + 1 is a composite number. Since 3 is not a composite 
number, we leave out the case 7 = 2. 
Example 64. Prove that 10001, 100010001, 1000100010001, 
(With three zeros between two one’s) are composite numbers? 


Solution: Since 
Atl p=@-iIl¢xt..+xr4 
We have, 10**4_ 1 = (104-1) (1+ 104+... + 10%) 
10% +2 _ 1 = (107-1) (1+ 102+... + 1074) 


SOME NUMBER THEORETIC PROBLEMS RELATED TO MATHEMATICS OLYMPIADS 293 


Dividing 
(107+? 41) (1 + 107 +... + 1074) = 101 x (1 + 104 +... + 1044) 
Since 101 is a prime number, it must divide either of the numbers 
107% *+2 =] or 1 +107 +... + 1074 
And if & > 1, the quotient will be > 1. 
This shows that when k > 1, 1 + 104 +... + 10** is always a composite number. 
The number 10001 is easily verified to be composite (10001 = 73 x 137). 


Example 65. Show that 27” — 1 and 2?"~! + | are both divisible by 3, for all positive 
integral values of n. 


Solution: Since a* + b* is divisible by a + b, if k is an odd integer, we find that 22m _ 
1 + 1 is divisible by 2 + 1 = 3. Also 27" - 1 =2.(27"-!' + 1) — 3 so that 22" - 1 is also 
divisible by 3. 


Example 66. Prove that no number in the sequence 
L1,111,1111,11111, ... is the square of an integer. 


Solution: Any number of the sequence is of the form 11 + 10m = 4(25m + 2) + 3 and so 
leaves a remainder 3 after division by 4. However every square number is either the square 
of an even number (and so is divisible by 4) or the square of an odd number (which is 
of the type 4n? + 4n + 1 and leaves | as remainder after being divided by 4) Thus no 
square member can be of the form 4k + 3 and as such no member of the given sequence 
can be a perfect square. 


Example 67. Determine all three digit numbers N having the property that N is divisible 
by 11, and N/11 is equal to the sum of the squares of the digits of N 


Solution: Let N=100h+ 10¢+u 
The digits h, t, u are to be determined so that 
N=110? +f +2) a*) 
We note first that NV can be written as a sum of two terms, 
N=(99h+ ll) +(h-t +H) w(**) 


The first term is always divisible by 11, so N is divisible by 11 if and only if h —¢ 
+ u is. Since neither h, ¢, u exceeds 9, the combination # — ¢ + u is divisible by 11 only 
if itis 0 or 11. 


Casel h-t+u=0 
Then h+u=tand from (*) and (**) we get 
(99h + lIN+(h-tt+u)=11 (+2 + w’) 
which gives, 
9h+(htu =r +(nturt+ wv 
or 10h + u = 2(h?'+ uh + u?) 
So u must be even. We rewrite the last equation as a quadratic in h: 


294 ; NUMBER THEORY 


2h + (Qu —-10)h + 2? -u=0 
Since h is an integer, the discriminant 
(2u — 10)* -8(2u? — u) = 4(25 — 8u — 3u*) 
must be a perfect square. But this is true only if u = O[In fact 25 — 8u — 3u? <0 for u 
22] 
The equation for h now reads 2h? — 10h = 0 
So h=5,t=h+ut+5=0=5, and N= 550 


Case ll A—-¢+u=11;s0t=h + u— 11. Now relation (*), (**) yield 


9ht+(htu-M)t1l=R+(ht+u-llyr+e 
or 10h + u— 10 = 2[h? + uh +? - 11(h + u)] = 121 
So u must be odd. Again we rewrite the last equation in the form 
2h? + (2u — 32) h + 2u? - 23u— 131 =0 
and require that its discriminant, 
(2u — 32) -8(2u* — 23u + 132) = 4[-3u + 14u - 6] 
be a perfect square. 
Since u is odd, we test 1 (which does not yield a perfect square). 3, which yields the 


perfect square 36, and find that all larger odd u yield a negative discriminant. If u = 33 
our quadratic in h becomes 


2h? — 26h + 80 =0 


or he — 13h +40 =(h—5) (h- 8) =0 
when A = 5S, t=5+3-11 =—3, not admissible 
when A = 8, t=8+3-11=0,s0N = 803 


Thus, the only numbers satisfying the conditions of the problem are therefore 550 
and 803. 
Example 68. Find the smallest natural number n which has the following properties: 
(a) Its decimal representation has 6 as the last digit. 
(b) If the last digit 6 is erased and placed in front of the remaining digits, the 
resulting number is four times as large as the original number n. 


Solution: Suppose the desired number has (& + 1) digits, and write it in the form 10N + 
6; then the transformed number is 6.10" + N. The problem requires that 
6.10 + N = 4(10N + 6) 
Which when simplified becomes 
(1) 2.10*~8 =13N 
(2) This equation tells us that the number on the left, which has digits 199....2(where 
there are ((k — 1) 9’s) is divisible by 13. 


15384 
(3) We divide it by 13 to determine the quotient N; 13)19999...2 
Thus the smallest possible value of N is 15384 and the desired number is 153846. 
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If there were a smaller number with the required properties, we would have found a 
smaller exact quotient in the above division. 

We could also have determined the number & — 1 of 9’s in 13N = 199....2 as follows: 

From (1) we obtain 

2.10 = 8(mod 13) 
10 = 4(mod 13) 
10*! = 40 = 1(mod 13) 
The task is to find the smallest power k + 1 such that 
10**! = 1(mod 13). We find that 
k +1 = 6, whence & — 1 = 4 and 13N = 199992. 

The desired result can also be obtained by successive multiplication since the 
original number ends in 6. The new number ends in 4, the old number must have ended 
in 46. Now successive multiplication gives in succession, the remaining digits of the 
original number. 

The process as follows”: 

Original number Newnumber 


Biss 6x4 = 6........4 
46x 4 = 6........ 84 
reeveleaeses 846 x 4 = 6......384 


Hisense 3846 x4 = 6.........5384 
Sedbstbesceess 53846 x4 = 6..........15384 
Hareb eate 153846 x 4 = 615384. 


Example 69. Find all positive integers n for which (2” — 1) is divisible by 7. 
Solution: We note 
2! = 2(mod 7) and so, 
2? = 4(mod 7) => 2? = 1(mod 7) for any natural number k we have 
23k = (23) = 1* = 1(mod 7). Thus 2** ~ 1 = 0(mod 7) 
So it is clear that if the number 7 is a multiple of 3 then the result is true. 
Now the case arises if n is of the form 3k + 1 or 3k + 2 
234 = 1(mod 7) => 
(i) 23* +1 = 2.23k(mod 7) => 2***+ ! = mod 7) 
23k +2 = 4.234 = 4(mod 7) 
from which it follows that multiples of 3 are the only exponents 7 such that 2” — 1 is 
divisible by 7. 


Example 70. Prove that there is no positive integer n for which 2” + 1 is divisible by 7. 


Solution: As above, 
23k 


1(mod 7) => 23**! + 1 = 3(mod 7), 2°** 7 + 1 = 5(mod 7), 
Moreover, 2°*+ 1 = 2(mod7) 
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Thus 2” + | leaves a remainder of 2, 3 or 5 when divided by 7, and hence is not 
divisible by 7. 
Example 71. k, m, n are natural numbers such that m + n+ k is a prime number greater 
than n + 1. Let C, = s(s + 1). 
Prove that the product (C,, 4, — Cy) (Cy 42 —- Cy) + (Cy 44 — C,) is divisible by 
the product C,C,... C,, respectively 
Solution: By definition of C,, we have 
C,-C, =a(a+1)-b (+1) =@-b +a-b=(a—b) (a+ b+1) 
Hence, the factors of the first product are 
Che. 7 Cy =(mt+1—k) (mn +k + 2) 
Ch+e2—~ Cy =(n+2—-—k) (mt+k +1) 


m 


Cran ~ Cy =(mtn—k)(mt+kt+nt+1) 
Their product is 
{(n—k+ I) (m—-k+2).. m—k+n)] [mt k+2) (n+ k+3)..(mt+ktnt))] 

Which we write as A.B, where A is a product of n consecutive integers starting with 
m—k+ 1, and B is a product of » consecutive integers starting with m + k + 2. Now 
the factors in the product C,C, ... C,, are 

C.F 1.2, Cy = 2.35250, =n n+ 1) 

And their product is m!(n + 1)! 

We shall solve the problem by showing that 4 is divisible by n!, and B is divisible 
by (n + 1)! 

We know that the product of any n-consecutive integers is divisible by n! And so 
it follows at once that A is divisible by n! It also follows that the product (@ +k + 1) 
B of (n + 1) consecutive is divisible by (7 + 1)! But we are told that (m ++ 1) is a prime 
greater than (n + 1), so it is relatively prime to (n + 1)! Hence B is divisible by (7 + 1)! 
as was to be shown. 


Example 72. Find ali natural numbers x such that the product of their digits (in decimal 
notation) is equal to x? — 10x — 22. 


Solution: Suppose the number x has n digits. 


Then x =a,ta, 10+ 4,10? +..+a,_,10°-'a,<9 
Let P(x) = Ag. Ay. Ay Ay _ | = x* ~ 10x — 22. 
But P(x) = (ap. Gy. Ay Gy _ 9) Ay | 
<or-! a,_1*< 10" - | a,_, <x 
So x* — 10x — 22 <x, ie., x? — 11x < 22 
Now, x* — 11x + 121/4 = (x— 11/2)? < 22 + 121/4 = 209/4 
So x- 11/2 < .f209/2 < 15/2. 


It follows that x < 13. That is, x is either has one digit, or x = 10, 11 or 12. 
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If x has one digit, then 
X =a), 

and P(x) = a) =x = x* - 10x — 22, so x? — 11x — 22 30. 

But this equation has no integral solutions. If x has two digits, we can easily test 
all three possibilities: 

(i) If x = 10, P(x) = 0, x* — 10x — 22 = -22 # 0, so the given condition is not met. 

(ii) If x = 11, P(x) = 1, x* — 10x — 22 =-11 # 1, and again the given condition is 

violated. 

(iii) If x = 12, P(x) = 2, x? — 10x — 22 = 2, so x = 12 is the only solution. 

Instead of testing the three conditions, we could have found all two digit solutions 
by setting x = a) + 10. 


Then x? — 10x — 22 = a,? + 20a) + 100 — 10a, -100 — 22 
= P(x) = a 

Hence ay? + 9a, - 22 = (a) + 11) (ay - 2) = 0 

Which implies that Ay = 2 ie., x = 12. 


Example 73. Prove that there are infinite many natural numbers ‘a’ with the property 
that: the number z = 7‘ + a is not prime for any natural number 7. 


Solution: We look for natural numbers ‘a’ of a form that allows us to factor n* + a. We 
claim that a = 4k, k =2, 3, ..., has this property; for adding and subtracting 4n2i? enables 
us to write n* + a as a difference of two squares, and this can always be factored. Thus 


zen'+ 4k =n' + ark? + 4 - 4’? 
= (n° + 2K) — (2nk? 
= (n° + 2K + 2nk) (rn? + 2 — 2nk) 
It remains to show that for all 7 > 1, both factors exceeds 1 if k = 2. Observe that 
ne? + 2k? + Ink > n* + 2K — 2nk = (n- ky + 2 = i = 4. We conclude that each factor 


in the expression for z is, in fact, at least 4 for infinitely many 4, hence for infinitely many 
a = 4k’, and so z has the required property. 


Example 74. Find the set of all positive integers n with the property that the set {n, n 
+ 1,n+2,n+3,n+ 4, 1+ 5} can be partitioned into two sets such that the product 
of the numbers in one set equals the product of the numbers in the other set. 


Solution: Let S= {n,n + 1,n+2,n+3,n+4,n+5}=S,US, 


Such that S; 0 S, = $ with [Js = [Ts 

seS| SES 
So (a prime) p | s for some seS, then the p| ¢ for some teS,. However, if p| a, b where 
a, be S then |a — | = pk < 5, so the only candidates for p are 2, 3, 5. A set of six 
consecutive integers contains at least one divisible by 5, and by the above argument, 5 
must contain two such elements; these must be » and 1 + 5. The remaining elements 
nt+1,n+2,n+3 and n+ 4 can have only 2 and 3 as prime factors, so that they are 
of the form 2%38. Two of them are odd and two of them are even, so the odd ones are 
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of the form 3” and 3° where y, 5 > 0. But they are consecutive odd numbers, so their 
difference is only 2, while the closest powers 3° > 1 has a difference of 2. Thus we see 
that there is no integers n with the prescribed property. 


Example 75. Prove that the set of integers of the form of3 (k = 2, 3, ...) contains an 
infinite subset in which every two members are relatively prime. 


Solution: Suppose we have 7 relatively prime members 
a, = 23 
ay = 98 3: won Oy = 2 — 3 
Let $ = (2"! —3) (22 — 3)... OQ” — 3) and this being a product of odd numbers this 
is also odd. 
Now among the numbers 
DOF Oe 
we have at least two, say, 2% and 2° where 2% = 28(mod S) or, 28 (2% — B — 1) = mS, m 
an integer 
The odd number S does not divide 2°, so it must divide 2% ~ 8 — 1; 
Hence 2%-®~—1 = 1s, 1 an integer 
Since 2*~ 6 — 1 is divisible by S, and since s is odd, 2%~ 8 — 3 is relatively prime 
to S. Therefore it can be adjoined as a new member to the desired set. Repeated 
application of this construction leads to an infinite subset of relatively prime integers. 


Example 76. Prove that from a set of ten distinct two digit numbers (in the decimal 
system) it is possible to select two disjoint subsets whose members have the same sum. 


Solution: Suppose S = {a,,a5, ..., 2g} Now the number of subsets of S is 2!0 = 1024. 
Again for any ae S > a < 99. Hence the sum of the numbers in any subset of S 

is < 10.99 = 990. So the pigeon —hole principle, gives that at least two different subsets 

say, S, and S, must have the same sum. If S, and S, are disjoint, the problem is solved. 

If not, we remove all elements common to S, and S, from both, obtaining non-intersecting 

subsets S,’ and S,' of S. The sum of the numbers in S,' is equal to the sum of the numbers 

in S,’. 

(2m)!(2n)! 


Example 77. Prove that for any non-negative integers m and n the number 
min! (m+n)! 


is an integer. 


(2m)!(2n)! 


Solution: We write f(m, n) = 
a ) min! (m+n)! 


and note that f(m, 0) = ") which is an 
integer for all m. 
Also we note that 
S(m,n) = 4f(m, n-1)-f(m +1, 2-1) 


Now it is easy to prove the result by induction. 
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Example 78. When (4444)*444 is written in decimal notation, the sum of its digits is A. 
Let B be the sum of the digits of A. Find the sum of the digits of-B (A and B are written 
in decimal notation) 


Solution: We know that every integer written in decimal notation is congruent to the sum 
of its digits modulo 9. 
Suppose N =d, + 10d, + 107d, +... + 10d, , . Then 
N = d, + d, + 9d, +d; + 99d, +...+ 4,4, + (10*- 1)d, , | 
=d,+d,+d,+..+d,, (mod 9) 
Since 9 is a divisor of every number of the form (10” — 1) 


We write X = (444444 
Then we see that 
4444 = 16 = 7(mod 9), hence 4444? = 7? = 1(mod 9) 
And since 4444 = 3(1481) +1 
X = 44444444 = 444q3048)) 4444 = 1.7 = 7(mod 9) 
Thus x =A =B=z=sum of the digits of B = 7(mod 9) 


On the other hand, if log x is the common logarithm of x, then 
log x = 4444 log 4444 < 4444 log 104 
= 4444.4 1.e., log x < 17776 

Therefore x has at most 177776 digits, and even if all of them were 9, the sum of the 

digits of x would be 
9.1776 = 159984 

Therefore A < 159984 

Among all natural numbers less than or equal to 159984, the one whose sum of digits 
is a maximum is 99999. It follows that B < 45; and among ail natural numbers less than 
or equal to 45,39 has the largest sum of digits, namely 12. So the sum of the digits of 
B is at most 12. But the only natural numbers no exceeding 12 and congruent o 7 mod 
9 is 7. Thus 7 is the solution to the problem. 


Example 79. a and b are positive integers. When a” + b? is divided by a + b, the quotient 
is g and the remainder is r. Find all pairs (a, b) such that g? + r= 1977 


Solution: As given 


a+b =q(at+b)t+r (1) 
with O<r<at+b 
And gq? +r = 1977 (2) 
These imply 
Gsl977=qtr<gtath 3) 
and a +b? <(q+ I) (a+b) (A) 


Since, 2ab < a” + b?, (4) also implies that 
2ab < (q+ 1) (a+ bd) ...(5) 
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Adding (4) and (5), we get 
(a+ bY <2q +1) (a+) 
and this gives 
at+b<2(q¢+1)=2q+2 
and we get 
at+b<2q+1 
Replacing a + b in (3) by 2q + } yields 
qg? < 1977 <q¢t+2q+1=(q+1¥ 
The only integer q satisfying these inequalities is g = 44, because 
44° = 1936 and 45? = 2025 
Thus g = 44 and so r = 41 from (2) above substituting these values into the (1), we 
get 
a + b? = 44a + 446+ 41 
or (a ~ 22) + (b — 22)? = 1009 
By listing all squares up to 505 and their difference from 1009 


" (remembering that a square ends in 0, 1, 4, 9, 6, 5), we find that the only representation 
of 1009 as sum two squares is 
(15)* + (28)? = 1009 
Therefore the sets {| a—22 |, | b-—22 |} and {15, 28} must be the same. We conclude 
that 
(a, b) = (50, 37), (37, 50), (50, 7) or (7, 50). 
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ANSWERS 


13. 


19. 
20. 
21. 


EXERCISES 1.2 


. d=9,m=22,n=-15 
. (a) m=—-I11,n=9; 


(b) m=3l,n= 44, 
(c) m=7,n=8 


. (i)9, i) 11 
(i) F,a=2,b=5; 
(ii) 7 
(iii) 7 


(iv) F,p=3,a=3,b=2 
(a) 77, (6) 1, (©) 7 (di 
g=17,x=71,y =-36 
(a) x=9, y= -lIl 

(b) x= 31, y= 44 

(c) x=3,y=2 

(d) x=7,y=8 

(fe) x=l,y=1,z=-l 


. C, n(n + 1)) 
. <a, b> 

. 200,340 
.2-r-i 


EXERCISES 1.3 


| (8554)q, (2112), 
» (175) yo, (1111100111), 
. (10010110110), 

. (10110001101), 

. (B105736),. 


EXERCISES 1.4 


~ (a) 23.35.1173; 


(b) 2733.52.73.117.17.23.37 


3 


02 


3D POPP PP 


9. p>, p 
EXERCISES 2.4 
() x=-3+7t 
y=5— 8% 


(ii) x = 4 — 94, — 102, 
yu2-4t, - 5th 
z=2-6L 

(iii) x = -18 —-54c + 21b + Sa 
y=6+ 18c —7b - 2a 
z=1+3c-b,t=3-c 
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2 ypH2t+t, 
z=1+2t, 
x=3- 8 
3. 22 integers which all contain 2 digits and form an arithmetic progression whose sum 
is 1210 
4. 
Cock 0 4 8 12 
Hen 25 18 4 
Chicken 75 78 81 84 
5. 156 
6. 1,5;2,1 
7. 11,31,51, 71,91 
8 2,3, 5 
EXERCISES 2.5 
A. 1. no, 2. no, 3. 5 4.5 5. 1 
B. 1. 8! 2. 200, 751, 1302, 1853,2404 3. 42 


EXERCISES 2.7 


1. 58(mod 60) 2. 23,128 


EXERCISES 2.8 


1. 106(mod 105) 2. 33(mod 84) 


3. 27(mod 140) 


ANSWERS 


EXERCISES 2.9 


1. x = 6, 103 and 194 2. x = 74, 153 mod 158 

3. no solution 4. x=6, 14,22 mod 24 
EXERCISES 2.10 

1. x=31(mod77) - 3. x=619(mod 1092) 

9. x =31(mod 60 


ah. wn = 


EXERCISES 2.11 


. There are three solutions mod (24, 26) 


2B 


. No solution 
. All integers congruent to 7 modulom 13 
. All integers congruent to 4 modulo 7 


EXERCISES 3.1 


(i) x = 0, 1, +2(mod 5); 
(ii) x = 1, -2, £3,(mod 7), 
(ili) x = +2, +18(mod 41) 
(i) 22(mod 27), 
(ii) no, 
(iii) 1, 7(mod 25), 
(iv) 2, 5, 11, 17, 20, 26(mod 30), 
(v) 1,4, 11, 14(mod 15), 
(vi) 93¢mod 125) 
(i) x =—1(mod 5), 
(ii) x = -3,-4(mod 11), 
(iii) none. 
@) x4 -3Ixt+ 1s +1) Q? —x7 +x + 1) (mod 5), 


(ii) x° + 3x3 —x +2 = (x + 3) (x + 4) (? + 4x? + 2) (mod 11) 


(i) x = 1, 2, 6(mod 9) 

(ii) x = 1, 3 (mod 5) 
(ii) x = 1, 6, 11, 28, 33, 38 (mod 45) 
(iv) No solution 
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EXERCISES 3.2 


2. 5,7, 10, 11, 14, 15, 17, 19, 20, 21; 
5, 11, 23, 29, 41, 47; 

4. (i) 33 mod7 
(ii) 59, 11,39 mod 109 
(iii) no solution 

5. 4. 

7. p-1,9. 


EXERCISES 4.1 


27. [6,28, 496, 81828, 33550336, 8589869056 
28. [12, 18, 20, 24, 30, 36] 


EXERCISE 5.2 


1. [2, 1, 4], [-3, 2, 12], [0, 1, 1, 100] 
2. {17/3, 3/17, 8/1] 
a4/5 272/55: 


6. , 
2 10 


7 @ [1+ ¥2 


(ii 1+ 43 
2 
(iif) 1+ Y3 
(iv) 3- V3 
9% (i) 13/1, — [9.',3,4], 2 = 4, x9 = 93 = 4, Vy = Py = 3,4 =X + th=4+ 17, y= 
+ ta=3+ 13t 
(ii) 65/56 = [1,6,4,2] =n = 4, x9 = G3 = 25, Vo = pz = 29, x = 25 + S6t, y= 29 + 65t 
(iii) 56/65 = [0, 1, 6, 4, 1, 1], 2 = 6, x9 = 95 = 36, Yo = ps = 31, x = 36 + 658, 
y = 31 + S6t 

(iv) 13/17 = [0, 1, 3, 3, 1], 2=5, x9 = 94 = 13, Vo = py = 10, 
x=x0+ b+ 134+ 176, 
y=y0+ ta=10+ 13t 

(v) 65/56 = [1], 6, 4, 1, 1], n=5, 
Xo = 94 = 31, Vy = Dy = 36, 
x = 31 + 561, 
y = 36+ 65¢t 
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(vi) x9 = 4, ¥9 = 3,055, 
x= cxg + bt= 20+ 17¢, 
Y=eygtat= 15 + 13t 
(vii) x9 = 29, yp = 25, is a particular solution of 56x — 65y = -1, c = 3, 
X = cXq + bt = 87 + 651, 
Y= Cyy tat = 75 + 56t 
10. (i) x=117 — 584, y = 612 — 123, 
(ii) x = 65+ 494, y = 123 + 61t 
(iii) x = 117 + 58¢, y= 123 + 61t 
(iv) Unsolvable 
(v) x = 65 — 494, y = 3474 - 45 
(vi) No integral solution 


EXERCISES 5.3 
11. (a) 55, (b) 610, (c), 6765, (d) 233, (e) 2584, (f) 75025 
3. F faye tht thant Sin 
j= 


21. 577,136 
22. 19,6 


EXERCISES 6.1 


3. x =+ 1(mod 11), x =+ S(mod 11), x = +2(mod 11), x = +4(mod 11), x =+3(mod 11); 
x =+1(mod 117), x =+27(mod 117), x = +2(mod 117), 
x = +48(mod 117), x =+3(mod 117). 

4, Non-residue. 

6. p=4m +3 

11. x =9, 10(mod 19)] 

12. x = 13, 6(mod 19)]. 


15. (i) 2,5 (i) 6,1 (iii) 4,7 

16. yes 

19. (i) yes, (ii) no, (ii) no ii) no, 
(iv) yes 


22. (i) 1 (i) —1 iii) 1 
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EXERCISES 7.1 


(1) 3,4,5; 15,8,17; 35,12,37; 5,12,13;  21,20,29; 45,2853; 7,24,25; 9,40,41 
(2) for given values of ./x — y and./y—z we ca find the values of x, y, z. 
(1)x=8 

(2) Such ¢ does not exist 

(7) N = 0, 1, 3 (mod 4) 


EXERCISES 7.2 
[12,0,0}; [8,2,8]; [0,0,0] 


QO 


